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Abstract

When there are multiple outcome series of interest, Synthetic Control analyses typically proceed by estimating
separate weights for each outcome. In this paper, we instead propose estimating a common set of weights
across outcomes, by balancing either a vector of all outcomes or an index or average of them. Under a
low-rank factor model, we show that these approaches lead to lower bias bounds than separate weights, and
that averaging leads to further gains when the number of outcomes grows. We illustrate this via simulation

and in a re-analysis of the impact of the Flint water crisis on educational outcomes.
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1 Introduction

The synthetic control method (SCM) estimates a treated unit’s counterfactual untreated outcome
via a weighted average of observed outcomes for untreated units, with weights chosen to match
the treated unit’s pre-treatment outcomes as closely as possible (Abadie et al., 2010). In many
applications, researchers are interested in multiple outcome series at once, such as both reading and
math scores in educational applications (e.g., Trejo et al., 2021), or both low-wage employment and
earnings when studying minimum wage changes (e.g., Jardim et al., 2022). Other recent empirical
examples include Billmeier and Nannicini (2013); Kleven et al. (2013); Bohn et al. (2014); Pinotti
(2015); Acemoglu et al. (2016); Dustmann et al. (2017); Cunningham and Shah (2018); Kasy and
Lehner (2022). There is limited practical guidance for using SCM in this common setting, however,
and researchers generally default to estimating separate weights for each outcome.

Like other single-outcome SCM analyses, this separate SCM approach can run into two main
challenges. At one extreme, poor pre-treatment fit, which is more likely with longer series, can
lead to bias (Ferman and Pinto, 2021; Ben-Michael et al., 2021). At the other extreme, perfect or
near-perfect pre-treatment fit, which is more likely with shorter series, can lead to finding SCM
weights that overfit to idiosyncratic errors — rather than finding weights that balance latent factors
(Abadie et al., 2010).

In this paper, we show that estimating a single set of weights common to multiple outcome
series can help address these challenges. We consider two approaches. First, following several
recent empirical studies, we find a single set of concatenated weights: SCM weights that minimize
the imbalance in the concatenated pre-treatment series for all outcomes. Second, we find a single
set of average weights: SCM weights that minimize the imbalance in a linear combination of
pre-treatment outcomes; as the leading case, we focus on imbalance in the average standardized
pre-treatment outcome series.

Under the assumption that the K different outcome series share a similar factor structure, we
derive finite-sample bounds on the bias for these two approaches, as well as bounds when finding
separate SCM weights for each outcome series. We show that both the concatenated and averaging
approaches reduce the potential bias due to overfitting to noise by a factor of \/—1? relative to the
analysis that considers each outcome separately. We also show that the averaging approach further
reduces the potential bias due to poor pre-treatment fit by a factor of \/% relative to both the
separate and concatenated approaches. In particular, averaging reduces the amount of the noise,
which both improves pre-treatment fit and reduces bias due to overfitting to noise.

We inspect other facets of the distribution of the bias for each of the three approaches via a
Monte Carlo study. We then use our results to conduct a re-analysis of Trejo et al. (2021), who
study the impact of the Flint water crisis on student outcomes in Flint, Michigan.

Overall, for a wide variety of SCM analyses with multiple outcomes, we recommend averaging
across outcomes, after appropriate standardization, as a reasonable default procedure that effec-

tively leverages the multiple outcomes for bias reduction.



Related literature. Despite the many empirical examples of SCM with multiple outcomes,
there is relatively limited methodological guidance for this setting. Robbins et al. (2017) consider
this problem in the context of SCM with high-dimensional, granular data and consider different
aggregation approaches. Amjad et al. (2019) introduce the Multi-Dimensional Robust Synthetic
Control (mRSC) method, which fits a linear regression using a de-noised matrix of all outcomes
concatenated together.

The closest paper to ours is independent work from Tian et al. (2023), who explore a similar
setting and also develop a bias bound. Their theoretical results, however, hinge on finding perfect
pre-treatment fit for all outcome series simultaneously, which can be especially challenging to
achieve with many outcomes. Moreover, the authors only consider weights based on concatenated
outcomes. By contrast, our bias bounds are valid even with imperfect pre-treatment fit, and our
analysis shows how averaging can reduce finite sample error relative to concatenated weights.

Finally, we build on an expansive literature on the Synthetic Control Method for single out-
comes; see Abadie (2021) for a recent review. In particular, several recent papers propose modifi-
cations to SCM to mitigate bias both due to imperfect pre-treatment fit (e.g., Ferman and Pinto,
2021; Ben-Michael et al., 2021) and bias due to overfitting to noise (e.g., Kellogg et al., 2021). We
complement these papers by highlighting how researchers can also incorporate multiple outcomes

to mitigate both sources of bias.

Plan for paper. Section 2 sets up the problem. Section 3 discusses the underlying identifying
assumptions for SCM and the extension to multiple outcomes. Section 4 then explores how to
leverage multiple outcomes for estimation, including a brief discussion of inference. Sections 5
and 6 present a simulation study and re-analysis of Trejo et al. (2021), respectively. Section 7

concludes. The appendix includes proofs, additional derivations, and further technical discussion.

2 Preliminaries

2.1 Setup and notation

We consider an aggregate panel data setting of N units and T time periods. For each unit i =
1,...,N and at each time period t = 1,...,7T, we observe K outcomes Yy where £k = 1,..., K.
We denote the exposure to a binary treatment by W; € {0,1}. We restrict our attention to the
case where a single unit receives treatment, and follow the convention that this is the first one,
Wi = 1. The remaining Ny = N — 1 units are possible controls, often referred to as “donor units.”
To simplify notation, we limit to one post-treatment observation, T' = Ty + 1, though our results
are easily extended to larger 7.

We follow the potential outcomes framework (Neyman, 1990 [1923]) and denote the potential
outcome under treatment w with Yj;(w). Implicit in our notation is the assumption that there
is no interference between units. Under this setup, we can write the observed outcomes as Y, =
(1=W3) Y (0)+ W 1{t < To}Yir (0)+ W;1{t > T} Yisx(1). The treatment effects of interest are the



effects on the K outcomes for the treated unit in the post-treatment period, 7, = Yi7%(1) — Y17£(0).
We collect the treatment effects into a vector 7 = (7q,...,7x) € RX. Since we directly observe
Yirk(1) = Yipg for the treated unit, we focus on imputing the missing counterfactual outcome
under control, Y17x(0).

To ensure that the multiple outcomes have similar variance, we standardize each outcome series
using its pre-treatment standard deviation. The resulting average across standardized outcomes
is therefore akin to a precision-weighted average, which, as we will show below, reduces noise and
bias relative to classical SCM. To aid in interpretation, we also change the sign of each outcome to
follow the convention that positive has the same semantic meaning for all outcomes (e.g., higher
test scores are more desirable).

Throughout, we will focus on de-meaned or intercept-shifted weighting estimators (Doudchenko
and Imbens, 2017; Ferman and Pinto, 2021). We denote Y = T%J 221 Y1 as the pre-treatment
average for the k™ outcome for unit i, and Y;tk = Yj, — Yis as the corresponding de-meaned

outcome. We consider estimators of the form:

N
Yirk(0) = Yk + > viVars, (1)
i=2

where v € RV~ is a set of weights.! Our paper centers on how to choose the weights .

2.2 Review: SCM with a single outcome series

Our setup encompasses the classic synthetic control method applied separately to each series
(Abadie and Gardeazabal, 2003; Abadie et al., 2010, 2015), adapted to have an intercept, as in
Doudchenko and Imbens (2017) and Ferman and Pinto (2021). This is a de-meaned weighting

estimator with weights chosen to optimize the pre-treatment fit for a single de-meaned outcome k:?

1 Q& i
@ () = T Z Yiek — Z Vi Yitk
0% W;=0

The weights that minimize this objective are the synthetic control weights:

~sep . sep 2
Yo = argmin g, (7)".
~eANo

While we focus on the de-meaned estimator here, all of our subsequent discussions and results readily encompass
weighting without de-meaning. Appendix D collects and presents all results for that case.

We can also re-write this objective as including an intercept; solving for this intercept gives the de-meaned
formulation. We focus on this notation to avoid keeping track of additional parameters that have closed-form solutions.
Note that the original formulation of this objective in Abadie et al. (2010) includes a weighting matrix that prioritizes
different time periods. We focus on uniformly weighting the time periods, but our results extend to this more general
setup.



We refer to these as separate weights, because we use a distinct set of weights to separately estimate
the effect for each outcome. Typically, the weights v are constrained to the simplex AN = { ¢
RMNo | 4; >0, Zf; vi = 1} as above. This ensures that the weights will be sparse and non-negative.
However, other constraints are possible, allowing for negative but bounded weights. If there are
multiple constrained minimizers, we could further add a regularization term to the objective; see
e.g., Doudchenko and Imbens (2017).

The quality of the de-meaned SCM estimator is determined by whether 171Tk(0) is a good
estimate for Y17,(0). A familiar condition for this to be the case is that the SCM weights achieve
a low (root mean squared) placebo treatment effect, i.e., ¢, (9,7
restrictions on the idiosyncratic errors and for a single treated unit and single outcome, Abadie et
al. (2010) show that if ¢;”(9;”%) = 0 then the bias in the (non-demeaned) SCM estimator will tend

to zero as Ty — oo. In shorter panels, however, the SCM estimator can be subject to bias from

) is close to zero. Under some

overfitting to idiosyncratic errors even if the fit is excellent. The goal of our paper is to understand
how to leverage multiple outcomes when constructing the synthetic control to reduce bias from this

and other sources.

3 Leveraging Multiple Outcomes for SCM: Identification

In this section we outline the assumptions on the data generating process that will allow us to share
information across multiple outcomes. We describe necessary and sufficient conditions for there to
exist a single set of weights that achieves zero bias across all outcomes simultaneously, and give
intuition and examples in terms of linear factor models.

Throughout, we make the following structural assumption on the potential outcomes under
control, similar to Athey et al. (2021).

Assumption 1. The outcome under control is generated as
Yir(0) = cur, + Bek + Litk + €itk

where the deterministic model component includes unit and time fized effects o, and By, with
Zthl B = 0 for all k. After incorporating the additive two-way fized effects, the model component
retains a term Ly, with Zf\il Ly, =0 for allt,k and Z?Zl Ly, =0 for all i, k. The idiosyncratic
errors e are mean zero, independent of the treatment status Wi, and independent across units

and outcomes.

This setup allows the model component to include «;x, a unit fixed effect specific to outcome
k. We explicitly account for the presence of these fixed effects by de-meaning across pre-treatment

periods within each unit’s outcome series.



3.1 Existence of common weights shared across outcomes

To begin, we first characterize the bias of a de-meaned weighting estimator under Assumption 1.

For a set of weights « that is independent of the idiosyncratic errors in period 7T, }A/lTk(O) has bias:

N N
Ee, [YiTx(0) — ﬁTk(O)} = Bk (1 = %‘) + Lk — Y viLirw, (2)

=2 =2

where Y174(0) is the k™" control potential outcome for the treated unit at time 7. Here the
expectation is taken over the idiosyncratic errors in period 7.

From this we see that weights v will lead to an unbiased estimator for time ¢ and outcome k
if (i) the weights sum to one and (ii) the weighted average of the latent Ly for the donor units
equals Ly for the treated unit. Weights that satisfy these conditions for all time period/outcome
pairs would yield an unbiased estimator for every Y74 (0) simultaneously. We refer to such weights
as oracle weights ~*, since they remove the bias due to the presence of the unobserved model

components L.

Definition 1 (Oracle Weights). The oracle weights v* solve the following system of (TK) + 1

equations
rf -1
( L 1y ) o =07k, 3)

where the first row of L € RN*TK) contains Ly, for the treated unit and the remaining rows

correspond to control units.

We show in Section 4 that if such oracle weights exist, we can pool information across outcomes
by finding a single set of synthetic control weights that are common to all K outcomes. Such
weights will exist if and only if the underlying matrix of model components L is low rank. We

formalize this in the following assumption and proposition.

Assumption 2a (Low-rank L). The N x (T'K) matriz of model components has reduced rank, that
18,

rank(L) < N — 1.

Proposition 1 (Low-rank is sufficient and necessary). The unconstrained oracle weights ~* exist
iff Assumption 2a holds.

3.2 Interpretation for linear factor models

Proposition 1 shows that determining whether oracle weights exist is equivalent to determining
whether the model component matrix L is low rank. We now discuss when this assumption is
plausible and how it relates to the more familiar low rank assumptions used in the panel data

literature.



To further interpret these restrictions, it is useful to express the model components L in terms of
a linear factor model. Under Assumption 2a, for r = rank(L) the deterministic model component

can be written as a linear factor model,

Ly = bi - pk, (4)

where py, € R™ are latent time- and outcome-specific factors and each unit has a vector of time-
and outcome-invariant factor loadings ¢; € R".3 Proposition 1 guarantees that oracle weights exist

and solve
1 = 5"
where the matrix ®; € RIN=1D*" collects the factor loadings ¢; for control unit i = 2, ..., N.
To interpret this factor structure, note that a special case that satisfies Assumption 2a is where

the model component L;; can be decomposed into a common component that is shared across

outcomes and an idiosyncratic, outcome-specific component:

T0 Tk
Ly, = Z¢cfﬂtkf + Z Oref ikt f (5)
f=1 f=ro+1

where all ¢, and ¢y are orthogonal to each other. Let ro denote the dimension of the factor
loadings that are shared across the outcomes. Then we can calculate rank(L) = ro+ Zle(rk —710),
where there are ry common factor loadings and (r; —r() idiosyncratic factor loadings for outcome k.
The factor loadings can be seen as latent feature vectors associated with each unit, which may vary
with the outcomes of interest. The low-rank Assumption 2a then states that ro + Zle(rk —rg) <
N — 1. This can happen when either the number of outcomes K is relatively small or rg is large

compared to r so that there is a high degree of shared information across outcomes.

Example 1 (Repeated measurements of the same outcome). An extreme case is where Yj1, ... Yk
are K repeated measurements of the same outcome. In this case uy = ut for k =1,..., K, there

are no idiosyncratic terms, and the rank of L is rg.

Example 2 (Multiple test scores). Even with different outcomes, in many empirical settings, such
as standardized test scores, there are only a few factors that explain most of the variation across
outcomes, SO Zle(rk —1p) is small and the low-rank assumption is plausible. For example, across
seven test scores collected by Duflo et al. (2011), “average verbal” and “average math” explain 72%

of the total variation.

Even if oracle weights that balance model components across all K outcomes exist, estimating
weights can be challenging without further restrictions. For example, there may be infinitely many
solutions to Equation (3). We therefore introduce the following regularity condition that a set of

oracle weights with a bounded norm exists.

3This factor structure can be based on a singular value decomposition L = UDV’. Define Y = VD . Then we
can write L = UY’ where for r = rank(L), T € R )*" are the latent time-outcome factors and U € RV *" are the
loadings.



Assumption 2b. Assume rank(L) < N —1 and assume there is a known C such that some oracle
weights exist in a set C where ||z|[y < C for all x € C. Denote v* as a solution to Equation (3) in

C.

Below, we will estimate synthetic control weights that are constrained to be in C; Assumption 2b
ensures that this set contains at least some oracle weights, allowing us to compare the synthetic
control and oracle weights. This assumption further ensures that these oracle weights are not
too extreme, as measured by the sum of their absolute values. While we keep the constraint
set C general in our formal development, in practice—and in our empirical analysis below—this
constraint set is often taken to be the simplex C = AN~ where C = 1. This adds the stronger
assumption that there exist oracle weights that are non-negative, and so the model component for
the treated unit Li. € RTX is contained in the convex hull of the model components for the donor

units, conv{Ls.,...,Ln.}.

4 Leveraging Multiple Outcomes for SCM: Estimation

We now turn to estimation. When common oracle weights across outcomes exist, they can yield
unbiased estimates across all K outcomes simultaneously. In that case, we seek to estimate a single
set of weights across all K outcomes that is approximately unbiased. In this section we consider
two ways to do so: (i) finding one set of weights that balances all standardized outcomes, and
(ii) finding one set of weights that balances the average across the standardized outcomes. We
then establish bias bounds for both methods and separate SCM. Our findings indicate that under
some conditions, both methods reduce bias due to overfitting compared to separate SCM and the

averaging approach further reduces bias due to poor pre-treatment fit.

4.1 Measures of imbalance

In principle, we would like to find oracle weights that can recover Lip; from a weighted average
of Lopk,...,Lypg for all k. Since the underlying model components are unobserved, however,
we must instead use observed outcomes Y to construct feasible balance measures. In Section 2.2
above, we reviewed that the outcome k-specific imbalance measure ¢;”(v) is the relevant criterion
for separate SCM for each outcome series in the classic synthetic control literature (Abadie and
Gardeazabal, 2003; Abadie et al., 2010, 2015).

Motivated by the common factor structure, we now consider two alternative balance measures
that use information from multiple outcome series. First, we consider the concatenated objective,
which simply concatenates the different outcome series together. This is the pre-treatment fit

achieved across all standardized outcomes and pre-treatment time periods simultaneously:




with corresponding weights

)%

4% = argmin g

yeC

cat(

We refer to the set of weights that minimize this objective as the concatenated weights.
An alternative choice is the averaged objective, the pre-treatment fit for the average of the

standardized outcomes:

2
To

K
1 1 . .

g () = ™ e E Yie — E YiYitk |
021 k=1 W;=0

with corresponding weights

argmin ¢*9 ().

veC

,.Ayavg =
We refer to the set of weights that minimize this objective as the average weights.
Note that, for any realization of the data, the pre-treatment fit will be better for the aver-
L cat

aged objective than for the concatenated objective, g@%9(y™9) < ¢ (4°®).* This finite-sample

improvement in the fit also translates to a smaller upper bound on the bias, as we discuss next.

4.2 Estimation error

We first decompose the estimation error into the error due to bias and the error due to noise, then
further decompose and bound the bias in Section 4.3. For any estimated weights 4, the estimation

error is

N
T — #e(4) = Yirw(0) = > 4:Viun
=2

N N

= Lirx — E YiLlire — + 1Tk — E Yi€iTk -
1=2 , =2
bias = imbalance + overfitting noise

The second term in the decomposition is due to post-treatment idiosyncratic errors and is common
across the different approaches for choosing weights. In Appendix B.3 we show that this term has
mean zero and can be controlled if the weights are not extreme.

Our main focus will be the first term, the bias due to inadequately balancing model components.

4Since the arithmetic mean is less than the quadratic mean, for any weights at any period ¢ we have

K 2 K
(Il( ZYuk - Z %Yitk) < % Z (Yltk - Z ’Yﬂﬁ'tk)
k=1 W;=0 k=1 W;=0

Therefore we have g®“?(5°") < ¢“**(3°*"). Since ¢“"?(9*"9) is the minimizer, by construction we have ¢**¢(§"9) <
qavg (,Aycat).

2



Specifically, we can decompose this into two terms using the linear factor model in (4):

T K
Lire = Y AiLirk = > Y Jwiy [ Yig = > AYay | (Ro) (6)
W;=0 =1 j=1 Wi=0

Ty, K
SN e {E— Y A | (B (M)
W;=0

t=1 j=1

where the time and outcome specific terms w;; are transformations of the factor values that depend
on the specific estimator.®

The first term, Ry, is bias due to imperfect pre-treatment fit in the pre-treatment outcomes,
Yitj. The second term, R;, is bias due to overfitting to noise, also known as the approzimation
error. This arises because the optimization problems minimize imbalance in observed pre-treatment
outcomes — noisy realizations of latent factors — rather than minimizing imbalance in the latent

factors themselves.

4.3 Main result: Bias bounds
4.3.1 Additional assumptions

To derive finite sample bias bounds, we place structure on the idiosyncratic errors, assuming they

are independent across time and do not have heavy tails.

Assumption 3. The idiosyncratic errors e, are sub-Gaussian random variables with scale pa-

rameter o.

Note that this assumption encompasses the setting where the idiosyncratic errors have a larger
variance for certain outcomes; in this case the common scale parameter ¢ is the maximum of
the outcome-specific scale parameters. In practice, however, we assume that the variances of
idiosyncratic errors across outcomes are equal after standardization.® As a result, the simple
average is also the precision-weighted average.

Finally, we assume an adequate signal to noise ratio for each outcome separately, for all outcomes
jointly, and for the average across outcomes. Previous literature introduces similar assumptions
to avoid issues of weak identification (Abadie et al., 2010). This additional assumption precludes
settings where averaging removes substantial variation in the latent model components over time.

Consider, for example, a setting where the model components for different outcomes vary over

-1
®For the estimator based on outcome k-specific imbalance 437, we set wij, = pr- (221 Mtkﬂ;k) ek and w; = 0

-1
for j # k. For the estimator based on imbalance of all outcomes 4°*¢, we set wi; = prs - (Zle 221 ,utk,u;k> - -

-1
For the estimator based on imbalance of the average outcomes 5“9, we set wy; = prw - (ZtTil ﬂtﬂg) - it where

He = % ZkK:l Mtk

5Standardizing by the estimated standard deviation rather than the true, unknown standard deviation may induce
a small degree of additional dependence across outcomes at different times. We leave a more thorough analysis of
this potentiality to future work.

10



time in exactly opposite directions. Here averaging would cancel out any signal from their latent
model components, and, as a result, our theoretical guarantees for the average weights would no
longer hold. However, we can generally rule out these edge cases by economic reasoning or visual

inspection of the co-movement across outcomes.

Assumption 4. Denote py, € R" as the time-outcome factors from Equation (4) and assume
that they are bounded above by M. Furthermore, denoting omin(A) as the smallest singular value
of a matriz A, assume that (i) omin (TL0 Do Mtk,uék> > &% > 0 for all outcomes k = 1,...,K;

(ii) Omin (ﬁ« > otk utkuik) > £ > 0; and (i) Omin (T% > (fit) (ﬂt)') > %9 > 0 where iy =

K
% Ek:l Mtk -

4.3.2 Bias bounds

With this setup, we now formally state the high-probability bounds on the bias terms in Equations
(6) and (7) for the three weighting approaches. These bounds hold with high probability over the
noise in all time periods and all outcomes, €;. We can compare these high-probability for fixed NV

as the number of time periods 7" and/or the number of outcomes K grow.

Theorem 1. Suppose Assumptions 1, 2b, 3 and 4 hold. Recall that by construction, the estimated
weights satisfy ||¥]1 < C and Assumption 2b implies |[v*||1 < C. Let ¢ = (1+ 1/v/Tp)o. For any
0 > 0, the absolute bias for estimating the treatment effect ‘LlTk(O) — ZWZ:O ﬁ/iLiTk‘ satisfies the

bound

(i) if analyzing 3,7,
rpM?
§sep

<

1 -
(4(1 +O)o+ 2+ (20 log 2Ny + (1 + 0)5) 0> ,

with probability at least 1 — 8 exp (—%) —4dexp (—%).

(ii) if analyzing 4%,

rM?

— §cat

(4(1+0)&+25+ (20 log 2No + (1+0)5) 5),

1
VI K
with probability at least 1 — 8 exp <—%) —4dexp (—%)
(iii) if analyzing Y9,
rM? < 1

1 _
A+ O+ 20+ ey (20 log 2No + (1 + 0)5) a> ,

VToK

< §cwg

with probability at least 1 — 8 exp <—§) —4dexp (—%) .
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Bias due to imperfect fit Bias due to overfitting

oo o)
e o) 0 (e
v ol oz

Table 1: Leading terms in high probability bounds on the bias due to imperfect fit and overfitting
in Theorem 1, with N fixed.

The proof for Theorem 1 relies on bounding the discrepancy in the objectives between estimated
and oracle weights. In Lemma 4 in the Appendix, we also derive finite-sample error bounds for the
oracle weights themselves and show a similar ordering for the bounds on average, concatenated,
and separate objectives. Table 1 gives a high-level overview of these results and shows the leading
terms in the bounds, removing terms that do not change with K and Ty. We discuss implications

of our results next.

4.4 Discussion: Bias decomposition

Our analysis differs from the existing literature in two key ways. First, the results for (non-de-
meaned) synthetic controls with a single outcome from Abadie et al. (2010) are based on an upper
bound on R; while assuming Ry = 0. Instead we show explicit finite sample upper bounds for Ry
and generalize these bounds to incorporate multiple outcomes. Second, we quantify the impact of
demeaning with a finite number of pre-treatment time periods Tj; this contributes to additional
bias (often known as “Nickell bias” due to Nickell, 1981) but vanishes as Ty grows large. These
finite-sample bounds extend existing asymptotic results from Ferman and Pinto (2021).

~ s€ep

For both the separate weights 4, and the concatenated weights 4¢et imperfect pre-treatment
fit—on outcome k alone for the separate weights, and on all outcomes for the concatenated weights—
contributes to bias, regardless of the number of pre-treatment periods or outcomes. This result is
consistent with Ferman and Pinto (2021) who show that as Th — oo, the separate objective function
qzep () does not converge to the objective minimized by the oracle weights, and therefore remains
biased. In contrast, the bias due to pre-treatment fit for the average weights will decrease with
the number of outcomes K. This is because averaging across outcomes reduces the level of noise
in the objective. With many outcomes, the average will be a good proxy for the underlying model
components that themselves can be exactly balanced by the oracle weights. Averaging therefore
allows us to get close to an oracle solution, with low bias due to pre-treatment fit. This result is also
consistent with Ferman and Pinto (2021) since the variance of the noise decreases to zero as both
K and Ty — oo grow. Note, however, that the bounds are scaled by the rank r of the underlying
model matrix when pooling information across outcomes; so if the outcomes share few common
factors and have many idiosyncratic ones, there may be more error in the estimator relative to

separately fitting the weights.

12



The second component of the bias is the contribution of overfitting to noise. Mirroring prior
results (e.g., Abadie et al., 2010), we find that the threat of overfitting to noise with separate
synthetic control weights will decrease as the number of pre-treatment periods Ty increases —
but remains unchanged as K increases. In contrast, the bias from overfitting to noise for both
the concatenated and the averaged weights will decrease as the product TypK increases, albeit
for different reasons. For the concatenated weights, the extra outcomes essentially function as
additional time periods. Each time period-outcome pair gives another noisy projection of the
underlying latent factors, and finding a single good synthetic control for all of these together limits
the threat of overfitting to any particular one. For averaged weights, averaging across outcomes
directly reduces the noise of the objective, as we discuss above. The Ty averaged outcomes will
therefore have a standard deviation that is smaller by ~ \/% than the original outcome series,
leading to less noise and less potential for overfitting.

Finally, for all three estimators the component due to overfitting to noise in Theorem 1 includes
an additional term that scales like O(1/Tp) as Tp increases, and so is not a leading term. This is
an example of Nickell (1981) bias and arises due to de-meaning by the estimated, rather than true,

unit fixed effects.

4.5 Inference

There is a large and growing literature on inference for the synthetic control method and variants.
Here we adapt the conformal inference approach of Chernozhukov et al. (2021) to the setting of
multiple outcomes. To do so, we focus on a sharp null hypothesis about the effects on the K
different outcomes simultaneously, Hy : 7 = 75, with 7 € REX. For example, if 7p = Ox we are
interested in testing whether the treatment effect is zero for all outcomes.

The conformal inference approach proceeds as follows:

1. Enforce the null hypothesis by creating adjusted post-treatment outcomes for the treated unit
Yire = Yirk — Tok-
2. Augment the original data set to include the post-treatment time period T', with the adjusted

outcomes Yi7y; use the concatenated or averaged objective function to obtain weights §(70)

3. Compute the adjusted residual i, = Yltk:_ZWizo Ji(10)Yiek and Gy = quk—ZWi:O Yi(10)Yirk

and form the test statistic:
1 K 1/q
Sq(t) = < > Iﬁtk!q> (8)
it

where the choice of the norm ¢ maps to power against different alternatives. For instance, if
the treatment has a large effect for only few outcomes, choosing ¢ = oo yields high power.
On the other hand, if the treatment effect has similar magnitude across all outcomes, then

setting ¢ = 1 or ¢ = 2 yields good power. In practice, we set ¢ = 1.
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4. Compute a p-value by assessing whether the test statistic associated with the post-treatment
period “conforms” with the distribution of the test statistic associated with pre-treatment

periods:

To
plm) = 7 > 1{8,(01) < Sy(i)} + . )
t=1

Chernozhukov et al. (2021) show that in an asymptotic setting with 7' (and N) growing, this
conformal inference procedure will be valid for estimation methods that are consistent. In partic-
ular, they show that the test (9) has approximately correct size; the difference between actual size
and nominal size vanishes as Ty — oco. In Appendix A we discuss technical sufficient conditions
for consistency, closely following Chernozhukov et al. (2019) and departing from the finite-sample
analysis that is our main focus here.

To construct the confidence set for the treatment effect of different outcomes, we collect the
values of 7y for which test (9) does not reject. We can then project the confidence set onto each
outcome to form a conservative confidence interval.

Finally, an alternative approach is to focus on testing the average effect across the K outcomes,
% Ei{zl Tk, With outcomes appropriately scaled so that positive and negative effects have the sim-
ilar semantic meanings across outcomes. This setting returns to the scalar setting considered by
Chernozhukov et al. (2021), where the estimates are based on the average weights 4%%9, and so for

inference on the average we can follow their procedure exactly.

5 Simulations

We now conduct a Monte Carlo study to further inspect the behavior of separate, concatenated,
and average weights. In particular, Theorem 1 gives upper bounds on the bias term, describing
the worst-case behavior of the estimators with high probability. Here we instead use simulation to
inspect other features of the distribution of the bias, especially the average bias.

To focus on key ideas, we consider a simple model of the k' outcome under control,
Yiek(0) = dipue + itk

where ¢; is a scalar and e, ~ N(0,1). Here multiple outcomes are in fact repeated measurements
of the same underlying model component that consists of a single latent factor. We consider four
settings for the number of pre-treatment time periods Ty and outcomes K: (i) Ty = 10, K = 4; (ii)
To = 10, K = 10; (iii) To = 40, K = 4; (iv) Tp = 40, K = 10.

We set the factor values pu; to be evenly spaced over the interval [0.5,1] for t = 1,...,Tp + 1,
reflecting an upward time trend; the factor loadings ¢; are evenly spaced over the interval [1, 5] for
i =1,...,50. Similar to Ferman (2021), we set the treated unit to be the unit with the second
largest factor loading. This accomplishes two goals. First, it injects selection of the treated unit

based on the factor loadings, so that a simple difference in means would be biased. Second, it
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Figure 1: Box plots of bias using separate SCM, concatenated SCM, and averaged SCM over 1000
simulations.

guarantees the existence of oracle weights that solve ¢; — ZWFO vi¢; = 0. Note that since the
time trend has a heterogenous effect across the units, the difference-in-differences estimator is also
biased.

Figure 1 compares the distribution of the bias for estimating the treatment effect on the first

outcome under different weighting estimators:
E[f1 — 7] = LiT1 — Z YiLir1-
W;=0
Consistent with Theorem 1, Figure 1 illustrates that, relative to separate weights, the concatenated

and average weights reduce bias in settings with multiple outcomes. We also see that, as expected,

the average weights have smaller average bias than the concatenated weights.
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To further inspect this, Appendix Figure E.1 contrasts the imbalance for each type of weight
with the corresponding objective functions. First, the concatenated weights have slightly greater
imbalance than the separate weights, highlighting the difficulty in achieving good pre-treatment
fit on all outcomes simultaneously relative to good pre-treatment fit for a single outcome alone.
However, the average bias for the concatenated weights is still smaller than for the separate weights,
showing that the reduction in overfitting by concatenating more than outweighs the slight reduction
in pre-treatment fit. Second, the average weights have much better pre-treatment fit than either
alternative, with the fit improving as K increases. As Figure 1 shows, this leads to further bias

reduction, consistent with Theorem 1 and the intuition from Table 1.

6 Application: Flint Water Crisis Study

We now revisit the Trejo et al. (2021) study of the impact of the 2014 Flint water crisis on student
outcomes. On April 25, 2014, Flint’s residents began receiving drinking water from the Flint River,
where the water was both corrosive and improperly treated, causing lead from the pipes to leach
into the tap water. Roughly 100,000 citizens of Flint were exposed to this polluted water for at
least a year and a half — and likely much longer in some cases. Nearly a decade later, there are still
widespread concerns about the impact of this crisis, especially on children, who are particularly
susceptible to adverse effects from lead.

To assess this impact, Trejo et al. (2021) conduct several different analyses both across school
districts and within Flint. We focus here on their cross-district SCM analysis, based on a district-
level panel data set for Flint and 54 possible comparison districts in Michigan, viewing the April
2014 change in drinking water as the “treatment.” The authors focus on four key educational
outcomes: math achievement, reading achievement, special needs status, and daily attendance; all
are aggregated to the annual level from 2007 to 2019.7

Trejo et al. (2021) argue that these four outcomes are indicative of (aggregate) student psycho-
social outcomes at the district level, and, consistent with our results in Theorem 1, fit a common
set of (de-meaned) SCM weights based on concatenating these outcome series. Here we return to
that choice and also consider both separate and average SCM weights.

First, we assess whether the observed data are consistent with the low-rank factor model dis-
cussed in Section 3.1. To do so, we examine the N x Ty K matrix of (de-meaned and standardized)
pre-treatment outcomes, where N = 54, Ty = 8, and K = 4. In Appendix Figure E.2, we show
that the top 10 singular values capture over 80% of the total variation, which is consistent with a

low-rank model component and the existence of corresponding oracle weights.

"Math and reading achievement are measured via the annual state-administered educational assessments for grades
3-8, and are standardized at the grade-subject-year level. Special needs status is measured as the percent of students
with a qualified special educational need. Attendance is in percent of days attended. The math, reading, and special
needs series begin in 2007; daily attendance begins in 2009. Note that Trejo et al. (2021) also use 2006 data for
special needs; we start our data series in 2007 to have multiple outcomes available for averaging, dropping attendance
from the average for 2007 and 2008. Finally, when averaging, we further standardize each outcome series using the
series pre-treatment standard deviation.
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Figure 2 shows the SCM gap plots — i.e. the differences between the observed outcomes for Flint
and the counterfactual outcomes imputed by the synthetic control — for these three sets of weights.
The separate SCM weights (long dashed line) achieve close to perfect fit in the pretreatment period,
suggesting potential bias due to overfitting to noise, as we discuss in Section 4.4. By contrast, the
concatenated and average SCM weights (dashed and solid, respectively) do not lead to near-perfect
pre-treatment fit, though the fit is still reasonably good. Figure 3 shows the gap plot for the average
of the (standardized) outcomes for both averaged and concatenated SCM; as we expect, we see that
the concatenated weights achieve poorer fit for this index of outcomes than the average weights,
substantially so at the beginning and end of the pre-treatment period.

Both averaged and concatenated weights estimate a deterioration of math test scores following
the Flint water crisis, with little change in reading test scores and student attendance. Both sets of
weights also find an increase in the proportion of students with special needs, though the magnitude
is smaller for the averaged weights. Thus, the results largely replicate those in Trejo et al. (2021),
although the estimates from average weights have slightly smaller magnitudes.

Finally, we use the conformal inference procedure discussed in Section 4.5 to assess uncertainty,
with the caveat that the number of pre-treatment periods is only slightly larger than the number
of post-treatment periods in this application. We first test the null hypothesis of no effect on any
outcomes in each time period, using average SCM weights and i.i.d. permutations; this yields p-
values of roughly p = 0.1 for each time period (for 2015-2019, these are 0.113, 0.098, 0.116, 0.098,
and 0.108). We then test the joint null hypothesis of no effect on any outcomes in any time period
via a conformal inference procedure using all post-treatment time periods; here we find strong
evidence against the null of no effect whatsoever, with p = 0.007.

In the appendix, we also consider analyzing the impact on special needs separately from the
other three outcomes, consistent with the robustness checks in Trejo et al. (2021). In particular,
the proportion of students with special needs may be less correlated with the other outcomes, and
so may share fewer common factors, loosening the bound from Section 4.3. Appendix Figure E.3
shows that results are broadly similar when we restrict to math, reading, and attendance alone.
The results are also broadly similar if we consider the proportion of students without special needs

as an outcome in place of the original definition.

7 Conclusion

SCM is a popular approach for estimating policy impacts at the aggregate level, such as school
district or state. This approach, however, can be susceptible to bias due to poor pre-treatment
fit or to overfitting to idyosyncratic errors. By incorporating multiple outcome series into the
SCM framework, this paper proposes approaches that address these challenges, provided that the
multiple outcomes share a similar factor structure.

There are several directions for future work. The most immediate is to give guidance for SCM

with multiple outcomes when the common factor structure might not in fact hold. One possibility
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Figure 2: Point estimates for the effect of the Flint water crisis using SCM, concatenate SCM, and
average SCM. Using i.i.d. permutations, the conformal p-values for the joint null hypothesis of no
effect on any outcome for the 5 post treatment year 2015-2019 are: 0.113, 0.098, 0.116, 0.098, and
0.108. Note that the separate SCM estimates have essentially perfect pre-treatment fit for all four
outcomes.

is to consider weights that “partially pool” between separate SCM weights and common weights
in the spirit of Ben-Michael et al. (2022), which could enable guarantees under mis-specification.
More broadly, we could consider approaches that average or borrow strength across multiple model
types, including from hierarchical Bayesian models (see, for example, Ben-Michael et al., 2023),
from tensor completion following Agarwal et al. (2023) or from an instrumental variable approach
following Shi et al. (2021) and Fry (2023).

Finally, leveraging multiple outcomes alone might not be enough to mitigate SCM bias. Fol-
lowing Ben-Michael et al. (2021) and Arkhangelsky et al. (2021), we could consider augmenting
common SCM weights with either a common outcome model or separate models for each outcome

series.
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A Technical details regarding inference

In this section we provide additional technical details for the approximate validity of the conformal
inference procedure proposed by Chernozhukov et al. (2021) with averaged weights. To do so,
we will consider an asymptotic setting with both N and T growing, and make a variation of the

structural Assumption 1 and Assumption 2b that constrained oracle weights exist.

Assumption 5. The de-meaned potential outcome under control for the treated unit’s kth outcome
at time t is
Yir(0) = Z % Yiek + ek,
W;=0
for some set of oracle weights v* € C, where for a given k the noise terms uig, ..., ur, are station-
ary, strongly mizing, with a bounded sum of mixing coefficients bounded, and satisfy E[uyYir] = 0
for all W; = 0.

As in the previous assumptions, Assumption 5 also assumes the existence of oracle weights v*
shared across all outcomes, though they are defined slightly differently. Directly applying Theorem
1 in Chernozhukov et al. (2021), the conformal inference procedure in Section 4.5 using a set of
weights 4, will be asymptotically valid if ZWFO ’initk is a consistent estimator for ZWFO ’y;‘Yitk,
when we include the post-treatment period 7" when estimating the weights.

Next, we list sufficient assumptions for this type of consistency using the average weights 428,
consistency with the concatenated weights 42 can be established in an analogous matter. In these

assumptions, we define u; = % Zszl u, and Y. = % Zszl Y.

Assumption 6.

2 _
(i) There exist constants c1,co > 0 such that E[(Y;t.ﬂt) > c1 and EHYit.ﬁt‘?’] < ¢y for any i such
that Wy =0 andt=1,...,T.

(ii) For each i such that W; = 0, the sequence {}_Qtﬂt} is B-mizing and the [-mizing coefficient
satisfies B(t) < ay exp (—aot™), where aj,az, ™ > 0.

(i1i) There exists a constant cg > 0 such that max;.yw,—o Zthl Yiﬂ% < ¢3T with probability 1—o(1).
(iv) log N = o (T?’fﬁ)

. 147
(v) There ezists a sequence {r > 0 such that ETMUOg(mm\%’Nfl})]? — 0,

2 2

Z Yz’Tk(si < Ap Z Z ?z‘t-éi )
W;=0

t=1 \W;=0

Nl =
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and
1 . 2 1 T 2
T tz:; (Yz‘tk5i> < ETT ; (Yit-5i>

forally*+ 96 €C, allk=1,..., K with probability 1 — o(1).

Assumption 6 follows the technical assumptions in the proof of Lemma 1 in Chernozhukov et
al. (2021) with two modifications. First, we place assumptions on the noise values averaged across
outcomes, U1, ... ur rather than the outcome-specific noise values because we are working with the
averaged estimator. Second, Assumption 6(v) modifies Assumption (6) in the proof of Lemma 1 in
Chernozhukov et al. (2021) to link consistent prediction of the average of the de-meaned outcomes
to consistent prediction for any individual outcome. This assumption is related to Assumption 2b.

If there is a common factor structure across outcomes, then we have the link

Z Yitkéi = MUk * Z ¢i5i + Z éitkéi
W;=0 W;=0 W;=0

-1 -1
= prk <Z (fit) (ﬁt),> fit Z Yit-5; + prk - (Z (fit) (ﬂt)') e Z Eit.0; + Z Eitk0i-
W;=0

t W;=0 t W;=0

So, if common oracle weights exist, Assumption 6(v) amounts to an assumption on the noise terms.
Under these assumptions, we have a direct analog to Lemma 1 in Chernozhukov et al. (2021)

that is a direct consequence. We state it here for completeness.

Lemma 1. Let 4% solve minyec q™9(~)?, including the post treatment outcome T. Under Assump-
tions 5 and 6, Y% satisfies the consistency properties required for Theorem 1 in Chernozhukov et
al. (2021), namely,

L (o o )2
T;(ntk(%_%D = op(1)

and

Yire (i — i) = op(1).

Proof of Lemma 1. First, we can directly apply the claim from the proof of Lemma 1 and Lemma
H.8 in Chernozhukov et al. (2021) to state that there exists a constant M > 0 such that

147
2T

1 PR ~\2 _ M[og(min{T, N — 1})]
th:;(yit-(% g_%‘)> < VT

{1 M[log(min{T,N—1})] 37"
VT
pletes the proof. O

with probability 1 — o(1). Now from Assumption 6(v), = 0(1), which com-
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B Auxillary lemmas and proofs

B.1 Error bounds for the oracle imbalance

The bias due to imbalance in observed demeaned outcomes depends crucially on the measure of
imbalance we choose to minimize. We upper bound the imbalance using the estimated weights with
the imbalance when using oracle weights, which we refer to as oracle imbalance. For example, we

argue the oracle imbalance for the objective function of the SCM satisfies a form of concentration

inequality:
1 & i
M) = ?Z E1tj — Z Vi Eit
0%=1 W, =0

At first glance, the imbalance is the L2 norm of the vector of demeaned errors. The challenge is
that the demeaned errors €;; are correlated over time due to demeaning.

We prove a general upper bound on the oracle imbalance in Lemma 2 that allow us to decompose
the imbalance into the L2 norm of errors and the L2 norm of the average of errors. Lemma 3 presents
the intermediate concentration inequality for the L2 norm of errors. Finally, building on Lemma 2
and 3, Lemma 4 inspects the numerical properties for the pre-treatment fits achievable by the oracle

weights. Unless otherwise noted, all results hold under Assumptions 1, 2b, 3.

Lemma 2 (L2 norm of demeaned errors). Under the oracle weights, we have the following upper

bounds for the oracle imbalance

11 &8 i 2 & i
¢“(v*) < 2- K Z Eltk — Z Yicik |+ e Z €1k — Vi ik
S | W;=0 k=1 W;=0
o Do (| K 2 | X 2
A G N > I D eun— > vewn | +,|2 e > ek - Vi Eik
\ 0= k=1 Wi=0 k=1 W;=0
2 2
2 &
qsep(,y*) < T Eltj — Z ’y;-ke’-:itj + |2 €14 — ")/;-ke’fi‘j
0% W, =0 Wi=0

Proof of Lemma 2. Note the following algebraic inequality
2 2
E1tj — Z i Eit = |ew— Z Vi€itj — | €15 — Z Vi €ivj
W;=0 W;=0 W;=0
2 2

* — * —
2 ewj— § Yigity | +2| &5 — E Vi €ivj
W;=0 W;=0

IN
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For brevity, we only prove the upper bound for ¢*?(~*) as the other two upper bounds can be

shown similarly.

) T 2 2
O N euj— Y e | T2 & — Y Gy
0= Wi=0 W,=0
) T 2 2
< \ TO Eltj Z Y; Eitj + 2 €14 Z Vi €i-j
t=1 W;=0 W;=0

O

Lemma 3 (L2 norm of errors). Suppose Assumptions 1, 2b and 3 hold. For any § > 0, we have

the following bounds for the imbalance achieved by the oracle weights v*

2

K
11
T2 | X iz | <doy/1+ I+ (10)
W;=0

k=1 t=1 =

To

2
i (& o1+ I I
1 g Y2
E Eltk — E Vi Eitk +90 (11)
k=1 W;=0

1
— — <
To =~ | K - VK

with probability at least 1 — 2 exp (—#ﬁﬁ;uz)).
2

__ Tyer

202 (14| [13)

the separate imbalance achieved by the oracle weights ~*

Similarly, with probability at least 1 — 2 exp ( ), we have the following bounds for

2

To
1 . o112
TOEZJ _WZOW" <do\/1+|v*[5+0 (12)

Proof of Lemma 3. For the bound in (10), note that ey — ZWFO Vi €1k is independent across

t and k, and sub-Gaussian with scale parameter oy/1+ [|v*||5. Via a discretization argument

from Wainwright (2019)[Ch.5], we can bound the LHS of (10), a scaled L? norm of a (TpK) x 1
52

P YPEETRTIN we have
202(1+{|7*|3) ) ’

sub-Gaussian vector. With probability at least 1 — 2exp (—

K Ty
11 1 5
—— E1tk — Yieun | < (20\/ 1+ ||v*|I53/1og2 + Ty K log 5 + (5>
ToKkz_:_ltl wzi;o ot VToK 2
1
<do\/1+ I3+ ——==0

VIoK

where we use the inequality log2 + N logh < 4N for positive N.
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For the bound in (11), note that each &1 — >y, _(77€1; is independent across ¢, and sub-

Gaussian with scale parameter o /v K1/1 4 ||7* Hg we can similarly bound the LHS of (11), a scaled

L? norm of a (Tp) x 1 sub-Gaussian vector. With probability at least 1 — 2 exp (—m),
2

2
To

1 0\/1+H7 I3
Z Z€1tk— Z’n&tk S\/T() 2 log2 + Tylogh + 6

doy/1+ |3 1
< +—6
VK Nen

Setting 0 = §/1pK for the tail bound of (10), and 6 = §/Tp for the tail bound of (11), we

have the claimed result.

Finally for (12), we have a scaled L? norm of a (Tp) x 1 sub-Gaussian vector, each with a scale

parameter o4/ 1 + H*y*Hg Following a similar argument as above, we have with probability at least

2
1—2exp (—202( g

———<% ), we have
1+]v*]3) ) ’

To

1 . 1 2
T(); E1tj — E Yi€it STE <2cr L+ [Iv*5 log2+TOlog5+5>
= W,;=0
1
<doy/1+ |73 + —=0
2 T

Setting § = d/Tp for the tail bound of (12), we have the claimed result.
O

Lemma 4 (Oracle imbalance). Suppose Assumptions 1, 2b and 3 hold. For any § > 0, we have

the following bounds for the imbalance achieved by the oracle weights v*:

(i) if analyzing the separate imbalance

G T (V) < 4o\ 1+ [ly7]l5 + 26 (13)

with probability at least 1 — 4 exp <_$(|S|1*H2)>'
2

(ii) if analyzing the concatenated imbalance

cat(n*) < 4oy /1 + || *H?+25+—40 L+ Il (14)
“(v) < 4o/ v
2 T

To K82 )

with probability at least 1 — 4 exp (—W .
2
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(iii) if analyzing the average imbalance

or e AT 712
"I () < — 28 (15)
with probability at least 1 — 4 exp ( 202T10f”‘;2 ok ))

Proof of Lemma 4. First we apply Lemma 2 to derive a general upper bound.

sep(

For ¢, " (v*), note that each &.; — ZWFO i€k is independent across k, and sub-Gaussian with

(o

2 . o 2 .
scale parameter Vit l7*]|5- Setting 6 = &/ (\/To 1+ ||7*|]2> in Lemma 6, we have that

!él.k — > wi=o ”Yf@-k‘ is upper bounded by § with probability at least 1 — 2exp (—%).
! 2

Applying the union bound, together with the bound in (12) of Lemma 3, we have the claimed

bound in (13).

cat(,y

with scale parameter \/LTT) 1+ ||y*||3. Using similar argument for the bound in (12) of Lemma 3,

cat )

For ¢ , note that each &1 — ZWZ-:O ;€. is independent across k, and sub-Gaussian

we can bound the following scaled L? norm of a K x 1 sub-Gaussian vector with probability at

To K62
least 1 — 2exp <_WII7*H§)>’

2
K « (12
1 B B 4o/ 1+ (7|2
—E E1k — E ViEik| S ——=——+9

K k=1 W;=0 a V1o

Applying the union bound, together with the bound in (10), we have the claimed bound in (14).
For ¢*9(v*), note that % Zle €11 — 2 w,—0 Vi ik i3 sub-Gaussian with scale parameter

\/%To 1+ ||7*H§ Setting 6 = ¢/ <\/;—TO 1+ ||'y*\|g> in Lemma 6, we have that ’% Zszl €1~ 2awi=0YiEik

52K Ty
202 (1+7*13)
bound, together with the bound in (11) of Lemma 3, we have the claimed bound in (15).

is upper bounded by ¢ with probability at least 1 — 2exp (— ) Applying the union

O

B.2 Error bounds for the approximation errors

Lemma 5 (Lemma A.4. of Ben-Michael et al. (2021)). If & are mean-zero sub-Gaussian random
variables with scale parameter @w, then for weights 4 and any & > 0, with probability at least 1 —
4 exp (—%), we have

. _ o 0
b= 56| < dw 20l (ViowZNa+ 3 ) = (2051 vio2Na + 301+ I41,)

W;=0
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B.3 Error bounds for the post-treatment noise

Lemma 6. For weights independent of e;7j, under Assumption 1 and 3, for any 6 > 0 with

probability at least 1 — 2exp (—%) , we have

eiry — Y AiEir| < 6o (1+[lly)-
W;=0

Proof of Lemma 6. Since the weights are independent of €;7;, by sub-Gaussianity and independence

of g;7j, we see that e1r; — ZWi:O Aigirj is sub-Gaussian with scale parameter o4/1 + H’AYHS <
(1 +|7lly). Applying the Hoeffding’s inequality, we obtained the claimed bound. O

Lemma 7. For weights 4 and any § > 0, with probability at least 1 — 6 exp (—%), we have

g

o )
€17 — Yigiri| < 0o(1 4+ ||¥|l,) + o + 25 < log 2N, +)
1T sz::o Tj ( | Hz) VTo | Hlm 075

< (1+C)oo <1 + 1) + 7 (QCx/log 2N0)
V1o V1o

Proof of Lemma 7. For the post-treatment noise, we have

€1Tj — E Yigirj| = |e1Tj — E Yigirj + E Yi€ij — €1
W;=0 W;=0 W;=0

IN

eirj — Y Aigiri| | Y Aifig — E1

W;=0 W;=0
Lemma 6 applies to the first term. However, for the second term, we note that &;; and 4; are
correlated, and Lemma 5 applies with a scale parameter of o/y/Ty. Applying a union bound to the

two terms, and note that ||§||, < ||9]|; = C by construction, we obtained the claimed bound. [

C Proofs

Proof for Proposition 1. For the system of linear equations (3) to have a solution, the sufficient and
necessary condition is the matrix < L 1y ) has reduced rank to be less than N. Furthermore,
since all time effects are removed from L, the columns of L are linearly independent with the one
vector 1y. Therefore, a sufficient and necessary condition is for the rank of L to be less than
N —1. O

Proof of Theorem 1 . The proof follows from Theorem 2, 3 and 4, separately proved below.
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C.1 Error bounds for separate weights

Theorem 2. Suppose Assumptions 1, 2b, 8 and j hold. Then for any d > 0, we have the following

bound

Lz (0) = Y 47 Lir;
W;=0
2

o (1+1/VT)
Nar

rM

< §sep

<(40(1+C’) +26) + (20 log 2N, + (1+0)5)>

with probability at least 1 — 8exp (—%) —4exp (—%).
Proof of Theorem 2. As discussed in the main text, denote the projected factor value by w;; =

-1
Ty <Zt Htj ,u%) i, we can decompose the bias into the following two terms:

To TO
r ~ sep . y ~ S€ . ~ S€,
Li7;(0 E ’Y Lir; = E wij(Yiej; — g ’Y PYit) — E wij(E1ej — g ’Y Peiti)
t=1 t=1

Next we derive the upper bound for the absolute value of each term.By Assumption 4, for all t we

A2\ 2
have (wt;j)? < (%) . Next we derive the upper bound for the absolute value of each term.
0
To bound the bias due to imbalance, we apply the Cauchy-Schwarz inequality:

To To
Sep ~sep 2 ~ Sep
5 Wty Ylt] § ’Y }/;t] 5 wtj § Ylt] § '7 szt]
t=1 t=1

To 1 To
~5€
=vTj 5 wt2j TOE Ylt] § 'Y p}/’ttj
t=1 t=1

M2
§sepT

2
< TO TO < ) qsep<;ysep) — (§) TJM2 sep( sep) (§sep) Tjqusep(’Y*)-

Lemma 4 derives a high-probability upper bound for ¢*®?(~*), which gives an upper bound for
| Ro™1.
For |R{?|, set & = 221 wijeir; and & = &;. 221 wtj. We therefore have the upper bound

IRIPI= 16— D A —&+ Y 4| <& — D WGl +|a— D A&

W;=0 W;=0 W;=0 W;=0

. 2 _
Furthermore, the weighted sum ¢; is sub-Gaussian with a scale parameter %%—Afp, and §&; is

sub-Gaussian with a scale parameter 7? Zéep . We apply Lemma 5 to both terms with the union
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bound.
Combining the probabilities with the union bound gives the result with probability at least

_ _92) _ _ Tps ias i
1 —8exp ( ) 4 exp ( 202(1+||’Y*||§)>’ the bias is upper bounded by

2
B (o1 g 2 T VI (2 5o, iogaNe + 50+ 5°71) )

We then note that [|§°%||, = C by construction and Assumption 2b implies that /1 + [|v*[3 <
L 7l £ 14 C and 1 [l fl5 < 1+ C2

D

C.2 Error bounds for concatenated weights

Theorem 3. Suppose Assumptions 1, 2b, and 3 and 4. Then for any § > 0, we have the following

bound

Lir;(0 Z A% Lir
rM?2 o (1+1/VTp)
< ar (40 (1+1/VTo)(1+C) +26) + ¥ rvce (20 logQNg—l—(l—l—C)(S)

with probability at least 1 — 8 exp (——) — 4 exp (—%)

Proof of Theorem 3. As discussed in the main text, denote the projected factor value to be wy, =

75 O utk,ugk)*l puk, we can decompose the bias into the following two terms R§™ and R$%:

K To K TO
~cat t t
Lir;(0 Z A Liry = > Y wi(Yiek — Z F i) = Y Y wik(ewn — Z ¥ €itk)
k=1 t=1 k=1 t=1

Next we derive the upper bound for the absolute value of each term. By Assumption 4, for

2
all t we have (wtk)Q < < 52?/; 2K> . To bound the absolute value of the first term, we apply the
0

Cauchy-Schwarz inequality:

K To K Ty K To
Rcat ZZwtk Yiie — Z ’Ycati/ztk) < ZZ (Wtk ZZ Yite — Z ,ycat}/ltk
k=1 t=1 PR —
K Tp K T
=/ToK ZZ win)? T ZZ Vi — Z 5CatY )2
k=1 t=1 1 =
rM2 2 . B )
S\/ﬁ\/TgK <W> qcat(’ycat) = (g) M2 Cat( Cat) (icat) ITMQqcat(,y )
0
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Lemma 4 derives a high-probability upper bound for ¢°*(

[R5,
For |R§™| = &1 — Yw.—0 %€ — &1+ Zw,—0 %i&il,
We therefore have the upper bound

~*), which gives an upper bound for

= ZkK:1 ZtTil wikeite and & = Zszl Eik 221 Wik-

RS < |6 = D A+ |G- D 4
W;=0 W;=0
Furthermore, the weighted sum ¢&; is sub-Gaussian with a scale parameter —=Z M® and the

\/7§cat
weighted sum &; is sub-Gaussian with a scale parameter ﬁ% We apply Lemma 5 to both
terms and then a union bound.

Combining these probabilities with the union bound gives the result that with probability at

least 1 — 8 exp (——) — 4dexp (—#%), the bias is upper bounded by

3|, V/log 2Ng + (1 +

,)9)

We then note that &CatHl = C by construction and Assumption 2b implies that /1 + ||7*H§ <
L+ 7y 1+C and 14 |75 < 1+ C2 O

o\/1
@ 40m+25+ +H’Y |2 1+1/W)(

JToK

C.3 Error bounds for average weights
Denote the average outcome Yj; = % Eszl Y. and similarly ji; = % Zszl Lot

Theorem 4. Suppose Assumptions 1, 2b, 3 and 4 hold. Then for any é > 0, we have the following

bound

Ly7;(0 Z 49 Lir;
rM? [ 4o o-(1+1/vTp)
< oy ((\/Ea +0)+20) + (20+/log2No + (1 +C)5)>

with probability at least 1 — 8exp (——) —4dexp (—%) .

Proof of Theorem 4. As discussed in the main text, denote the projected average factor value to
be wij = pry - (3, () (ﬂt)')fl it we can decompose the bias into the following two terms Rg"’
and R7"Y:

Ty
A~ QU Aav \/ — ~avg —
LlTj(O) - Z Vi gL’iT] Zwtg Ylt - Vi gYit) - Zwtj(Elt - Y gEit)
W;=0 W;=0 t=1 W;=0



Next we derive the upper bound for the absolute value of each term. By Assumption 4, for all ¢t we
2
have wy; < <7TM2 ) .
0

§0.ng
To bound the bias due to imbalance, we apply the Cauchy-Schwarz inequality:

T Ty
(Ry™) Zwt] (Yie — Z ¥iYit) Z wi;)” Z (Yie — Z iYit)?
=1 =1 _
To L D ]
To Z(wtj)2 ?Z(Yu— Z YiYit)?
t=1 0 %=1 W;=0
rM2 2
oy To (o ) 0°73) = (O ra2gma(3%) < (€°0) a2

Lemma 4 derives a high-probability upper bound for ¢**9(y*), which gives an upper bound for
B3
For |R{"|, set & = EtTil wij&i and & = &;.. ZtTil wtj. We therefore have the upper bound

IRYI = &= > A& —&+ D, 4| < |a— D 4|+ 16— D Wbl

W;=0 W;=0 W;=0 W;=0

Since &;; is the average of K independent sub-Gaussian random variables, it is also sub-Gaussian
with scale parameter o/v K. Furthermore, the weighted sum ¢&; is also sub-Gaussian with a scale

parameter \/ﬁ% Similarly, the weighted sum &; is also sub-Gaussian with a scale parameter

g

ﬁgaﬂvi we apply Lemma 5 to both terms and then the union bound.
0
Combining the probabilities with the union bound gives the result that with probability at least

1 —8exp (——2> — 4 exp (—#%), the bias is upper bounded by

r 2 .
o (G Il 2+ U L) (3 e, loga + 1+ 571,)6) ).

We then note that [§%%9]|, = 1 by construction and Assumption 2b implies that (/1 + [|v*||3 <
L[l <1+ Cand 1+ [ly7fl; <14 C*

D Bias bounds for weighting estimators without de-meaning

We first state the alternative assumption for the outcome under control without unit fixed effects.
Then we For the save of brevity, we omit the proof for Theorem 5 as it is largely similar to that

for Theorem 1.
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Assumption 7. The outcome under control is generated as
Yitk(0) = Buk + Litk + €t

where the deterministic model component includes time fixed effects By, with Z;le B = 0 for all
k, as well as a non-additively separable term Ly with Zf\il Ly, =0 for all t,k and ZZ;I Lk =0
for all i, k. The idiosyncratic errors e, are mean zero, independent of the treatment status Wi,

and independent across units and outcomes.

Theorem 5. Suppose Assumptions 2b, 3, 4 and 7 hold. For any § > 0, the absolute bias for
estimating the treatment effect ‘LlTj(O) — ZWFO '%LZ-TJ" satisfies the bound

1) if analyzing 4;",

(40(1 +O)+6+ \;LTT) (zc\/logTNw 2(1 + 0)5)> :

with probability at least 1 — 4exp <—§) — 2exp (—%).

2) if analyzing 45
2

r
S gcat

<4g(1 YO 46+ J;TK (QCs/log 2N + 2(1 + C)(S)) :

with probability at least 1 — 4exp (—%) — 2exp (—%)

3) if analyzing 4;"Y

L rM? ((4‘7(1+C)+5)+ °_ (20/1og2N +2(1+C)5))
< (7 Vi 82Ny ,

with probability at least 1 — 4 exp <—§) — 2exp ( 7’071(62) .

T 252(1+C7)

E Additional figures
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Figure E.1: Box plots of imbalance using separate SCM, concatenated SCM, and average SCM
over 1000 simulations
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Figure E.2: The Singular Value spectrum for all outcomes
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Figure E.3: Point estimates for the effect of the Flint water crisis using SCM, concatenate SCM,
and average SCM, without including special needs. Each outcome is standardized using the series
pre-treatment standard deviation.
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