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Abstract 

We propose a method for mutual fund performance measurement and best-practice 

benchmarking, which endogenously identifies a dominating benchmark portfolio for each 

evaluated mutual fund. Dominating benchmarks provide information about efficiency 

improvement potential as well as portfolio strategies for achieving them. Portfolio 

diversification possibilities are accounts for by using Data Envelopment Analysis (DEA). 

Portfolio risk is accounted for in terms of the full return distribution by utilizing Stochastic 

Dominance (SD) criteria. The approach is illustrated by an application to US based 

environmentally responsible mutual funds.    
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1. Introduction 

Mutual fund performance measurement and benchmark selection are closely related topics. 

The traditional measure of mutual fund performance is the Jensen’s alpha (Jensen, 1967), 

derived from a linear beta pricing model such as the Capital Asset Pricing Model (CAPM). 

The alpha coefficient is the intercept from the regression of the excess returns of the mutual 

fund on the excess returns of a pre-selected benchmark portfolio. The alpha represents how 

much the fund manager’s forecasting ability contributes to the fund's returns.1 The modern 

approach to estimating Jensen’s alpha augments the regression function with market 

capitalization and book-to-market ratio, following the three factor model by Fama and French 

(1992, 1993).2 This approach takes into account the size risk and the book-to-market effect, in 

addition to the market risk captured by the beta. Despite these extensions, the alpha measure 

remains sensitive to the choice of the benchmark portfolio (see e.g. Roll, 1978, for discussion) 

The benchmark portfolio can be defined as a passive version of the fund manager's 

investment portfolio. The traditional approach of using a risk-adjusted market index as a 

common benchmark for all funds has been challenged by several authors. For example, 

Clarke and Ryan (1994) argue that the diversity of investment strategies implies that no single 

benchmark is suitable for all funds. Rather, the benchmark should reflect the investment 

objectives, philosophy, and the fund manager’s attitude to risk. Brown et al. (1992) suggest 

that the median benchmark gives fund managers incentives to adopt short term and possibly 

high risk investment strategies that are not in the long term interest of their trustees. To quote 

Bailey (1992): “a good benchmark will increase the proficiency of performance evaluation, 

highlighting the management contribution of the managers.” By contrast, poor benchmarks 

                                                           
1 An parallel interpretation of the alpha intercept of the regression as a managerial performance measure is also 
well known in the context of production frontier estimation with panel data; see e.g. Schmidt and Sickles (1984).   
2 Fama and French showed empirically that these three factors (beta, market capitalization, and book-to-market 
ratio) explain about 95% of the variability of stock market returns. 
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“obscure the managers skills’ and promote inefficient managers’ allocations and increase the 

likelihood of unpleasant surprises in total fund performance.”     

Ansell et al. (2003) point out an interesting difference between the “business” versus 

“finance” applications of benchmarking. The business definition of benchmarking 

encompasses identification of industry best-practices as well as “systematic comparison of 

elements of performance of an organization against those of other organizations, usually with 

the aim of mutual improvement” (Thor, 1996). By contrast, “finance” interpretation of 

benchmarking is based on average practices, and is typically geared towards ranking and 

rating the fund managers. In words of Ansell et al. (2003): “Benchmarking of investment 

funds is rarely used to select the best product or organization. Instead it is employed to ensure 

that the product or organization meets a performance standard comparable to the rest of the 

population. It could be argued that the preferred strategy is to achieve close to the average 

performance, rather than to outperform the average.”     

This paper presents a new approach for mutual fund performance measurement that is 

based on best-practice benchmarking. More specifically, we compare the mutual fund’s 

performance with an endogenously selected benchmark portfolio that optimally tracks the 

evaluated fund’s risk profile. Our main objective is to provide the fund managers and 

investors with information about efficiency improvement potential and identify portfolio 

strategies that can achieve such improvements. To this end, we model the investment universe 

and its portfolio diversification possibilities by means of Data Envelopment Analysis (DEA: 

Charnes et al., 1978), which is a widely-used performance assessment and benchmarking tool 

in business, public sector, and non-profit organizations. DEA has already been extensively 
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applied to efficiency analysis of financial institutions such as bank branches; see Berger and 

Humphrey (1996) for a review.3  

The main departure from the traditional DEA literature concerns the characterization 

of the mutual fund’s risk profile of a fund by means of stochastic dominance (SD) criteria,4 

building on the results of Kuosmanen (2001, 2004). The SD approach does not restrict to a 

specific functional form of risk preferences but apply to a general class of monotonic 

increasing and concave Von Neumann – Morgenstern utility functions. SD does not require 

any assumptions about the functional form of the return distribution, but applies to any 

function capable of representing a cumulative probability distribution. These features of the 

SD are in harmony with the nonparametric orientation of DEA. 

The novel contributions of the paper can be summarized as follows: 

1) We establish intimate links between the absolute dominance criteria used in DEA and the 

state-space representations of stochastic dominance criteria derived by Kuosmanen (2001, 

2004). We also phrase the portfolio efficiency problem in the standard terminology of DEA 

literature, to make it more transparent to the readers familiar with DEA. 

2) We consider two alternative efficiency metrics: the slack-based Pareto-Koopmans measure 

by Charnes et al. (1985) and the directional distance function by Chambers et al. (1998). 

Some key properties of these two measures are discussed and compared. 

3) We derive dual expressions for the efficiency measures, and discuss their utility theoretic 

interpretations.  

4) We discuss some practical issues involved in implementation of the SD based DEA 

approach, including the specification of benchmark units, preprocessing of data, statistical 

                                                           
3 DEA has also been applied to mutual fund performance assessment by Murthi et al. (1997), Morey and Morey 
(1999), and Basso and Funari (2001, 2003), among others. The present approach differs substantially from these 
earlier weighting approaches by presenting a systematic efficiency measurement framework with a sound 
theoretical foundation.  
4 We refer to Bawa et al. (1979) and Levy (1992, 1998) for insightful surveys of the SD literature. 
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testing of normality hypothesis, specification of weight restrictions, and the interpretation and 

illustration of the results. To this end, an application to the performance evaluation of eight 

U.S.-based environmentally responsible mutual funds is presented. 

The remainder of the paper is organized as follows. Section 2 introduces the notion of 

return possibilities set and shows how one can operationalize it by means of DEA. Section 3 

introduces the dominance concepts, and re-interprets them in the multi-dimensional state-

space where the return possibility set is defined. Section 4 combines these insights and 

introduces six different additive efficiency measures, derives their dual expressions, and 

discusses their properties. Section 5 presents an illustrative application to environmentally 

responsible mutual funds. Section 6 discusses the merits of the proposed measures and points 

out some challenges for future research. 

 

2. Return possibilities set 

Prior DEA approaches to mutual fund performance assessment have presented DEA as a tool 

for solving a weighting problem. This paper adopts a more rigorous approach inspired by the 

axiomatic production theory. This section starts by formally characterizing the feasible set of 

portfolios by introducing the notion of return possibilities set. 

The general aim of the paper is to assess performance of a single mutual fund, whose 

returns are observed in S states of nature.5 The states are randomly drawn without 

replacement from a pool of possible states, such that each state occurs with the same 

probability. The returns of the evaluated fund are represented by the S dimensional column 

vector r0. The fund can invest in N alternative assets available in the market. Return of asset n 

in state s is denoted by Rsn, and the S N×  matrix of fund returns is denoted by R.  

                                                           
5 In empirical studies, states of nature are usually interpreted as certain observed time-periods such as years or 
months, but they could equally well represent some hypothetical condition (e.g. bull vs. bear market).  
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In terminology of DEA, returns r0 and R can be interpreted as input-output variables 

(or briefly netputs); note that return observations can take positive or negative values.6 The 

evaluated mutual fund can be seen as the evaluated Decision Making Unit (DMU 0). The N 

assets the fund may hold form the set of reference DMUs, from which we construct a 

benchmark portfolio; note that a mutual fund is simply a convex combinations of assets.  

According to the minimum extrapolation principle (Banker et al., 1984), the DEA 

production possibility set is the smallest set that contains input-output vectors of all observed 

DMUs, and satisfies the maintained production assumptions. In the similar vein, we can 

characterize the return possibilities set P  as the minimal set that contains return vectors of 

all observed assets, and satisfies the following two properties: 

I) P  is negative monotonic ( S

+− =�P P ). 

II) P  is convex. 

In DEA terminology, the first property is interpreted as free disposability of inputs and 

outputs. In the present context, the first property implies that wasting money is possible. The 

second convexity property also has a compelling interpretation: it means that portfolio 

diversification is possible. That is, the mutual fund can distribute proportions of its wealth 

over several assets. Combining properties I) and II), we can characterize P  as 

(1) { };S≡ ∈ ≤ ∈ Λr r Rλ λ�P ,  

where N∈λ �  is a vector of portfolio weights, and NΛ ⊂ �  is their feasible domain. In the 

DEA literature, variables λ  are called intensity weights. In DEA, intensity weights are 

usually constrained to be non-negative. In the portfolio analysis, the negative 

intensity/portfolio weight can be interpreted as a short position in the corresponding asset. 

                                                           
6 The model could be enriched by additional features such as transaction costs, minimum investment 
requirement, or fund manager’s experience (compare with Murthi et al., 1997; and Basso and Funari, 2001, 
2003). These variables could be modeled as inputs or environmental factors in the spirit of traditional DEA. 
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Therefore, we may or may not allow for negative weights in the portfolio analysis, depending 

on the application.  

If we do allow for short sales, then it is important to impose some additional 

constraints on portfolio weights λ ; otherwise the return possibilities set P  can be unbounded 

and the efficiency measures (to be introduced below) become infeasible. The additional 

constraints could be bounds on portfolio weights of a single asset or a group of assets. For 

example, the rules of most mutual funds dictate very specifically the maximum portfolio 

weight of any single asset, as well as the maximum proportion of holdings that can be 

invested in certain group of assets (e.g., domestic stocks, foreign stocks, bonds) as a whole. 

These types of constraints can be modeled as linear inequalities, which characterize the set 

NΛ ⊂ �  as a polyhedral cone. According to Bailey (1992), a good benchmark is 

unambiguous (i.e., the components of the benchmark are clearly defined), investable (i.e., 

managers may forego active management and simply hold the benchmark portfolio), and 

appropriate (the benchmark matches with the manager’s investment style and objectives). 

These criteria are worth keeping in mind in the specification of Λ . 

It is worth emphasizing that our approach to construct the benchmark portfolio 

directly from stocks and other assets forms an important point of departure from earlier DEA 

approaches. The earlier studies have compared mutual fund performance against the 

performance of a portfolio of other mutual funds (the ”fund of funds”). This limits the domain 

of the benchmark portfolios to the observed portfolios of the evaluated mutual funds, and the 

convex combinations thereof. By contrast, our domain of benchmark portfolios covers the 

entire investment universe of the fund managers. Our approach has at least three important 

advantages. First, modeling the full investment universe improves the discriminatory power 

of the model. In terms of the usual DEA setting, our approach would correspond to a 

possibility of constructing virtual benchmark firms by mixing labor inputs of one firm with 
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capital inputs of another firm.7 Second, we are not dependent on a large, homogenous sample 

of reference funds; we may assess efficiency of a single fund relative to the optimal 

benchmark portfolio constructed from stocks and other assets. Third, we can ensure the 

benchmark portfolio matches the profile and characteristics of the evaluated fund (e.g., its 

industrial diversification, market capitalizations, or international spread) by imposing explicit 

constraints on portfolio weights of stocks.   

One could also form benchmarks from groups of stocks instead of individual stocks; 

this has been the standard approach in the empirical testing of the capital asset pricing model 

(CAPM) since Black et al. (1972). Groups are usually formed by some prior criteria related to 

stock returns (e.g., percentiles of the book-to-market distribution), and are periodically 

rebalanced to account for changes in stocks’ risk profile and to avoid discontinuities due to 

new stock entries and exits. However, grouping of stocks necessarily involves a loss of 

information, and decreases the discriminating power of the model (see e.g. Berk, 2000, for a 

critical discussion in the context of CAPM). In the present context, a prior grouping of stocks 

will fix the relative portfolio weights of assets within each group. Grouping of stocks could be 

used for the purposes of strategic asset allocation, to determine which types of assets to hold. 

However, the fund managers usually take the strategy of the fund as given, and are more 

concerned about the tactical asset allocation. For that purpose, constructing benchmarks 

directly from individual stocks and bonds seems a preferred option.  

 

3. Absolute and stochastic dominance criteria 

Both the DEA and portfolio choice literatures build their efficiency tests and measures on 

dominance criteria. The purpose of this section is to provide explicit links between the 

absolute dominance criteria of DEA and the SD criteria utilized in the portfolio theory. 

                                                           
7 While conventional DEA models always diagnose some DMUs as efficient by default, this is not the case in the 
present setting. 



 9 

 We start by adapting the usual dominance criterion of DEA (which is closely related 

to the Pareto-Koopmans notion of technical efficiency) to the present setting as follows:8 

 

Definition: absolute dominance (AD). Portfolio λ  dominates mutual fund 0 in the sense of 

absolute dominance iff portfolio λ  yields a return greater than or equal to that of mutual fund 

0 in all states, and a strictly greater return in some state, formally:  

(2) 0≥Rλ r  and 0≠Rλ r .  

 

AD represents a very strong preference relation: if mutual fund 0 is AD dominated by 

portfolio λ , then all non-satiated decision makers, whose preferences can be represented by 

an increasing state-contingent utility function sc SC
u U∈ , will unanimously prefer portfolio λ  

to mutual fund 0. Obviously, such strong dominance condition is not easily satisfied in 

practice. This motivates one to consider somewhat weaker dominance requirements. 

The SD criteria assume that preferences are state-independent: the decision maker’s 

utility only depends on return of the portfolio; occurrence of a specific state does not 

influence the utility as such. The SD literature has developed a progressive series of 

alternative dominance criteria which impose further assumptions about risk preferences: risky 

option A is said to dominate option B by first-order SD if every non-satiated decision maker 

(weakly) prefers option A to B. Option A dominates option B by second-order SD if every 

non-satiated and risk averse decision maker prefers option A to B. Third and higher order SD 

notions are also known (e.g. Levy, 1992, 1998), but those have proved to be more difficult to 

operationalize in the portfolio analysis. 

The SD criteria can be formally stated in three equivalent ways. First, we may phrase 

them in terms of probability distribution functions. The distribution function of mutual fund 0 

                                                           
8 Absolute dominance is particularly prominent in the Free Disposable Hull (FDH) model (e.g. Tulkens, 1993). 
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is defined as a step-function { }( ) /sF r card s r r Sσ≡ ∈ ≥0 0 , where { }1,2,..., Sσ ≡ . Similarly, 

the distribution function of portfolio λ  is ( ) /
N

sn n

n

F r card s r R Tλ σ λ
=

 
≡ ∈ ≥ 

 
∑

1

. Second, we 

may phrase SD in terms of von Neumann – Morgenstern expected utility functions Let u 

represent the von Neumann –Morgenstern utility function: a decision maker with (.) 0u′ ≥  is 

said to be non-satiated, and decision maker with (.) 0u′′ ≤  is said to be risk-averse. Third, we 

may express SD using permutation and doubly stochastic matrices. Denote the set of 

permutation matrices by { }
1 1

0,1 ; 1 ,
S S

ij ij ij ijS S
i j

P P P P i j σ
×

= =

 
 Π ≡ ∈ = = ∀ ∈  
 

∑ ∑ , and the set of 

doubly stochastic matrices by 
1 1

0 1; 1 ,
S S

ij ij ij ijS S
i j

W W W W i j σ
×

= =

 
 Ξ ≡ ≤ ≤ = = ∀ ∈  
 

∑ ∑ . The 

following two theorems state the links between these three perspectives: 

 

FSD Theorem: The following conditions are equivalent: 

1) Portfolio λ  dominates mutual fund 0 by FSD. 

2) 0 ( ) ( ) 0F r F r− ≥
λ

 r∀ ∈�  with strict inequality for some r ∈� .  

3) Every non-satiated decision maker prefers portfolio λ  over mutual fund 0, with a strict 

preference for at least one such decision maker.  

4) There exists a permutation matrix P∈Π  such that 0≥Rλ Pr  and 0≠Rλ Pr .  

 

Proof. The equivalence of conditions 1)-3) was first established by Quirk and Saposnik 

(1962). The equivalence of 1)-3) and 4) follows from Theorem 2 of Kuosmanen (2004), 

where it was proved that the FSD dominating set of vector 0r  is a positive monotonic hull of 

all permutations of vector 0r . Condition 4) states that vector Rλ  belongs to this dominating 

set. �   
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SSD Theorem: The following conditions are equivalent: 

1) Portfolio λ  dominates mutual fund 0 by SSD. 

2) [ ]0 ( ) ( ) 0
r

F s F s ds
−∞

− ≥∫ λ
 r∀ ∈�  with strict inequality for some r ∈� . 

3) Every non-satiated, risk-averse decision maker prefers portfolio λ  over mutual fund 0, 

with a strict preference for at least one such decision maker. 

4) There exists a doubly stochastic matrix W∈Ξ  such that 0≥Rλ Wr  and 0≠Rλ Wr .  

 

Proof. The equivalence of conditions 1)-3) was first proved by Fishburn (1964); see also 

Rothschild and Stiglitz (1970). The equivalence of 1)-3) and 4) follows from Theorem 3 in 

Kuosmanen (2004). �   

 

In these two theorems, equivalence conditions 1)-3) are well established (see e.g. Levy 

1992, 1998). For our purposes, the fourth conditions are the most remarkable ones, as they 

indicate a direct relationship between the AD, FSD, and SSD notions. For example, the FSD 

criterion can be seen as the absolute dominance of some permuted return vector. Clearly, AD 

implies FSD, which in turn implies SSD. It is also easy to see that the converse does not hold 

(e.g., FSD does not imply AD).  

Besides the conceptual link, the fourth conditions are also of considerable practical 

importance. Note that the return distribution of a portfolio is a rather complicated function of 

the portfolio weights. It is generally impossible to construct the distribution function of a 

diversified portfolio from the distribution functions of the individual assets; in particular, 

( ) ( )
N

n n

n

F r F rλ λ
=

≠∑
1

 (see Kuosmanen, 2004, Appendix 2 for a numerical example). This is the 

main reason for the inability of the traditional, distribution function based SD algorithms to 
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deal with diversification. Introduction of the permutation and doubly-stochastic matrices 

allows us to re-express the FSD and SSD conditions in the S-dimensional state space where 

the AD condition as well as the return possibilities set have been defined.  

 

4. Efficiency measures 

Having established the return possibilities set and the dominance concepts in the same 

S-dimensional state space, we are equipped to measure efficiency of mutual fund 0. The fund 

is said to be efficient, in the sense of AD, FSD, or SSD, if the portfolio possibility set P  does 

not contain any feasible portfolio that dominates the fund by AD, FSD, or SSD, respectively. 

Besides testing for efficiency, our purpose is to measure the degree of inefficiency by some 

suitable efficiency metric. In the DEA literature, many alternative economically meaningful 

efficiency measures have been considered, including the multiplicative and radial Farrell 

(1957) measures, the additive slack-based measures, and the directional distance functions. In 

principle, any of these metrics could be adapted to the present context as well. However, any 

multiplicative measures will prove difficult to operationalize in the present framework, since 

multiplication of the permutation matrix or the doubly stochastic matrix by another variable 

would render the measurement problem highly non-radial. Therefore, in this section we 

consider two additive measures: 1) the classic Pareto-Koopmans type additive measure 

introduced by Charnes et al. (1985), and 2) the directional distance function by Chambers et 

al. (1998).9  

 

4.1 Additive Pareto-Koopmans efficiency measures 

                                                           
9 Briec et al. (2004) introduced the directional distance functions to the financial performance assessment in the 
classic Mean-Variance framework. 
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Let us first introduce the additive Pareto-Koopmans (PK) efficiency measure for all 

three dominance concepts, and then interpret them. The measure can be formally presented in 

terms of AD, FSD, and SSD as follows: 

(3) { }0 0( ) maxAD
PK

≥
′≡ + ∈

s 0
r 1 s r s P = { }0max ; ;′ + = ≥ ∈ Λ

s,λ
1 s r s Rλ s 0 λ . 

(4) { }0 0
,

( ) maxFSD
PK

≥ ∈Π
′≡ + ∈

s 0 P
r 1 s Pr s P = { }0

,
max ; ; ;′ + = ≥ ∈ Λ ∈Π
s,λ P

1 s Pr s Rλ s 0 λ P . 

(5) { }0 0
,

( ) maxSSD
PK

≥ ∈Ξ
′≡ + ∈

s 0 W
r 1 s Wr s P = { }0

,
max ; ; ;′ + = ≥ ∈ Λ ∈Ξ
s,λ W

1 s Wr s Rλ s 0 λ W . 

Vector s represents the so-called ‘slack variables’ that here identify inefficiencies in each 

state. The weights of the reference portfolio are chosen to maximize the sum of slacks.  

The AD measure (3) can be interpreted as a variant of the additive DEA model by 

Charnes et al. (1985). The FSD and SSD measures were introduced in Kuosmanen (2001, 

2004). The only difference between these formulations is that the evaluated return vector r0 is 

multiplied by a permutation matrix P in (4), and by a doubly stochastic matrix W in (5), 

which do not appear in (3); compare with conditions 4) of the FSD and SSD Theorems. 

Introduction of these matrices makes the efficiency criterion more stringent in the sense that  

(6) ( ) ( ) ( ) SSD FSD AD S
PK PK PK≥ ≥ ∀ ∈r r r r � .  

In the present context, the additive measure has a compelling economic interpretation: 

0( ) /PK Sr  can be seen as the potential increase in the mean return that can be achieved 

without worsening the risk exposure of the fund; if 0( ) 0PK >r , the reference portfolio ∗
λ  

dominates the mutual fund 0 in the sense of AD, FSD, or SSD. Thus, 0( ) 0PK =r  is a 

necessary condition for portfolio efficiency. In the cases of AD and FSD, 0( ) 0PK =r  is also a 

sufficient condition. In the SSD case, however, 0( ) 0SSD
PK =r  does not yet guarantee that no 

SSD dominating portfolio exists: even if the mean return of the evaluated fund cannot be 

increased, it may be possible to find a portfolio that yields the same mean return with a lower 
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risk. However, this paper focuses on the measurement of the degree of inefficiency, and thus 

we abstract from the sufficiency tests (see Kuosmanen, 2004, for further details). 

The PK measures (3)-(5) can never take negative values: slacks s are restricted to the 

non-negative orthant to guarantee that the reference portfolio ∗
λ  dominates the evaluated 

mutual fund. If the mutual fund 0 is not contained in the return possibilities set P , problems 

(3)-(5) will turn out as infeasible. Note that the benchmark portfolio represents a “passive” 

strategy (i.e., the portfolio weights are fixed), while the fund manager be “active” in adjusting 

portfolio weights. Thus, an active manager may be able to beat any passive benchmark 

portfolio. The simplest way to avoid the infeasibility problem is to insert the evaluated fund as 

a new column in the return matrix R.   

The PK measures (3)-(5) are monotonic in the sense that for funds A and B: 

( ) ( ) 0A B A BPK PK≥ ⇒ ≤ =r r r r . Monotonicity is important for the logical consistency of the 

efficiency measures. If ( ) ( )A BPK PK>r r , then monotonicity implies that fund A cannot 

dominate fund B. This is a particularly attractive property if one ranks funds based on their 

efficiency. However, condition ( ) ( )A BPK PK>r r  does not imply that fund B dominates A. 

Thus, some investors with well behaved preferences will prefer fund A over fund B, even if B 

is rated as more efficient. In this sense, ranking of funds based on efficiency measures can be 

misleading, especially if funds differ in terms of their investment strategy and risk profile. 

In terminology of Kuosmanen (2004), the set of return vectors that dominate r0 (by 

AD, FSD, or SSD) is called the (AD, FSD, SSD) dominating set of r0. It is easy to verify that 

the AD dominating set is always convex. Also the SSD dominating sets are convex, as shown 

by Kuosmanen (2004). Convexity implies that the AD and SSD measures (3) and (5) are 

continuous functions of return vectors. Continuity is an attractive property for the stability of 

efficiency indices. Unfortunately, the FSD measure (4) is not continuous; an infinitesimal 
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change in the return vector r0 can cause a significant jump in the efficiency index.10 The 

reason for the possible instability of the FSD efficiency measure lies in the non-convex nature 

of the FSD dominating set (see Kuosmanen, 2004). In traditional DEA settings, similar 

discontinuities will arise if one uses the additive PK efficiency measure together with the non-

convex free disposable hull (FDH) reference technology.  

The additive efficiency measures are not unit invariant. While this is a rather 

unpleasant feature in the usual DEA where inputs and outputs are usually measured in 

incommensurable units, it is not a problem in the present setting where the returns (netputs) 

are measured in the same units of measurement (usually percents). Thus, the efficiency 

measure is also expressed in the same units.  

When the domain of portfolio weights Λ  takes a form of a convex polyhedron, the 

AD and the SSD problems (3) and (5) can be expressed as linear programming problems. 

Thus, they have equivalent dual formulations. For simplicity, we here focus on the case where 

the set of portfolio weights takes the form of a simplex { }1N

+
′Λ = ∈ =λ 1 λ� . In this case, the 

dual problem of (3) can be stated as 

(7) 0( )ADPK r = { }0min ( );
φ

φ φ ′ ′≥ − ≥
,v

1 v R r 1 v 1 , 

where the S-dimensional vector v represents a tangent hyperplane to the return possibilities 

set P , analogous to the DEA multiplier weights of inputs and outputs. In the present context, 

weights v can be interpreted as average state-contingent utilities, normalized such that ≥v 1 . 

                                                           
10 The discontinuity of the FSD measure can be illustrated by the following numerical example. Let N=3, S=2, 

1 1.5 3

4 1 2.5

 
=  
 

R , and { }1N

+
′Λ = ∈ =λ 1 λ� . Consider mutual fund 0

2

3 ε

 
=  

+ 
r .  Starting with the value 

0ε = , we obtain the efficiency score 0( ) 0.5FSD
PK =r  with ( )* 0 0 1 ′=λ . However, an infinitesimal increase 

in the value of ε  will change the efficiency score discontinuously to 0

1 4
( )

3 3

FSD
PK ε= −r  with 

* 1 2 2 2
0

3 3

ε ε ′+ − 
=  
 

λ . [The author thanks an anonymous referee for this example.] 
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If 0( ) 0AD
PK =r , there exists a non-satiated decision maker with an increasing state-

contingent utility function who prefers mutual fund 0 over any alternative feasible portfolio. If 

0( ) 0AD
PK >r , such decision maker does not exist. The objective function φ  represents the 

difference in normalized, state-contingent utility levels between the most preferred reference 

asset (i.e., the maximum element of vector ′v R ) and the mutual fund 0 (i.e., 0
′v r ).   

In the FSD case, we cannot directly derive a dual problem for (4) which involves 

binary integer variables in its permutation matrix P. Still, it is possible to exploit the 

embedded linear structure of problem (4) to recover a utility function for a representative 

decision maker who (most) prefers the evaluated portfolio. Note first that the FSD efficiency 

measure can found by solving the AD efficiency measure for all possible permutations of 

vector r0, and taking the maximum of thus obtained solutions, i.e., 

0 0( ) max ( )FSD AD
PK PK

∈Π
=

P
r Pr .11 Thus, we may first identify the optimal permutation matrix P* 

that maximizes problem (4), permute the returns of fund 0 using P*, and subsequently solve 

the dual AD problem (7) for the permuted values P
*
r0. This provides us with vector v. If 

elements of v are interpreted as average utilities 0 0( ) /s s sv u r r= , then the expected utility of 

mutual fund 0 can be expressed as 0 / S′v r . Note that by introducing the permutations of r0, 

we essentially require that the preferences must be state-independent: each permutation of r0 

is equally preferred. Utilizing vector v, it is possible to derive bounds for the class of utility 

functions that can rationalize an efficient portfolio choice, following Varian (1983).  

The SSD problem (5) amends itself to the linear programming format, so it is possible 

to derive the dual problem analytically. The dual problem can be expressed as follows.  

                                                           
11 In fact, by enumerating all possible permutation matrices, we could express the FSD efficiency measure (4) as 
an enormously large linear programming problem. However, the “brute-force” strategy of considering all 
possible permutations becomes highly expensive for almost any non-trivial number of states (e.g., if S=100, the 

number of permutations is 157100!=100 99 ... 2 1 9.33 10⋅ ⋅ ⋅ ⋅ ≈ ⋅ ). It is therefore advisable to use modern integer 

programming algorithms (such as branch-and-bound) for solving problem (4). 
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(8) 0( )SSD
PK r = { }0

, ,
min ( ) ;  , ;s t t sv r t s

β
β β θ τ σ′ ′ ′− + ≥ ≥ + ∀ ∈ ≥

,θ τ v
1 θ 1 τ 1 v R v 1 . 

The interpretation of vector v as average utilities is the same as in (7). Difference 

( )β ′ ′− +1 θ 1 τ  in the objective function of (8) is analogous to variable φ  in (7): here β  

represents the expected utility of the most preferred reference asset (i.e., the largest element of 

vector ′v R ), while sum of variables ,θ τ  represents the expected utility of mutual fund 0. 

Variables ,θ τ  represent the dual variables of the doubly stochastic matrix W in (5), and their 

role is to facilitate transfer of utility from one state to another, and thus guarantee the state-

independence property of the expected utility theory.   

 

4.2 Directional distance function 

 We next turn to the directional distance function (DD) measures. These efficiency 

indices require a prior specification of the direction vector, denoted by S-dimensional column 

vector : ,≥ ≠g g 0 g 0 . Again, we first present the measures and then interpret them.    

(9) 0( )AD
DD ≡r { }0max

δ
δ δ+ ∈r g P = { }0max ;

δ
δ δ+ = ∈ Λ

,λ
r g Rλ λ . 

(10) 0( )FSDDD ≡r { }0
,

max ;
δ

δ δ+ ∈ ∈Π
P

Pr g PP = { }0
,

max ; ;
δ

δ δ+ = ∈ Λ ∈Π
,λ P

Pr g Rλ λ P . 

(11) 0( )SSD
DD ≡r { }0

,
max
δ

δ δ
∈Ξ

+ ∈
W

Wr g P = { }0
,

max ; ;
δ

δ δ+ = ∈ Λ ∈Ξ
,λ W

Wr g Rλ λ W . 

Analogous to the inequalities (6), these three efficiency measures satisfy 

(12) ( ) ( ) ( ) SSD FSD AD SDD DD DD≥ ≥ ∀ ∈r r r r � . 

The interpretation of this efficiency measure depends on the specification of the 

direction vector, which also determines the units of measurement. Since all states are assumed 

to be equally likely, a natural specification is to set g = 1. As noted by Kuosmanen (2004, p. 

1395), this specification allows us to interpret 0( )DD r  as the minimum risk free premium that 

must be added to r0 to make the fund efficient (in the sense of AD, FSD, or SSD).  
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Since we do not require a priori that the mutual fund 0 (or any of its permutations) is 

contained in the return possibilities set P , the DD measure may yield negative values. This is 

analogous to the super-efficiency DEA model (Andersen and Petersen, 1993). This super-

efficiency feature is important because an active manager may beat any passive benchmark 

portfolio, as noted above. This feature also enables one to assess efficiency of hypothetical, 

non-existing portfolios, which might include, for example, derivative instruments or new 

securities entering the market. On the other hand, these DD measures fall subject to similar 

infeasibility problems that frequently arise in the DEA.  

If 0( )DD r >0, the reference portfolio the reference portfolio ∗
λ  dominates the mutual 

fund 0 in the sense of AD, FSD, or SSD. Thus, 0( ) 0DD ≤r  is a necessary condition for 

portfolio efficiency for all dominance criteria. If 0( ) 0DD <r , the evaluated fund lies outside 

the boundaries of the return possibilities set P , and is classified as super-efficient. Clearly, 

super-efficient funds cannot be dominated by any feasible portfolio, so 0( ) 0DD <r  is a 

sufficient efficiency condition for all dominance criteria considered. In the limiting case of 

0( ) 0DD =r , however, we cannot determine the efficiency status based on the optimal 

solutions to (9)-(11). In the AD and FSD cases, return vector r0 can be located in the “weakly 

efficient” boundary of the return possibilities set P  where it is possible to increase return in 

at least one state, but not simultaneously in all states. In the SSD case, the directional distance 

measure is incapable of detecting a dominating portfolio that yields an equally high return as 

mutual fund 0 with a lower risk (compare with Kuosmanen, 2004, Appendix 2, Ex. 3). 

The directional distance functions are monotonic in the sense that 

( ) ( ) 0A B A BDD DD≥ ⇒ ≤ =r r r r .12 In the AD and SSD cases, the DD measures are 

                                                           
12 Properties of the directional distance function in the AD case have been examined in more detail by Chambers 
et al. (1998). 
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continuous functions of return vectors, but in the FSD case, the DD measure can change in a 

discontinuous manner when return vector r0 is perturbed. As in the case of the PK measure, 

the instability of this DD measure is caused by non-convexity of the FSD dominating set.  

When the set of portfolio weights Λ  takes a form of a simplex { }1N

+
′Λ = ∈ =λ 1 λ� , 

we can derive the following dual problem for the AD distance function (9): 

(13) 0( )ADDD r = { }0min ( ); 1
δ

δ δ ′ ′ ′≥ − =
,v

1 v R r 1 v g . 

The interpretation of this dual problem is directly analogous to that of problem (7). The only 

difference between problems (7) and (13) concerns the normalization of the average utilities 

v: problem (7) imposes a constraint ≥v 1 , whereas problem (13) uses a normalization 1′ =v g .   

In the FSD case, we may exploit the property 0 0( ) max ( )FSD AD
DD DD

∈Π
=

P
r Pr . Thus, we 

can first identify the optimal permutation matrix P
* as the optimal solution to (10), and 

subsequently derive average utilities v using (13).  

In the SSD case, the dual problem of (11) can be stated as  

(14) 0( )SSDDD r = { }0
, ,

min ( ) 1; ;  , ;s t t sv r t s
β

β β θ τ σ′ ′ ′ ′− + = ≥ ≥ + ∀ ∈ ≥
,θ τ v

1 θ 1 τ v g 1 v R v 1 . 

The interpretation of this dual is directly analogous to that of problem (8). The only difference 

between dual problems (8) and (14) lies in the normalization of the average utilities v.  

 

4.3 Comparison 

We have discussed six different portfolio efficiency measures pertaining to three different 

dominance concepts and two alternative efficiency metrics. All these measures can be 

expressed in additive form. We found that all these efficiency measures have a meaningful 

economic interpretation, and they all are monotonic decreasing functions of the return vector 

of the evaluated mutual fund. Both the PK and DD measures are continuous functions of the 

evaluated return vector in the AD and SSD cases, and both efficiency metrics fail the 
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continuity property in the FSD case. The FSD measures also lack explicit dual formulations, 

but their embedded linear structure can be exploited to derive preference information in the 

form of average utilities. The additive PK
AD and PK

FSD measures offer a clear-cut necessary 

and sufficient efficiency condition. By contrast, PK
SSD

 and the three DD measures may fail to 

identify a dominating portfolio, and thus may fail to classify a mutual fund as efficient or 

inefficient. One advantage of the DD measures is their ability to handle mutual funds that are 

not contained in the return possibility set, in the spirit of the super-efficiency DEA model. 

The dual formulations were derived in the case where the domain of portfolio weights 

takes the form of a simplex, i.e., { }1N

+
′Λ = ∈ =λ 1 λ� . These dual formulations provide 

additional insight, but need to be appropriately adjusted if the domain Λ  changes. While the 

primal problems can be directly enriched with additional constraints on portfolio weights λ , 

in the dual problems we would need to adjust the set of benchmark assets, which proves a 

more complicated task. This is the key advantage of the primal formulations. 

Performance measures are frequently used for ranking funds. Attractively, all six 

efficiency measures are monotonic increasing, which is important for logical consistency of 

efficiency rankings. However, monotonicity does not guarantee that all investors agree with 

the ranking. Moreover, the efficiency ranking can be sensitive to the choice of the efficiency 

metric (or the specification of the direction vector g of the directional distance function). 

Furthermore, we noted above that the FSD efficiency measures exhibit discontinuities, which 

can make the FSD efficiency ranking rather unstable. On the other hand, we are not aware of 

any superior method for performance ranking of mutual fund. Apart from the discontinuity of 

the FSD measures, the usual DEA rankings are subject to similar difficulties.  

We conclude this section by briefly comparing the proposed approach with the linear 

programming SD efficiency tests proposed by Post (2003). Post’s approach is geared towards 

testing the SSD efficiency of the market portfolio, not measuring the degree of inefficiency. 
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Indeed, Post himself emphasized that “…the test statistics do not represent meaningful 

performance measures that can be used for ranking portfolios based on the “degree of 

efficiency”.” (Post, 2003, p.1912-1913). The main problem in applying Post’s method for 

performance measurement lies in the fact that Post test procedure does not identify a 

dominating benchmark portfolio. Even though his dual test statistic (the ordered mean 

difference measure) does identify a reference portfolio (denoted by λ ), this reference 

portfolio does not necessarily dominate the evaluated portfolio by SSD.13 This feature is 

problematic for the benchmarking purposes, but it also makes it difficult to build meaningful 

performance measures on Post’s approach. Another limitation of Post’s framework is that it 

does not apply to the FSD case. Although Post (2003, p. 1926) suggested to test for FSD 

efficiency by relaxing the concavity restriction of his SSD test, he failed to account for the 

permutation possibilities which would guarantee the state independence. As a result, Post’s 

relaxed test does not capture FSD efficiency, but rather boils down to the AD efficiency. This 

can be verified by comparing problem (7) with the FSD test suggested by Post (2003, eq. 19).  

 

5. Application to Environmentally Responsible Mutual Funds 

The purpose of the following application is to illustrate the practical application of the 

proposed approach. We draw attention to some critical issues in data collection and 

processing, propose some prior diagnostic tests that may be useful for validating the 

approach, and suggest ways for interpreting and illustrating the results.  

 

                                                           

13 For example, let N=2, S=2, 
2 7

5 1

 
=  
 

R , and { }1N

+
′Λ = ∈ =λ 1 λ� . Consider mutual fund ( )0 2 5 ′=r .  

Post’s dual measure (12) will identify vector ( )7 1 ′  as the reference portfolio, i.e., ( )* arg max ( ) 0 1ψ τ ′= =λ ; 

note that 7>2, and 7+1>2+5. However, it is easy to verify that vector ( )7 1 ′  does not dominate the evaluated 

mutual fund by SSD since 2>1. 
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5.1 Background 

Socially responsive investing (SRI) has emerged in recent years as a dynamic, quickly 

growing segment of financial services industry. In the United States, professionally managed 

SRI holdings amounted to $2.34 trillion in 2001 (see e.g. Schueth, 2003, for a review of SRI 

in the U.S.). The next application presents a new approach to measuring performance of a 

sample of SRI funds with emphasis on the environment. Instead of focusing on mean return or 

some narrowly defined indicators of risk, we take the shape of the entire return distribution 

into account by using the SD enhanced DEA tools discussed in the previous sections. In 

contrast to Basso and Funari (2003), we do not include an ethical index as an evaluation 

criterion. Rather, we assess performance of SRI funds purely on financial grounds (portfolio 

efficiency), to see whether any ”ethical premium” can be identified in the empirical data at all.  

 

5.2 Data and benchmarks 

A sample of US-based SRI funds was selected from the homepage of SRI World Group, Inc.; 

a financial information services and consulting company (see www.ishareowner.com). As the 

selection criteria, we required that  

1) The fund applies a positive screen to environmental criteria (i.e., the fund seeks 

companies with a positive record or achievement in terms of the environment).  

2) The fund applies an exclusionary screen to environmental criteria (the fund avoids 

companies with a poor record or achievement in terms of the environment).  

3) The shares of the fund have been traded in the NYSE since January 1, 2000 or earlier. 

4) The fund is characterized as a large-blend equity fund following growth strategy. 

These criteria resulted with a sample of eight mutual funds with similar enough characteristics 

to allow for comparison.  



 23 

To specify the feasible domain for benchmark portfolios, we considered the following 

criteria suggested by Bailey (1992). According to Bailey, a good benchmark is 

1) unambiguous (i.e., the components of the benchmark are clearly defined),  

2) investable (i.e., it should be open to managers to forego active management and simply 

hold the benchmark portfolio),  

3) measurable (i.e., benchmark’s return can be calculated on frequent basis) ,  

4) appropriate (the benchmark matches with the manager’s investment style and objectives),  

5) reflective of current investment opinions, and  

6) specified in advance. 

Our approach satisfies requirements 1) and 3) by default, since portfolio weights λ  and return 

matrix R are explicitly represented in the framework. On the other hand, any ex post 

assessment with endogenously selected benchmarks will fail condition 6). Conditions 2), 4), 

and 5) call for appropriate specification of domain Λ  for portfolio weights of the benchmark.  

The investment universe of the fund managers mainly consists of stocks traded in the 

New York Stock Exchange (NYSE). However, not all stocks are eligible to the benchmark 

portfolio. Each fund has a unique investment strategy described (in qualitative terms) in the 

prospectus of the fund. The US based growth funds generally favor high capitalized, US-

based firms included in the Standard and Poor’s S&P500 index. Most funds allow only a 

limited investment in foreign companies, or small emerging firms involving high risk. To 

make the benchmark portfolios as realistic as possible from the point of view of SRI funds, 

we limit the investment universe to stocks included in the Dow Jones STOXX Sustainability 

Index (henceforth DJSI),14 which were traded in the NYSE throughout the entire study period 

from 26 November 2001 to 26 November 2002. As a low risk investment alternative we 

                                                           
14 DJSI is one of the most standard benchmarks for the green mutual funds. The components of this index 
represent the top 20 per cent of the leading sustainability companies in each industry group within the DJSI 
STOXX investable universe. For further details, see http://www.sustainability-index.com/. 
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included the standard one-month treasury bill. This gives the total number of 175 assets: 49 

stocks of U.S.-based companies, 125 stocks of international companies, and a single bond.  

We further imposed the following constraints on the portfolio weights of the benchmark: 

1) Portfolio weight of any individual asset is less than 5.8 per cent of the total holdings of the 

fund: 0.058 i iλ ≤ ∀ . 

2) Not more than 5.8 per cent of the total holdings can be invested in bonds: 

{ }
0.058 ii bonds

iλ
∈

≤ ∀∑  

3) At least 65 per cent of the total holdings should be invested in Standard and Poor’s rated 

U.S. stocks: 
{ }domestic stocks

0.65 ii
iλ

∈
≥ ∀∑  

4) Short sales are not allowed: 
1

0 ; 1
N

i i

i

iλ λ
=

≥ ∀ =∑ . 

These constraints do not take into account all explicit and implicit bounds faced by 

every fund manager. Still, constraints 1) – 4) should suffice to guarantee that the benchmarks 

will be well diversified and reflect the overall investment strategy of these mutual funds by 

giving emphasis on the stocks of large U.S. firms. These weight bounds can be directly 

incorporated in the primal formulations, so we therefore focus exclusively on the primal 

problems in this section. 

Weekly data of closing prices (adjusted to splits and dividends) of all stocks and 

mutual funds for the one-year evaluation period November 26, 2001 – November 26, 2002 

were obtained from the website http://finance.yahoo.com. For simplicity, each week in this 

evaluation period represents one state of nature. Denoting the weekly closing prices of asset n 

in weeks t and t-1 by Pt,n and Pt-1,n, respectively, the annual rate of return for asset n in week t 

was calculated as ,

,

1,

52
t n

t n

t n

P
R

P−

= ⋅ .  
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Table 1 presents some descriptive statistics regarding the samples of mutual fund and 

stock returns. During the evaluation period, the stock values were in decline as seen from the 

negative signs of the mean returns. The stocks provided a somewhat higher mean return, as 

expected. The stock returns were also more volatile, as can be seen from the standard 

deviation, and the wide spread between the minimum and maximum values. 

 

Table 1: Descriptive statistics of mutual fund and stock returns 

 Mean St.dev. Min Max 

Mutual funds -0.179 1.449 -6.494 3.289 

Stocks -0.138 3.154 -33.481 35.360 

 

5.3 Normality test 

Before proceeding to the efficiency analysis, we tested for normality of the return 

distributions. If returns are normally distributed, the SSD criterion reduces to the classic 

Mean-Variance rule. As we only have the sample estimates for the mean and variance, the 

standard test procedure is to use the Shapiro-Wilks test. We ran this test for all eight mutual 

funds and the subset of 49 S&P500 stocks in the DJSI index. Table 2 summarizes the results. 

 

Table 2: Shapiro-Wilks normality test for return distributions: the frequency of 

rejections at different significance levels 
Significance level 1% 5% 10% 
SRI funds (N=8) 0 1 1 
Stocks (N=49) 13 17 22 

 

Return distributions of the eight mutual funds could be relatively well described by 

normal distributions. Only one fund showed statistically significant violation of normality. By 

contrast, almost half of the S&P500 stocks in the DJSI violated normality at significance level 

of ten percent or lower. This gives a motivation for using the SD approach that does not 

depend on the normality assumption. By visual inspection of empirical distribution functions, 

the patterns that lead to rejecting normality were rich in number. In many cases, the high 
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kurtosis of the distribution was at odds with normality. Also many stocks had fat tails, either 

left or right, but a few stocks had thinner tails than normality would imply. For some stocks, 

the return distributions appeared almost uniform, except for their extreme tails.  

 

5.4. Results 

We calculated the PK and the DD measures (with direction vector g = 1) for all eight mutual 

funds using AD, FSD, and SSD dominance criteria. Table 3 summarizes the results. The PK 

measures are reported in normalized form as PK/S to facilitate the interpretation of efficiency 

score as potential increase in mean return without worsening the risk profile. 

 

Table 3: Summary of results; the eight SRI funds (% points p.a.) 
Mutual fund  PK / S measure DD (g = 1) measure 
(ticker symbol) AD  FSD  SSD  AD FSD  SSD  
CSIEX 0.000 0.350 0.350 0.000 0.349 0.349 
CSECX 0.000 0.358 0.358 0.000 0.357 0.357 
DESRX 0.237 0.433 0.433 0.014 0.432 0.432 
DSEFX 0.000 0.507 0.507 0.000 0.506 0.506 
GCEQX 0.000 0.485 0.485 0.000 0.484 0.484 
NBSRX 0.000 0.432 0.432 0.000 0.432 0.432 
FEMMX 0.000 0.364 0.364 0.000 0.363 0.363 
ADVOX 0.368 0.454 0.454 0.102 0.454 0.454 

Average 0.076 0.423 0.423 0.015 0.422 0.422 
St. Dev. 0.144 0.060 0.060 0.036 0.060 0.060 

 

Only two funds were diagnosed as inefficient in terms of the AD criterion. The low 

discriminatory power of the AD criterion is explained by the curse of dimensionality; the AD 

case corresponds to a DEA model with 51 outputs and only 175 reference DMUs. It is quite 

remarkable that we could construct passive benchmark portfolios that beat these two funds in 

every week during the study period. The fact that all eight funds were found inefficient in the 

SD cases illustrates the power of the state independence property. Note that the two AD 

inefficient funds were not the least efficient funds according to the FSD and SSD criteria. 

The PK and DD measures yield very similar results in the FSD and SSD cases; except 

for the last fund, the DD measures were slightly smaller than the PK measures. Interestingly, 
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the FSD and SSD criteria gave almost identical results (with accuracy of three decimal points) 

for all eight funds in terms of both PK and DD measures.15 The equality of the FSD and SSD 

measures was confirmed by the doubly stochastic matrices W*, obtained as the optimal 

solution to problems (5) and (11): almost all elements of these matrices were binary integers. 

A few non-integer solutions occurred when the corresponding elements in the vector r0 had 

equal values.  

The economic interpretation of the equality of the FSD and SSD measures is that the 

assumption of risk aversion (of SSD) does not play a role in these measurements. In general, 

risk aversion becomes critical when the evaluated fund has volatile returns, and thus the fund 

appeals to risk-seeking investors but not to risk-averse ones. However, mutual funds (as any 

well diversified portfolios) usually provide relatively low mean return combined with low 

risk. These characteristics make the mutual funds attractive investment alternatives only for 

risk-averse investors; hence imposing risk-aversion by assumption does not change the 

result.16 This argument is further elaborated and illustrated in the Appendix. 

Besides the efficiency scores, it is interesting to examine the composition of the 

benchmark portfolios. Table 4 reports the averages and standard deviations of the portfolio 

weights of the stocks included in the benchmark portfolio in the FSD and SSD cases 

(including both PK and DD measures). Total of twenty stocks were assigned a positive weight 

in one of the sixteen benchmark portfolios that exhibited reasonable spread over different 

industries and well-known US and international companies. The 5.8 percent upper bound for 

the portfolio weights turned out as a binding constraint for most stocks in the benchmark: 

fifteen stocks appeared with the full 5.8 percent weight in all benchmarks, accounting for 87 

percent of the total portfolio. The remaining thirteen percent was composed of five different 

                                                           
15 Similarly, Kuosmanen (2004) found no difference between the FSD and SSD efficiency measures calculated 
for the marker portfolio. 
16 A parallel example from the usual DEA settings: the assumption of constant returns to scale does not influence 
the efficiency measures when the evaluated firm operates on the most productive scale size. 
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stocks with varying weights. The reason for the similarity of the benchmarks is that all eight 

mutual funds had very similar return distributions and risk profiles (see Figure 1 below).  

 

Table 4: Portfolio weights of the benchmark portfolios in the FSD and SSD cases 

Company name Industry average st.dev 

Alcoa Inc.  Aluminum 0.058 0 

Amcor Ltd Packaging & Containers 0.058 0 

Dell Inc. Personal Computers 0.058 0 

Eastman Kodak  Photographic Equipment & Supplies 0.058 0 

ENSCO International Inc Oil & Gas Drilling & Exploration 0.058 0 

Entergy Corp. Electric Utilities 0.058 0 

Johnson & Johnson  Drug Manufacturing 0.058 0 

Mattel, Inc.  Toys & Games 0.058 0 

Mentor Corp. Medical Appliances & Equipment 0.058 0 

Royal Caribbean Cruises Ltd.  Entertainment 0.058 0 

Safeway Inc. Food retail 0.058 0 

SKF Industrial Goods & Services 0.058 0 

Boeing Aerospace & Defense  0.058 0 

United Health Group Inc  Health Care Plans 0.058 0 

Visteon Corp. Auto Parts 0.058 0 

Canon Inc.  Photographic Equipment & Supplies 0.036 0.016 

Intel Corp. Semiconductors 0.034 0.016 

ANZ Banking Group Ltd Banking 0.033 0.023 

Cognos Inc Application Software 0.031 0.022 

BHP Billiton Ltd  Industrial Metals & Minerals 0.001 0.001 

 

Obviously, the specification of the weight restrictions directly influences the weights 

and efficiency scores, and thus limits the freedom of the data to speak for themselves. 

Without the weight restrictions, however, the benchmark portfolio would be composed of 

relatively few stocks, and would thus fail to represent acceptable passive diversification 

strategy for the mutual funds. Moreover, it is not obvious from the outset which stocks will be 

eventually selected to the benchmark portfolios.  

 To illustrate the efficiency improvement potential, we may plot the cumulative 

distributions of the returns. Figure 1 shows the cumulative return distributions of the eight 

evaluated mutual funds, represented by the black and grey step functions. We see that the 

return distributions are almost indistinguishable; all eight return distributions fall within 0.5 

percent point interval in almost all percentiles. Only in the left tail of the distribution there is 
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more variation across funds. Return distributions are approximately normal; recall that only 

one fund violated the Shapiro-Wilks test above.  
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Figure 1: Return distributions of the eight mutual funds. 
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Figure 2: Return distributions of the mutual funds (thin lines) and a SSD dominating 

benchmark portfolio (thick line)  
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In Figure 2 we added a cumulative return distribution of a benchmark portfolio, 

composed of the stocks reported in Table 4, using the average portfolio weights. The 

benchmark portfolio incurs smaller losses in the left tail of the distribution, and performs 

notably better within the range from the 15th to the 60th percentile. However, evaluated funds 

tend to yield higher maximum returns. For all eight funds, the return distribution curves of the 

fund and the average benchmark cross each other at some point. Thus, the average benchmark 

does not dominate any fund by FSD. Still, this average benchmark dominates all eight funds 

by SSD; for any (“negative”) area enclosed between the distribution curves of a fund and the 

benchmark such that the fund’s curve is to the right from the benchmark curve, there is a 

larger (“positive”) area enclosed between the distribution curves such that the fund’s curve is 

to the left from the benchmark curve.  

The efficiency measures can be interpreted in terms of the return distribution functions 

as follows. For any given benchmark portfolio, the DD measure (with direction vector 

specified as g = 1) shifts the return distribution of an inefficient mutual fund to the right, 

preserving its original shape, until the dominance of the benchmark distribution is broken up. 

In problems (10) and (11) the benchmark portfolio is not fixed a priori, but is endogenously 

selected to maximize the right-ward shift. The PK measure similarly shifts the return 

distribution of an inefficient fund to the right until the dominance of the benchmark is broken 

up. Whereas the DD measure shifts the entire distribution in its original shape, the PK 

measure typically adjusts only one of the percentiles. 

 

5.5 Comparative discussions   

For sake of comparison, we also calculated the PK and DD performance measures 

relative to the classic mean-variance (MV) frontier. Interestingly, the resulting efficiency 

measures were almost equal to the FSD and SSD efficiency scores. This means that imposing 
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the assumption of normally distributed returns does not influence the efficiency indices for 

these eight funds; recall that the return distributions of the eight mutual funds were 

approximately normal (see also Figure 1). This example demonstrates that, when we account 

for the portfolio diversification possibilities and the evaluated return distribution is 

approximately normal, the general SD criteria can be as powerful as the MV criterion (which 

imposes more restrictive assumptions of normally distributed returns or quadratic utility 

functions). This suggests that the low power of the traditional SD crossing algorithms (see 

e.g. Levy, 1992, 1998) is due to their failure to account for portfolio diversification. Of 

course, for non-normally distributed returns, the SD and MV measures can differ considerably 

(see e.g. Heikkinen and Kuosmanen, 2003) 

To put the results of the eight SRI funds to proper perspective, we also considered a 

randomly drawn sample of 35 non-SRI funds from the population of 632 U.S.-based large 

blend funds with similar characteristics (net assets less than 250 Million US$ and minimum 

investment less than or equal to $1000). Nine funds were subsequently excluded because of 

missing data (those were new funds emerging during the evaluation period), which reduced 

the sample size of the control group to 26. 

 

Table 5: SSD inefficiency of the control group (% points p.a.) 
Fund 

(ticker symbol) 
PK / S 

measure 

Fund 
(ticker symbol) 

PK / S 

measure 
NPPAX 0.000 EVSBX 0.448 

ASECX 0.279 HFFYX 0.449 

SSLGX 0.323 HIGCX 0.449 

WFDMX 0.389 HGRZX 0.452 

MMLAX 0.394 FGIBX 0.456 

MDLRX 0.396 FBLVX 0.463 

OTRYX 0.404 PWSPX 0.468 

STVDX 0.417 FLCIX 0.485 

PRFMX 0.426 WCEBX 0.495 

PRACX 0.430 FRMVX 0.501 

GESPX 0.432 IGSCX 0.508 

ACQAX 0.433 EGRCX 0.513 

IBCCX 0.435 Average 0.419 

AFEAX 0.444 Std. Deviation 0.100 
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Table 5 presents the normalized PK/S efficiency measures for the control group in the 

case of SSD. We observe very similar efficiency levels in the control group and the eight SRI 

funds. The average efficiency is slightly higher in the control group (0.419 versus 0.423), but 

the control group also exhibits greater dispersion, as measured by the standard deviation 

(0.100 versus 0.060). Note that the non-SRI funds were compared against reference portfolios 

formed from the DJSI stocks, which was considered a relevant benchmark for SRI funds. 

Interestingly, almost all non-SRI stocks were found to be inefficient relative to ”ethical” 

reference portfolios formed from the DJSI stocks. This suggests that efficient SRI funds do 

have potential to outperform almost any non-SRI fund in terms of the financial criteria, even 

if we ignore the ethical criteria. Overall, these efficiency measures do not reveal any 

systematic difference in the efficiency of the SRI funds and the control funds.  

The absolute levels of the inefficiency premia were relatively small, considering the 

fact that our model completely ignores transaction costs. The portfolio inefficiencies we 

identified under “ideal” conditions of no transaction costs are so small that taking transaction 

costs into account would render all funds efficient from the perspective of private investors. 

Recall that our objective was to assess performance of the fund managers, who operate in 

nearly ideal conditions. Evaluating efficiency of the mutual funds versus stock portfolios from 

the perspective of private investors is a slightly different problem, which would require taking 

into account the transaction costs and possibly also some ethical criteria.  

 

6. Discussion 

We have presented a method for mutual fund performance measurement and best-practice 

benchmarking, which compares the mutual fund performance to an endogenously selected 

benchmark portfolio that tracks the evaluated fund’s risk profile. Our main objective is to 

provide the fund managers and investors with information about efficiency improvement 
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potential and identify portfolio strategies that can achieve such improvements. To this end, we 

model the investment universe and its portfolio diversification possibilities by means of DEA. 

We departed from the traditional DEA approaches by characterizing the mutual fund’s risk 

profile by means of the SD criteria, building on Kuosmanen (2001, 2004). We examined two 

alternative efficiency metrics, the slack-based Pareto-Koopmans measure and the directional 

distance function, and discussed some key properties of these two measures. We also derived 

dual expressions for the efficiency measures, and discussed their utility theoretic 

interpretations. Some practical issues involved in implementation of the SD based DEA 

approach were elaborated by means of an illustrative application. 

The proposed approach can provide valuable information for the fund managers, as 

well as their trustees and clients. From the perspective of fund managers, the portfolio weights 

of the dominating benchmark portfolio, and their changes over time, are probably the most 

interesting information. Obviously, the past performance of the benchmark portfolio does not 

guarantee a good performance in the future. Still, a closer inspection of the industrial 

diversification and capitalization of the benchmark portfolio can reveal some useful hints for 

tactical asset allocation.  

The best practice performance measures can provide useful incentive instruments for 

the trustees of the fund. One can see the performance measurement problem as a principal-

agent game played between the trustees and the fund managers. In this respect, Bogetoft 

(1997) has shown how one can build second-best optimal incentive schemes based on DEA-

type best practice benchmarks that will induce the agents to minimize their information rents. 

Similar incentive schemes might be applied in the present context to reward fund managers 

based on their efficiency. 

The proposed efficiency measures could also provide useful information for the 

individuals who invest in mutual funds. The proposed performance measures can support the 
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portfolio choice by providing information about the performance of the fund managers. Yet, 

we should emphasize that portfolio choice always involves a subjective element: the most 

efficient fund is not necessarily the most preferred one for all investors.  

The sensitivity of the deterministic DEA to measurement errors, outliers, sampling 

errors, and missing variables is an ongoing concern. In this respect, it is worth to note that the 

return data from financial markers are usually much more reliable and accurate than empirical 

production data usually studied with DEA. Thus, the problem of measurement error seems a 

less serious concern in the present context. The problem of outliers can occur in the present 

setting, if the return possibilities set includes such assets that, for any reason, are infeasible 

investment alternatives for the fund manager. By careful modeling of the investment 

alternatives as well as the investment criteria and constraints faced the fund managers, the 

problem of outliers can be remedied. Since we construct the benchmark portfolios directly 

from stocks and other assets, heterogeneity of the evaluated funds does not obscure the 

efficiency measures (although it can affect their ranking). The sampling error seems not a 

major problem either: return data for stocks, bonds, and other investment alternatives are 

available, and modeling the fund manager’s entire investment universe is technically feasible. 

Moreover, the sampling theory of the DEA efficiency estimators is nowadays well understood 

(see e.g. Simar and Wilson, 1998, 2000), and the insights from that literature can be directly 

applied in the present context as well. Therefore, we conclude that the problem of missing 

variables forms the most important challenge for the presented framework.  

In empirical applications, we typically observe a sample of possible states of nature, 

not all possible states (this is equivalent to missing input or output variables in terms of 

standard DEA). Thus, the empirical return distribution may differ from the true but unknown 

distribution of returns. Some authors (e.g. Nelson and Pope 1991; Post, 2003) see this 

problem similar to the sampling error, and thus suggest to use the standard bootstrapping 
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techniques as a remedy. However, the approaches presented thus far are rather ad hoc: it 

seems questionable to infer probability of returns in some unobserved states based on the 

observed ones. Such approach will fail to account for rarely occurring but critical events such 

as catastrophic risks. Further research is needed to treat the unobserved states in more 

satisfactory fashion. 
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APPENDIX: Why FSD and SSD efficiency measures yield equal results for mutual funds? 

 

In Section 4 we found that all eight environmentally responsible mutual funds scored equally 

well in terms of FSD and SSD efficiency. A similar finding was made by Kuosmanen (2004) 

regarding the marker portfolio. The purpose of this appendix is to rationalize this finding by 

means of a stylized graphical example. 
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Figure A: Illustration of why FSD and SSD tests yield the same results. 

 

Figure A presents a two-dimensional case where state 1 represents a bear market and 

state 2 a bull market. A risk-free asset is displayed in the bottom-right corner of the diagram; 

the broken diagonal line that runs through the risk free asset indicates vectors that yield equal 

return in both states. Volatile reference stocks are typically found in the top-left corner of the 

diagram, where return is negative in state 1, and highly positive in state 2. The evaluated 

mutual fund lies somewhere between the benchmark stock and the risk-free asset, within the 
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return possibility set; this set is indicated by the thick solid piece-wise linear frontier with 

vertices in the risk-free asset and the reference stocks. The set of return vectors that dominate 

the evaluated fund by SSD (i.e., “the SSD dominating set”, see Kuosmanen, 2004) is 

indicated by the thin piece-wise linear isoquant that runs through the evaluated fund. This 

dominating set overlaps with the return possibilities set, and thus fund 0 is SSD inefficient.  

Note that the mean return of the reference stocks must typically be higher than the 

return of the risk-free asset, to compensate for the higher risk. Thus, the slope of the return 

possibilities frontier must generally be steeper than that of diagonal line-segment of the SSD 

dominating set, like in Figure 1. Recall that the PK measure selects the benchmark portfolio 

from the intersection of the return possibility set and the SSD dominating set by maximizing 

the difference in mean return between the benchmark portfolio and the evaluated fund. In this 

example, the benchmark portfolio will be found directly above the point representing the 

return vector of the mutual fund 0, as indicated in Figure A. Note that this benchmark is also 

included in the FSD dominating set. Thus, exactly the same benchmark is obtained by using 

the FSD criterion. (A similar argument holds for the DD measure.) 

Although this stylized example involves only two states, it does describe the essential 

features of the phenomenon at hand. Also in the general setting with S states of nature, the 

maximum mean return over the intersection of the return possibility set and the SSD 

dominating set is usually found in the corner point where the boundaries of the return 

possibility set and the SSD dominating set intersect. The FSD and SSD measures will differ 

when there exists an asset that offers a high mean return with a low risk, or if the evaluated 

mutual fund itself is highly risky. Given the usual geometry of the return possibilities sets, the 

FSD and SSD measures are likely to yield the same results in the efficiency assessment of the 

mutual funds and other well-diversified portfolios such as the market portfolio.  


