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• The cumulative c.d.f.
F (x) = Pr(X ≤ x).

Primitive. Many other quantities can be expressed

as functionals of F.

— The c.d.f. is bounded between zero and one

and weakly increasing function.

— The c.d.f. is of interest for many reasons. One

application is to testing for stochastic domi-

nance. In that case also it is of interest the

integrated c.d.f.,

S(x) =
Z x
−∞

F (x0)dx0

T (x) =
Z x
−∞

S(x0)dx0

• The density function f(x) is defined as the Radon-
Nikodym derivative of the c.d.f., i.e., it satisfies

F (x) =
Z x
−∞

f(x0)dx0.



• When the c.d.f. is differentiable,
f(x) = F 0(x),

but f(x) is defined more generally. The density

function is non-negative and integrates to one.

• The hazard function

λ(x) =
f(x)

1− F (x)
is of interest in many areas from mortality to un-

employment. The hazard function is non-negative

but otherwise unrestricted. We are also interested

in the cumulated hazard function

Λ(x) =
Z x
−∞

λ(x0)dx0,

which is a weakly increasing function. The hazard

function and density function are in one to one

correspondence so that f(x) = λ(x) exp(−Λ(x)).



• In many cases we have a vector of variables and
are interested in the relationship between one vari-

able and the others, denoted (Y,X). This can be

generally described by the conditional c.d.f. and

density function

FY |X(y|x) = Pr(Y ≤ y|X = x)

FY |X(y|x) =
Z y
−∞

fY |X(y0|x)dy0

as well as the conditional hazard function.

• The conditional density can be written as the ratio
of joint to marginals

fY |X(y|x) =
fY,X(y, x)

fX(x)
,

where the marginal density

fX(x) =
Z
fY,X(y, x)dy.



• The regression function

E(Y |X = x) =
Z
yfY |X(y|x)dy

is an important quantity derived from the condi-

tional density function. Its definition requires that

E(|Y |) <∞.

• The conditional variance
var(Y |X = x) = E(Y 2|X = x)−E2(Y |X = x)

is often of interest in financial applications.



• The conditional quantile function is defined to be
QY |X(α|x) = inf

n
λ : FY |X(λ|x) ≥ α

o
for α ∈ (0, 1). Lower and upper quantiles.

• When FY |X(·|x) is strictly increasing around α,

QY |X(α|x) = F−1Y |X(α|x).

• This is defined regardless of moments but does
require strict monotonicity for a simple definition.



• The regression function and quantile function can
be defined as minimizing functionals. Specifically,

consider the problem

E
h
{Y − g(X)}2

i
,

where g is any measurable function. It follows im-

mediately that m(x) = E(Y |X = x) satisfies

E
h
{Y − g(X)}2 − {Y −m(X)}2

i
= E

h
{m(X)− g(X)}2

i
≥ 0

for all g. One can also prove this result using cal-

culus of variations techniques for the general op-

timization problem

Q(g) =
Z Z

{Y − g(X)}2 f(Y,X)dY dX,
where f is the joint density.



• Likewise, letting M(x) = QY |X(α|x) and
Q(g) = E [ρα(Y − g(X))− ρα(Y −M(X))] ,

ρα(u) = u(α− 1(u < 0).

• We have for all g
Q(M) ≤ Q(g)



• In some cases one is also interested in estimat-
ing nonparametric regression with generated data.
For example, the conditional variance can be es-
timated from either the relation

var(Y | X = x)

= E(Y 2 | X = x)−E2(Y | X = x)

var(Y | X = x) = E(ε2 | X = x),

where ε = Y −m(X). In the former representa-
tion one estimates two nonparametric regressions
E(Y 2 | X = x), E(Y | X = x) and then takes a
simple nonlinear function of them. In the second
case one uses the first nonparametric regression
as data.

• In semiparametric applications one often has to
estimate ‘generated’ or ‘profiled’ regression func-
tions

E [τY (Y ; θ)|τX(X; θ)] ,
where τY and τX are transformations, either known,
unknown upto a finite dimensional parameter θ,
or unknown nonparametrically.



C.D.F. and Density Estimation

• Suppose that we have an i.i.d. sampleX1, . . . ,Xn
drawn from the distribution F. We estimate the

c.d.f. by the empirical c.d.f.

Fn(x) =
1

n

nX
i=1

1 (Xi ≤ x) .

This estimator obeys

— 0 ≤ Fn(x) ≤ 1

— it is weakly increasing.

— It is a step function with jumps of height 1/n

(assuming no ties, which happens with prob-

ability zero for continuously distributed data).

This is a CADLAG (Continue A Droite and

Limite A Gauche) function.



• Note that the density function can be interpreted
as the derivative of the c.d.f.

f(x) = lim
h→0

1

2h
Pr [x− h ≤ Xi ≤ x+ h]

= lim
h→0

1

2h
E [1(x− h ≤ Xi ≤ x+ h)] .

• However, the density function cannot be estimated
by the derivative of Fn(x), since this is a discon-

tinuous function at the sample points and zero

elsewhere.

• However, a numerical derivative with small h would
be bf(x) = 1

2h
[Fn(x+ h)− Fn(x− h)] .

• This can be written in the form
bf(x) = 1

2nh

nX
i=1

1 (|Xi − x| ≤ h) .



• We define now a more general class of estimators.
Let h be a scalar bandwidth andK(·) a kernel sat-
isfying

R
K(u)du = 1 and Kh(·) = h−1K(h−1·).

• A kernel K is said to be of order q ifZ
K(u)du = 1,Z

ujK(u)du = 0, j = 1, . . . , q − 1,Z
uqK(u)du < ∞.

The integrals here are over the support of the ker-

nel which in general is some compact interval or

the real line. Frequently, attention is restricted to

K a probability density function symmetric about

zero for which q = 2.



• In some cases we are interested in so-called bound-
ary kernels that are functions of two arguments

K(u, t), where the parameter t controls the sup-

port of the kernel, thusK(u, t) has support [−1, t]
and satisfiesZ t

−1
K(u, t)du = 1,Z t

−1
ujK(u, t)du = 0, j = 1, . . . , q − 1,Z t

−1
uqK(u, t)du < ∞

as for regular kernels.



• Then let
bfh(x) = 1

n

nX
i=1

Kh(x−Xi).

• This estimate is non-negative and integrates to
one in the special case where the support of X is

the entire real line. Symmetric kernels.

• Otherwise not. If there are restrictions on the

support of X it may be advisable to use a more

complicated kernel that has two or more parame-

ters, see Chen (1999).



• Let Kh(x) = K(x/h) = R
Kh(x

0)dx0 a smooth
increasing c.d.f. and leteFn(x) = Kh ∗ Fn

=
Z
Kh(x− y)dFn(y)

=
1

n

nX
i=1

Kh(x−Xi)

be a corresponding smoothed estimator of the
c.d.f., where ∗ denotes convolution. Thenbfh(x) = eF 0n(x)

= Kh ∗ Fn
=

Z
Kh(x− y)dFn(y).

• This gives another interpretation of the kernel
density and c.d.f. estimator: eFn(x), bf(x) are the
c.d.f. and density functions respectively of a sam-
ple of the random variables

Yi = Xi + hεi

conditional on X1, . . . ,Xn, when εi has density
K.



• The tails of the kernel density estimator are like
the tails of the kernel K.

• So for example, if K were standard normal, then

the tails of bf(x) as x→ ±∞ behave likewise.



Regression Estimation

• Suppose that we observe a bivariate dataset {Yi,Xi}ni=1
generated from

Yi =m(Xi) + i, i = 1, . . . , n,

where i is a random error independent over ob-

servations that satisfies

E( i | Xi = x) = 0.
Then m(·) is the regression function of Y on X.

It is usual also to assume that

var(Yi | Xi = x) = σ2(x) <∞.

• The smoothness of m determines how well it can

be estimated.



Kernel Regression Estimators

• Recall that

m(x) =

R
yf(x, y)dyR
f(x, y)dy

,

where f(x, y) is the joint density of (X,Y ).

• A natural way to estimatem(·) is first to compute
an estimate of f(x, y) and then to integrate it ac-

cording to this formula. A kernel density estimatebfh(x, y) of f(x, y) is
bfh(x, y) = 1

n

nX
i=1

Kh(x−Xi)Kh(y − Yi).



• We have (ignoring the limits of integration):Z bfh(x, y)dy =
1

n

nX
i=1

Kh(x−Xi) ;Z
y bfh(x, y)dy =

1

n

nX
i=1

Kh(x−Xi)Yi.

• Plugging these into numerator and denominator
we obtain the Nadaraya—Watson kernel estimate

cmh(x) = Pn
i=1Kh(x−Xi)YiPn
i=1Kh(x−Xi)

.

• The estimator is well-defined when
nX
i=1

Kh(x−Xi) 6= 0,

which happens with very high probability provided

the covariate density is strictly positive at x

— If
Pn
i=1Kh(x−Xi) = 0, then define cmh(x) =

0 for example].



• The bandwidth h determines the degree of smooth-
ness of cmh. This can be immediately seen by

considering the limits for h tending to zero or to

infinity, respectively. Indeed, at an observation

Xi,

cmh(Xi)→ Yi, as h→ 0,

while at an arbitrary point x,

cmh(x)→ 1

n

nX
i=1

Yi, as h→∞.



• The Nadaraya-Watson estimator is linear in Y

cm(x) = nX
i=1

wni(x)Yi,

wni(x) =
Kh(x−Xi)Pn
i=1Kh(x−Xi)

depends only on the covariates X1, . . . ,Xn.

• The weights satisfy
nX
i=1

wni(x) = 1.

When K ≥ 0, the weights are probability weights
since they also satisfy wni(x) ∈ [0, 1].

• If
Yi 7→ a+ bYi,cm(x) 7→ a+ bcm(x).



• In practice, one estimates at a grid of points x1, . . . , xm.
Often one takesm = n and xi = Xi the covariate

value. In that case one obtains

cm =Wy,

where cm and y are the n × 1 estimator and de-
pendent variable vectors respectively, while W is

the n × n smoother matrix with typical element
Wij = wnj(Xi). Let

K =

"
K

Ã
Xi −Xj

h

!#
i,j

and let

W = K./Ki,

where ./ is the matrix division operation.



• We can interpret the kernel estimator as the min-
imizer of the local least squares criterion function

Qn(θ) =
nX
i=1

Kh(x−Xi) (Yi − θ)2 ,

that is,

bθ(x) = arg min
θ∈RQn(θ) =

cmh(x).
• In fact, one can also set-up the global objective
function

Qn(θ(.)) =
Z nX
i=1

Kh(x−Xi) (Yi − θ(x))2 dμ(x),

where now the ‘parameter’ is a function θ(.) and

μ is any positive measure absolutely continuous

with respect to Lebesgue measure on the support

of X.



• It can be shown that the function bθ(·) that min-
imizes this criterion is exactly cmh(x) for each x.
Specifically, let θ (x) = bθ(x)+ g(x) for any func-

tion g, and compute the first order condition

∂

∂
Qn(θ (.))

¯̄̄̄
=0

= −
Z nX
i=1

Kh(x−Xi)
³
Yi − bθ(x)´ g(x)dμ(x)

= 0.

• This must hold for every function g possessing
certain regularity. It follows by the Euler-Lagrange

Theorem that

nX
i=1

Kh(x−Xi)
³
Yi − bθ(x)´ = 0

for each x.



• The Nadaraya-Watson estimator can be written

cmh(x) =
1

n

nX
i=1

Kh(x−Xi)
Yibf(x)

=
1bf(x) 1n

nX
i=1

Kh(x−Xi)Yi.

• We should mention some related estimators. First,
in some cases the design density might be known

in which case one can use

cmh(x) = 1

n

nX
i=1

Kh(x−Xi)
Yi
f(x)

.

These estimators can be called externally normal-

ized since the denominator factors bf(x) and f(x)
can be taken outside of the sum.



• An alternative approach is to use internal normal-
ization, hence when f is known

cmh(x) = 1

n

nX
i=1

Kh(x−Xi)
Yi

f(Xi)
.

The advantages of this estimator are discussed in

Jones, Davies, and Park (1994).

• When f is not known, Mack and Müller (1989)
consider

cmh(x) = 1

n

nX
i=1

Kh(x−Xi)
Yibf(Xi).



k-Nearest Neighbor Estimators

• The k-nearest neighbor (k-NN) estimate is de-
fined as a weighted average of the response vari-

ables in a varying neighborhood. This neighbor-

hood is defined through those X-variables which

are among the k-nearest neighbors of a point x.

• Let N (x) = {i : Xi is one of the k −NN to x}
be the set of indices of the k-nearest neighbors of

x. The k-NN estimate is the average of Y ’s with

index in N (x),

cmk(x) = 1

k

X
i∈N (x)

Yi.

• Connections to kernel smoothing can be made by
considering this as a kernel smoother with uniform



kernel K(u) = 1
2I(|u| ≤ 1) and variable band-

width h = m(k), the distance between x and its

furthest k-NN,

cmk(x) = Pn
i=1KR (x−Xi)YiPn
i=1KR (x−Xi)

.

Note that for this specific kernel, the denominator

is equal to k/nR the k-NN density estimate of

f(x). Formula provides sensible estimators for

arbitrary kernels.

• One can also consider the similar estimatorPn
i=1Kh(Fn(x)− Fn(Xi))YiPn
i=1Kh(Fn(x)− Fn(Xi))

,

where Fn is the covariate empirical distribution.

Thus nearest neighbours can be interpreted as

kernel smoothing in ‘rank space’.



Local Polynomial Estimators

• The Nadaraya-Watson estimator can be regarded
as the solution of the minimization problem

cmh(x) = arg min
θ∈R

nX
i=1

Kh(x−Xi) {Yi − θ}2 .

• Let
Pθ(t) = θ0 + θ1t+ . . .+ θpt

p/p!

with θ = (θ0, θ1, . . . , θp) denote a polynomial.

Let bθ0, . . . , bθp minimize
nX
i=1

Kh(x−Xi) {Yi − Pθ(Xi − x)}2

with respect to θ ∈ Rp+1. Then, bθ0 serves as an
estimator of m(x), while bθj estimates the j0th
derivative of m.



Higher Dimensions

• All the above methods have generalizations to the
case where d > 1. For example, in the kernel

method we can replace the univariate K and h by

multivariate kernelK and bandwidth matrixH, so
that we replace K ((x−Xi)/h) by K(H−1/2(x−
Xi)). A special case of this is where

K(H−1/2(x−Xi)) = K(kx−XikH)

kAkH = [tr(A>H−1A)]1/2.

• In practice one does not want to choose an en-
tire matrix of bandwidths without some structure.

There are several simplifying approaches. First,

let

H = hΣ,

where Σ is some fixed symmetric positive definite

matrix (in practice estimated from the data) and

h is a scalar bandwidth sequence.



• A second approach is based on ‘product kernels’
where

K(x) = K(x1) · · ·K(xd)

H = diag{h1, . . . , hd},
where again hj reflect the scale of the j’th covari-

ate.

• In the sequel we will adopt the simplest possible
scheme so that we can use the same notation

Kh(x) for both univariate and multivariate cases.

In the multivariate case, Kh(x) = K(x/h)/h
d.



Derivatives

• Derivatives can be estimated by differentiating
the estimate of m the required number of times.

This works provided the estimate of m is itself

smooth enough, which can be achieved, for exam-

ple, by taking K to be smooth like the Gaussian

density function.

• The internal kernel method is particularly conve-
nient for estimation of derivatives because in this

case

cm(ν)(x) = 1

nhd+|ν|
nX
i=1

K(ν)
µ
x−Xi
h

¶
Yibf(Xi).

The corresponding formula for the Nadaraya-Watson

estimator is very complicated.



• The local polynomial method explicitly estimates
the derivatives - the parameter estimate bθj(x) es-
timates m(j)(x).

• The problem with this method is just that in high

dimensions the number of local parameters to be

estimated is very large.

— For d dimensions and order p polynomial we

have a total of N =
Pp

=0N parameters,

where N = ( + d− 1)!/(d− 1)! !



Some Nonlinear Estimators

The above estimators are all linear in the sense that

cm(x) = nX
i=1

wni(x)Yi,

where {wni(x)} only depend on the covariateX1, . . . ,Xn.
We now turn to some nonlinear smoothing methods.

Local Likelihood

• The principle underlying the local polynomial es-
timator can be generalized in a number of ways.

Tibshirani (1984) introduced the local likelihood

procedure in which an arbitrary parametric regres-

sion function g(x; θ) substitutes the polynomial.

Fan, Heckman and Wand (1992) develop theory

for a nonparametric estimator in a Generalized

Linear Model (GLIM) in which, for example, a

probit likelihood function replaces the polynomial.



• Suppose that f(y|G(x)) is the density function
(or frequency function) of Y |X where f is known

andG is an unknown function related to the mean

through a known function, i.e., for known F,

G(x) = F (m(x)).

Then let bθ0, . . . , bθp minimize
n(θ) =

nX
i=1

Kh(x−Xi) log f(Yi|Pθ(Xi − x)),

with respect to θ ∈ Rp+1. Then, bθ0 serves as
an estimator of G(x), while bθj estimates the j0th
derivative of G.

• This includes the standard local polynomial es-
timator as a special case when f is the normal

density function.



• Suppose that Y is binary then

f(y|G(x)) = Φ(G(x))y[1−Φ(G(x))]1−y.

• Then
m(x) = Φ(G(x)).

• The advantage of this method is that it imposes
the restrictions implied by the data. Fan, Heck-

man, and Wand (1992) See also Gozalo and Lin-

ton (1999).



Local GMM

• One can instead have conditional moment restric-
tions of the form, for some unknown function g

E [ψ (Y,X, g(X)) |X = x] = 0,

where ψ is a vector of moment conditions.

— For example, suppose that E(Y |X = x) =

m(x) and var(Y |X = x) = m(x). Gagliar-

dini and Gourieroux (2005), Gozalo and Lin-

ton (1999).

• Then estimation can proceed by minimizing
kGn(θ)k

=

°°°°°°
nX
i=1

Kh(x−Xi)ψ (Yi,Xi, Pθ(Xi − x))
°°°°°° ,

where ||A|| is some vector norm, and letting bθ0
serves as an estimator of g(x).



Quantile Regression

• To estimate conditional quantiles we use a ver-
sion of local likelihood. The main difference is

that m(x) is not interpreted as the conditional

mean any more but some other location para-

meter. Also, the criterion function need not be

smooth.

• Let cm(x) = bθ0, where bθ is any minimizer of the
following criterion function

nX
i=1

Kh(x−Xi)ρα(Yi − Pθ(Xi − x))

with ρα(u) = u(α − 1(u < 0). In general the

solution is easy to compute but is not unique so

some additional restriction has to be imposed to

obtain a well defined solution. Chaudhuri (19?)



CDF and Density Estimation

Theorem 0.1 As n→∞,
sup
x∈R

|Fn(x)− F (x)| −→ 0 a.s.

• The only ‘condition’ is that Xi are i.i.d., although
note that since F is a distribution function it has

at most a countable number of discontinuities,

and is right continuous. Note also that the supre-

mum is over a non-compact set - in much subse-

quent work generalizing this theorem it has been

necessary to restrict attention to compact sets.

The proof of Theorem 1 exploits some special

structure: specifically that for each x, 1(Xi ≤ x)
is Bernoulli with probability F (x).



• Let B be the Brownian Bridge process. This is a

Gaussian process with covariance function

cov(B(s), B(t)) = min{s, t}− st
for every s, t. We next establish the weak con-

vergence of the empirical c.d.f. i.e., a Functional

Central Limit Theorem (FCLT).

Theorem 0.2 As n→∞,
n1/2 [Fn(·)− F (·)] =⇒ B(F (·)),

where B is the Brownian Bridge process.

• The limiting process is a time changed Gaussian
process. The result can be established by first

establishing the result for uniform [0, 1] random

variables and then employing the result that X =

F−1(U), where U is a uniform random variable.



Theorem 0.3 (Nadaraya, (1965)) Suppose that K is

of bounded variation and integrates to one, that f

is uniformly continuous on R, and that h → 0 and

nh2→∞. Then
sup
x∈R

¯̄̄ bf(x)− f(x)¯̄̄ −→ 0 a.s.

• This theorem places very weak assumptions on

the kernel and density but somewhat stronger

conditions on the bandwidth sequence. Note that

the convergence is uniform over the entire real

line. It is possible to establish uniform consistency

of the kernel density estimator under weaker con-

ditions on the bandwidth sequence like nh/ logn→
∞ at the expense of stronger conditions on K.



Theorem 0.4 (Silverman (1978)) Suppose that K is

uniformly continuous with modulus of continuity w

and of bounded variation, that
R |K(x)|dx < ∞ and

K(x) → 0 as x → ∞, that R K(x)dx = 1, and

that
R |x log |x||1/2|dK(x)| < ∞. Suppose that f is

uniformly continuous. Then, provided h → 0 and

nh/ logn→∞
sup
x∈R

¯̄̄ bf(x)− f(x)¯̄̄ −→ 0 a.s.

Suppose additionally that
R 1
0 [log(1/u)]

1/2 dγ(u) <

∞, where γ(u) = {w(u)}1/2 and that

nh(logn)−2{log(1/h)} → ∞ and
P∞
n=1 h

λ
n < ∞ for

some λ, then

sup
x∈R

¯̄̄ bf(x)−E[ bf(x)]¯̄̄

= O

⎛⎝Ãlog(1/h)
nh

!1/2⎞⎠ a.s.



• These results use arguments that are special to
the univariate case.

• The assumption that f is uniformly continuous is
innocuous for densities of unbounded support but

rather restrictive for those living on a bounded

interval. For example, it rules out the uniform

density. The assumption is needed for handling

the bias term E[ bf(x)]−f(x) and the results hold
true for supx∈R | bf(x)−E[ bf(x)]| without this as-
sumption.



Theorem 0.5 (Giné and Guillou (2002)) Suppose that

the kernel K is a bounded function of bounded vari-

ation. Suppose that h → 0 monotonically, such that

nhd/| logh| → ∞ and | log h|/ log logn → ∞. Sup-
pose further that the density f is bounded. Then

sup
x∈R

¯̄̄ bf(x)−E[ bf(x)]¯̄̄

= O

⎛⎝Ãlog(1/h)
nhd

!1/2⎞⎠ a.s.

• This result is quite remarkable in terms of the
weakness of the conditions. To establish consis-

tency of bf(x) though we also need to analyze the
term

sup
x∈R

|E[ bf(x)]− f(x)|.
This requires additional conditions. For example,

one might assume that f is uniformly continuous

like Silverman (1978).



• To establish a rate one needs stronger conditions
specifically smoothness. We note that uniform
continuity is an appropriate condition for densi-
ties with unbounded support but does rule out
many density with compact support for example
the uniform density. For those cases different con-
ditions are appropriate. The bias term is handled
by making a change of variables. We have

E[ bf(x)] = Z
Kh(x−X)f(X)dX

and if we transform

X 7→ u = (x−X)/h
the integrand becomes K(u)f(x− uh)du. If the
support of X is R then the range of integration
of u is not affected.

• Then we haveZ
K(u)f(x− uh)du = f(x)

Z
K(u)du

−f 0(x)
Z
K(u)udu

+f 00(x)1
2

Z
K(u)u2du.



• However, if the support of X is some interval

[x, x], then the range of integration of u becomes

[(x− x)/h, (x− x)/h].

— When x is an interior point this interval tends

towards (−∞,∞),

— When x = x, then the interval tends towards

(0,∞).

— When x = x+ th for some t, then the interval

tends to [t,∞).



• The limiting distribution of the density estimator
at a point.

Theorem 0.6 Suppose that K is bounded and satis-

fies
R
K(u)udu = 0,

R
K(u)u2du <∞ and

R |K(u)|du <
∞. Suppose also that f is twice continuously differ-
entiable at the interior point x. Then

(nh)1/2
h bf(x)− f(x)i =⇒ N(b(x), v(x)),

where

v(x) = kKk22 f(x)
b(x) =

³
lim
n→∞(nh

5)1/2
´ μ2(K)

2
f 00(x).



Regression Function

• Stone (1977) gave the following result for linear
estimators

cm(x) = nX
i=1

wni(x)Yi,

where {wni(x)} only depend on the covariateX1, . . . ,Xn



Theorem 0.7 (Stone (1977). Let {wni(x)} be a se-
quence of weights and letX,X1, . . . ,Xn be i.i.d. Sup-
pose that the following conditions hold
(1) There is a C ≥ 1 such that for every nonnegative
Borel measurable function f

E
nX
i=1

wni(X)f(Xi) ≤ CEf(X);

(2) There is a D ≥ 1 such that

Pr

⎡⎣ nX
i=1

|wni(X)| ≤ D
⎤⎦ = 1;

(3) For all a > 0

nX
i=1

|wni(X)| 1 (||Xi −X|| > a)P−→0;

(4)

nX
i=1

|wni(X)|P−→1;

(5)

max
1≤i≤n |wni(X)|P−→0.



Then {wni(x)} are consistent in the sense that when-
ever E[|Y |r] <∞,

E [|cm(X)−m(X)|r]→ 0.



• These are quite weak conditions. Note that for
many regression estimators the sequence of weights

{wni(x)} are probability weights, i.e., they lie be-
tween zero and one and sum to one. In this case

conditions (1), (2), and (4) are quite natural. A

consequence of condition (1) is that

E[|cm(X)|] <∞ whenever E[|Y |] <∞.

• Condition (3) is trivially satisfied for kernel esti-
mators with kernels of bounded support. Con-

dition (5) is also satisfied for many estimators -

for nearest neighbor estimators for example it is

trivial. Stone (1977) shows that these conditions

can be satisfied for a range of estimators.

• The standard local linear estimator does not sat-
isfy these conditions however. He shows how to

modify local linear estimators to make them prob-

ability weights and thereby to satisfy the condi-

tions. Kohler (2000) suggests an alternative way



of doing this by restricting the optimization to a

bounded parameter space (that is allowed to ex-

pand slowly with sample size).

• Stone also shows how to apply these results to

nonlinear estimators like conditional quantile es-

timators.

• Devroye and Wagner (1980) showed that the ker-
nel estimator with non-negative bounded and bounded

away from zero at the origin and compactly sup-

ported kernel K satisfies this provided only h→ 0

and nhd→∞.



Theorem 0.8 (Local Linear). Suppose that:

(i) The marginal density f of the covariates is contin-

uous at the interior point x and f(x) > 0;

(ii) The regression function m(x) = E(Y |X = x) is

twice differentiable and m00(x) is continuous at x; the
variance function σ2(x) = var(Y |X = x) is continu-

ous and positive at x;

(iii) The kernel K is continuous on its compact sup-

port;

(iv) E(|Y |2+δ) <∞ for some δ > 0;

(v) h → 0 and nh → ∞ such that limn→∞ nh5 =
ch <∞.
Then

(nh)1/2 [cmLL(x)−m(x)] =⇒ N(b(x), v(x)),

where

v(x) = kKk22
σ2(x)

f(x)

b(x) = ch
μ2(K)

2
m00(x).



Corollary 0.9 (Nadaraya-Watson) Suppose that (i)-

(v) above hold and that also f 00(·) exists and is con-
tinuous at x, and that K is a second order kernel.

Then

(nh)1/2 [cmNW (x)−m(x)] =⇒ N(bNW (x), v(x)),

where

b(x) = ch
μ2(K)

2

(m · f)00 −m · f 00
f

(x).



• For both estimators the mean squared error for
any interior point x is O(h4)+O(1/nh), and the

best rate is given by taking h ∝ n−1/5 in which
case the mean squared error is of order n−4/5.
This is larger than in the parametric case where

the mean squared error declines like n−1.

• The bias of the NW estimators depends on f and

on its derivatives. The local linear estimator by

contrast has bias uniformly of order h2, and is

“design adaptive”, i.e., its bias only depends on

m00(x). Finally, the regularity conditions for the
local linear estimator are weaker, since no deriv-

atives of f are needed, just continuity.

• The asymptotic distribution for both estimators
has a bias and is ‘nuisance parameter dependent’.

To obtain correct confidence intervals we would

have to estimate m00(x), f(x) and σ2(x) in the

case of the local linear estimator, andm0(x),m00(x), f(x)



and σ2(x) in the case of the Nadaraya-Watson es-
timator, which in either case is an even more diffi-
cult than the problem we started out with. There-
fore, in practice it is usual only to estimate the
variance and to argue that the bias is of smaller
order [which would be the case if h = o(n−1/5)].
This is called ‘undersmoothing’.

• Boundary bias. When the evaluation point x is
at the boundary or close to the boundary, the
Nadaraya-Watson Estimator suffers badly from bound-
ary bias. Specifically, in this case the bias is O(h)
for any point xn that lies within h of the bound-
ary. This is because the change of variables argu-
ment we use to obtain the bias no longer applies.
The local linear estimator does not suffer so badly
in the boundary region, and its bias is the same
magnitude as at interior points, namely h2.

• Suppose that f(x) = 0 or f(x) = ∞. Then we
may still obtain consistency and asymptotic nor-
mality but at slower (faster) rates of convergence,



see Hengartner and Linton (1999). Likewise with

σ2(x) =∞ or σ2(x) = 0.

• Suppose that σ2(.) and or f(.) is (boundedly) dis-
continuous at the point x but that m is continu-

ous at x. Then the estimators are still consistent

but the asymptotic variance changes to

σ2(x−)f(x−)
R 0−∞K(u)2du+ σ2(x+)f(x+)

R∞
0 K(u)2d³

f(x−)
R 0−∞K(u)du+ f(x+) R∞0 K(u)du

´2
Under symmetry of the kernel this simplifies to

[σ2(x−)f(x−)+σ2(x+)f(x+)]/ (f(x−) + f(x+))2 /2.
Bias? If m(x) is discontinuous at x, then the es-

timator converges to (m(x−) +m(x+))/2 under
symmetry of the kernel.

• Can allow the marginal density and error variance
(or distribution) to vary with i and n, denoted



fni(.) and σ
2
ni(.) provided these functions are uni-

formly smooth etc.. In this case the limiting vari-

ance is

kKk22
1
n

Pn
i=1 fni(x)σ

2
ni(x)h

1
n

Pn
i=1 fni(x)

i2 .

An extreme example is whenXi = i/n, i.e., purely

deterministic in which case fni(x) → 1 as n →
∞. The theory is as above where f can be inter-
preted as a limiting or average density. This would

be called a fixed design. A number of estimators

have different properties depending on whether

the design is fixed or random but the local lin-

ear and local constant have essentially identical

properties in these two cases.

• Suppose that E[|Y |2] = ∞ but E[|Y |1+α] < ∞
for some α ∈ (0, 1). Then we still have consis-

tency but with slower rates and possibly non-

normal limiting distributions (this is just as in the

parametric case). Stute (1986) established the



almost sure convergence of the Nadaraya-Watson

estimator under only weak moment conditions,

namely E(|Y |1+δ) <∞.

• The compact support condition on the kernel can
be weakened to justK bounded and

R |K(u)|u2du <
∞.

• The bias and variance of the more general k-NN
estimator is given in a theorem by Mack (1981).

Stute (1984) proves asymptotic normality. In con-

trast to kernel smoothing, the variance of the k-

NN regression smoother does not depend on f ,

the density of X. This makes sense since the

k-NN estimator always averages over exactly k

observations independently of the distribution of

theX-variables. The bias constantBnn(x) is also

different from the one for kernel estimators given

in Theorem 2. An approximate identity between



k-NN and kernel smoothers can be obtained by

setting

k = 2nhf(x),

or equivalently h = k/2nf(x).



Some Heuristics

• We give some heuristics for the local constant
approach. Write

cm(x) = br(x)bf(x) and m(x) = r(x)

f(x)

br(x) =
1

n

nX
i=1

Kh(x−Xi)Yi
r(x) = m(x)f(x)

• First approach to this would be to apply the delta
method. We know the properties of br(x)− r(x)
and bf(x) − f(x) and just Taylor expand. This
turns out to be messy and easy to mess up.



• Instead
cm(x)−m(x)

=
br(x)−m(x) bf(x)bf(x)

=
1
n

Pn
i=1Kh(x−Xi)εibf(x)

+
1
n

Pn
i=1Kh(x−Xi) [m(Xi)−m(x)]bf(x) .

• This decomposition is useful because we can re-
place bf(x) by f(x) by the following argument.
We have shown that for each interior point x,

bf(x) = f(x) +Op(h2) +Op(n−1/2h−d/2).
Therefore,

cm(x)−m(x)
=

1

f(x)

1

n

nX
i=1

Kh(x−Xi)εi

×
h
1 +Op(h

2) +Op(n
−1/2h−d/2)

i



+
1

f(x)

1

n

nX
i=1

Kh(x−Xi) [m(Xi)−m(x)]

×
h
1 +Op(h

2) +Op(n
−1/2h−d/2)

i
assuming that f(x) > 0.

• Writing
Zni(x) = Kh(x−Xi) (m(Xi)−m(x))

we have

1

n

nX
i=1

Kh(x−Xi) (m(Xi)−m(x))

= E[Zni(x)] +
1

n

nX
i=1

Zni(x)−E[Zni(x)].

• The properties of E[Zni(x)] follow from a Taylor
series expansion. We have

E[Zni(x)]

=
Z
Kh(x−X) (m(X)−m(x)) f(X)dX

=
Z
K(u) (m(x+ uh)−m(x)) f(x+ uh)du.



• The second term is a sum of mean zero indepen-

dent and identically distributed random variables

(for given n) and has variance

var[Zni(x)]≤E[Z2ni(x)]
= h−2dE

"
K
µ
x−Xi
h

¶2
(m(Xi)−m(x))2

#
= h−d

Z
K (u)2 (m(x+ uh)−m(x))2 f(x+ uh)du

= O(h2−d).

• It follows that
cm(x)−m(x)

=
1

f(x)

⎡⎣1
n

nX
i=1

Kh(x−Xi)εi +E[Zni(x)]
⎤⎦

×[1 + op(1)].

• Then we can apply the Lindeberg CLT to the ran-
dom variable

Pn
i=1Kh(x−Xi)εi/n.



• We next consider the properties of the internal
estimator

cm(x) = 1

n

nX
i=1

Kh (x−Xi)
Yibf(Xi).

Let also

fm(x) = 1

n

nX
i=1

Kh (x−Xi)
Yi

f(Xi)
.



Theorem 0.10 Suppose thatX1, Y1 . . . ,Xn, Yn are i.i.d.

like X,Y and:

(i) The marginal density f of the covariates is twice

continuously differentiable at the interior point x and

f(x) > 0;

(ii) The regression function m(x) = E(Y |X = x)

is twice continuously differentiable at x; the variance

function σ2(x) = var(Y |X = x) is continuous and

positive at x;

(iii) The second order kernel K is Lipschitz continu-

ous on its compact support;

(iv) E(|Y |2+δ) <∞ for some δ > 0;

(v) h → 0 and nh → ∞ such that limn→∞ nh5 =
ch <∞.
Then

(nh)1/2 [cm(x)−m(x)] =⇒ N(b(x), v(x)),



where, letting TK(s) = K(s) − (K ∗ K)(s), where
K ∗K denotes convolution:

v(x) =
σ2(x)

f(x)
||K||22 +

m2(x)

f(x)
||TK||22

b(x) = ch
μ2(K)

2

"
m00(x)−m(x)f

00(x)
f(x)

#
.



• This should be compared with the limiting distri-
bution of fm(x) given in Mack and Müller (1989)
where

v(x) =
σ2(x) +m2(x)

f(x)
||K||22

b(x) = ch
μ2(K)

2
m00(x).

• We may further compare the bias and variance ofcm(x) with some other estimators. The Nadaraya-
Watson estimator has

v(x) =
σ2(x)

f(x)
||K||22

b(x) = ch
μ2(K)

2

[(mf)00 −mf 00]
f

(x).



• The external estimator with known density

cmE(x) = 1

f(x)

1

n

nX
i=1

Kh (x−Xi)Yi,

has

v(x) =
σ2(x) +m2(x)

f(x)
||K||22

b(x) = ch
μ2(K)

2

(mf)00
f

(x).

The local linear (Fan (1992)) has

v(x) =
σ2(x)

f(x)
||K||22

b(x) = ch
μ2(K)

2
m00(x).

• Note that
||TK||22 ≤ ||K||22

and ||TK||22 is actually very small for most ker-
nels. For the Gaussian kernel, ||K||22 = 0.282 and
||TK||22 = 0.07. It follows that the variance ofcm(x) is less than the variance of fm(x).



Bias reduction

• When the regression function has more deriva-
tives, it is possible to reduce the magnitude of the

bias by using higher order polynomials or in the

case of the Nadaraya-Watson estimator, higher

order kernels, that is, kernels for whichZ
ujK(u)du = 0, j = 1, . . . , q − 1

and
R
uqK(u)du <∞ for q > 2.

• In either case we achieve bias of order hq at inte-
rior points under corresponding smoothness con-

ditions, in fact the bias of the Nadaraya-Watson

estimator is

b(x) = ch
μq(K)

q!

n
(m · f)(q) −m · f (q)

o
(x),

and the variance is like above (although because

the kernel is more wiggly, of necessity ||K||22 is
larger for higher order kernels).



• For the local polynomial case, the form of the bias
depends on whether the polynomial order is even

or odd. If odd, then the bias is

b(x) = chCq(K)m
(q)(x),

where Cq(K) is a constant just depending on the

kernel.

• In this case the optimal bandwidth is h ∝ n−1/(2q+1)
and the mean squared error is of order n−2q/(2q+1).
Marron and Wand have shown that the small

sample performance of higher order kernels is poor.

There is no unbiased estimator.



Curse of dimensionality

• When there are many X0s, the variance of the
Nadaraya-Watson estimator is of order 1/nhd,

where d is the dimensions and the bandwidth ma-

trix H = hId. The reason for this high variance is

because in high dimensions, observations are more

spread out. In this case, the optimal rate of con-

vergence is obtained by setting h2q the same order

as 1/nh, i.e., h ∝ n−1/(2q+d), and the resulting
mean squared error is of order n−2q/(2q+d).

• It is also necessary to rule out functional depen-
dence between the covariates.



Uniform Consistency

• In this section we discuss the uniform consistency

for kernel regression estimators. We shall con-

centrate on the L∞ distance, which is usually the

most difficult to work with. These results are

especially important for the analysis of semipara-

metric estimators which involve averages of non-

parametric estimates evaluated at a large number

of points. They are also relevant for many other

estimation and testing problems.



Theorem 0.11 (Local Linear, Masry (1996)). Sup-

pose that:

(i) The marginal density f of the covariates is contin-

uous on the compact set X and infx∈X f(x) > 0;
(ii) The regression function m00(.) is Lipschitz contin-
uous on X ;
(iii) The kernel K is Lipschitz continuous on its com-

pact support;

(iv) For some δ > 0, E(|Y |2+δ) <∞;
(v) h→ 0 and nh→∞ such that

nδ/(2+δ)h/ logn{logn(log logn)1+ }2/(2+δ)→∞ for

some > 0. Then

sup
x∈X

|cm(x)−m(x)|
= O

⎛⎝∙logn
nh

¸1/2⎞⎠+O(h2) a.s.



• This is a simplified version of Masry (1996). By
taking h = O((logn/n)1/5) we obtain the best

possible rate of (logn/n)2/5.We need nδ/(2+δ)n−1/5→
∞, which requires that δ > 1/2.

• Einhmahl and Mason (2000) establish more pre-
cise results for the stochastic part of cm−m, ob-
taining the precise rate of almost sure conver-

gence.

• Unlike in the density estimation case we must re-
strict our attention to compact sets. The reason

is due to the presence of the marginal covariate

density in the denominator. For unbounded sup-

port, f(x)→ 0 as x→∞ and so supx 1/f(x) =

∞.



• It is possible to extend these results to allow Cn
to expand with sample size at some rate although

this slows down the rate of convergence depend-

ing on the tails of the marginal distribution of the

covariate. Andrews (199?). Further results for

weighted norms. Law of the iterated logarithm.

Results for ||cm−m||p.



Functional Central Limit Theorem

• The first type of result is a local functional central
limit theorem for the kernel estimator. Fix an

interior point x and let

νn(t) = (nh)1/2 [cm(x+ th)−m(x+ th)] ,
t ∈ [−T, T ]

for some fixed T. Then we already have point-
wise convergence in distribution of νn(t). Under

additional conditions it can be shown that

νn(·) =⇒ Z(·),
where Z(·) is some Gaussian process. It follows
that supt∈[−T,T ] |νn(t)| has the distribution of
supt∈[−T,T ] |Z(t)|.

• A similar result can be established for the local in
bandwidth process

νn(t) =
³
n1−αt

´1/2
[cmt(x)−m(x)] ,

t ∈ [−T, T ],



where h = tn−α for some given α. We obtain

likewise a functional CLT. These results have a

number of applications from establishing the effi-

ciency of plug-in estimators to testing theory.

• Let
Tn = sup

x∈C
|Tn(x)|

Tn(x) =
cm(x)−m(x)
(var[cm(x)])1/2,

where C is some compact set contained in the

support of X, while var[cm(x)] is the asymptotic
variance or conditional variance.

• We know that (with undersmoothing) Tn(x) is

asymptotically standard normal for each x, but

that Tn = Op((logn)
1/2).



• It can be shown that there exists increasing se-
quences an, bn such that

Pr [an(Tn − bn) ≤ t]→ e−2e−t,
i.e., Tn is asymptotically Gumbel. This result

was first proved in Bickel and Rosenblatt (1973)

for the one dimensional density case and Rosen-

blatt (1976) for the d-dimensional density case,

and Johnston (1982) for univariate local constant

nonparametric regression.

• One application of this result is to the limiting
distribution of estimates of nonparametric bounds

for covariate effects in the presence of selection,

see Manski (1994).

• The main use of this result is in setting uniform
confidence intervals.



Theorem 0.12 Suppose that

1. The functions m, f,σ2 are all twice continuously

differentiable on C.

2. The kernel is symmetric about zero and differen-

tiable with bounded support [−A,A] for some A,
where K(±A) = 0.

3. For all k, E(|Y |k|X = x) ≤ Ck <∞.

4. h = O(n−δ) with 1
5 < δ < 1

3.

Then,

Pr [an(Tn − bn) ≤ t]→ e−2e−t



with

bn = (−2 log h)1/2 + log C
π2

(−2 log h)1/2
an = (−2 log h)1/2 ,

where C =
°°K0°°2.kKk2 .



Asymptotics For Nonlinear Kernel Smoothers

• E.g., Median kernel smoother,
cM(x) = argmin

θ

nX
i=1

Kh (x−Xi) |Yi − θ| .

Minimizer is not unique but any rule can to selectcM(x) ok.
• More generally we can have that {wni(x)} are
smoother weights that satisfy

Pn
i=1wni(x) = 1.

Just like the usual median, the local median is a
nonlinear function of the Y 0s.

• Note that cM(x) solves the first order conditioncM(x) = arg zeroθ Gn(θ) = 0,
Gn(θ) =

nX
i=1

wni(x) {1(Yi − θ > 0)− 1(Yi − θ ≤ 0)} .



• What is important for that is the variance of the
score function at the true parameter value and

the derivative with respect to parameter values

of the first order condition at the true value. The

conditional variance of this score function [at the

true θ =M(x)] is precisely
Pn
i=1w

2
ni(x). Let

G(θ) = E [Gn(θ) |X1, . . . , Xn]
=

nX
i=1

wni(x) {1− 2Fi(θ)} ,

where Fi(θ) = Pr(Yi ≤ θ|Xi). Note that

G0(M(x)) = −2
nX
i=1

wni(x)F
0
i(M(x))

' −2fx(M(x)),
where fx = F 0x and Fx = Pr(Y ≤ θ|X = x),

by a Taylor expansion and using the fact thatPn
i=1wni(x) = 1.



• Therefore,
cM(x)−M(x)

=

Pn
i=1wni(x) {1(Yi − θ > 0)− 1(Yi − θ ≤ 0)}

−2fx(M(x))
+Op(h

2)

by standard arguments. Therefore, we have [with

undersmoothing]

cM(x)−E ncM(x) |X1, . . . ,XnoµPn
i=1w

2
ni(x)

4fx(M(x))2

¶1/2 =⇒ N(0, 1).

See Jones and Marron (1990) for further discus-

sion.



• This result can be extended to the class of smoothers
that set

Gn(θ) =
nX
i=1

wni(x)ρ(Yi, θ)

equal to zero, where ρ is a function that satisfies

E[ρ(Yi, θ)|Xi = x] = 0
if and only if θ = θ0. One can construct confi-

dence intervals using this structure along the lines

already discussed.


