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ANTI-CONCENTRATION AND HONEST, ADAPTIVE
CONFIDENCE BANDS

VICTOR CHERNOZHUKOV, DENIS CHETVERIKOV, AND KENGO KATO

ABSTRACT. Modern construction of uniform confidence bands for non-
parametric densities (and other functions) often relies on the the classical
Smirnov-Bickel-Rosenblatt (SBR) condition; see, for example, Giné and
Nickl (2010). This condition requires the existence of a limit distribution
of an extreme value type for the supremum of a studentized empirical
process (equivalently, for the supremum of a Gaussian process with the
same covariance function as that of the studentized empirical process).
The principal contribution of this paper is to remove the need for this
classical condition. We show that a considerably weaker sufficient condi-
tion is derived from an anti-concentration property of the supremum of
the approximating Gaussian process, and we derive an inequality lead-
ing to such a property for separable Gaussian processes. We refer to the
new condition as a generalized SBR condition. Our new result shows
that the supremum does not concentrate too fast around any value.

We then apply this result to derive a Gaussian multiplier bootstrap
procedure for constructing honest confidence bands for nonparametric
density estimators (this result can be applied in other nonparametric
problems as well). An essential advantage of our approach is that it ap-
plies generically even in those cases where the limit distribution of the
supremum of the studentized empirical process does not exist (or is un-
known). This is of particular importance in problems where resolution
levels or other tuning parameters have been chosen in a data-driven fash-
ion, which is needed for adaptive constructions of the confidence bands.
Furthermore, our approach is asymptotically honest at a polynomial
rate — namely, the error in coverage level converges to zero at a fast,
polynomial speed (with respect to the sample size). In sharp contrast,
the approach based on extreme value theory is asymptotically honest
only at a logarithmic rate — the error converges to zero at a slow, loga-
rithmic speed. Finally, of independent interest is our introduction of a
new, practical version of Lepski’s method, which computes the optimal,
non-conservative resolution levels via a Gaussian multiplier bootstrap
method.
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1. INTRODUCTION

Let X4,..., X, bei.i.d. random variables with common unknown density
f on R%. We are interested in constructing confidence bands for f on a subset
X C R? that are honest to a given class F of densities on R%. Typically, X
is a compact set on which f is bounded away from zero, and F is a class
of smooth densities such as a subset of a Holder ball. A confidence band
Cn =Cn(Xy,...,X,) is a family of random intervals

Cn = {Cp(z) = [cp(x),cy(x)] : x € X}

that contains the graph of f on X with a guaranteed probability. Following
[27], a band C, is said to be asymptotically honest with level o € (0,1) for
the class F if

liminf inf P Co(z),Vz € X)>1— 0
iminf inf, r(f(@) €Culz),V2z eX)>1—0a

Let fn(, l) be a generic estimator of f with a smoothing parameter [, say
bandwidth or resolution level, where [ is chosen from a candidate set Ly;
see [23, 39, 42] for a textbook level introduction to the theory of density
estimation. Let [, = Zn(Xl, ..., Xp) be a possibly data-dependent choice
of I in £,,. Denote by o, r(x,l) the standard deviation of Viufn(z,1), ie.,

on,f(x, 1) == \/n Varf(fn(ac, 1)). Then we consider a confidence band of the

form

€)= |t - D) o A

where ¢(«) is a (possibly data-dependent) critical value determined to make
the confidence band to have level . Generally, o, f(x,1) is unknown and
has to be replaced by an estimator.

A crucial point in construction of confidence bands is the computation of
the critical value c¢(«). Assuming that o, r(x,1) is positive on X' x L,,, define
the stochastic process

Vil fa(,1) = Eg[fu(z, 1))
on,f(x,1)

Zn,f(V) i= Zy f(2,1) == , (1.2)

where v = (2,l) € X x L, =: V,. We refer to Z, 5 as a “studentized
process”. If, for the sake of simplicity, the bias |f(x) — Ef[fn(x,l)]l:l”n| is

sufficiently small compared to oy, ¢(z, fn), then

~

22@f(£7ln)

Pr(f(x) € Cu(x),Vo € X) = Py <sup
zeX

< c(a))

> Py <sup Z0 s ()] < c<a>) ,
VEV,
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so that the band (1.1) will be of level a € (0,1) by taking

c(a) = (1 — a)-quantile of ||Z,, ¢||v, = sug) | Zn, 5 (V)] (1.3)
ve n

The critical value ¢(«), however, is infeasible since the finite sample distribu-
tion of the process Z,, ; is unknown. Instead, we estimate the (1—a)-quantile
of | Za fllv,.

Suppose that one can find an appropriate centered Gaussian process G, ¢
indexed by V, with known or estimable covariance structure such that
| Zn,tllv, is close to |Gy f|lv,- Then we may approximate the (1 — «)-
quantile of ||Z, r[|y, by

Cn,f(@) := (1 — a)-quantile of ||G,, ¢y,

Typically, one computes or approximates ¢, f(a) by one of the following two
methods.

1. Analytical method: derive analytically an approximated value of
Cn,f(v), by using an explicit limit distribution or large deviation
inequalities.

2. Simulation method: simulate the Gaussian process G, y to compute
Cn,f() numerically, by using, for example, a multiplier method.

The main purpose of this paper is to introduce a general approach to es-
tablishing the validity of the so-constructed confidence band. Importantly,
our analysis does not rely on the existence of an explicit (continuous) limit
distribution of any kind, which is a major difference from the previous litera-
ture. If, for some normalizing constants A, and By, A, (|G, ¢|lv, — Bn) has
a continuous limit distribution, the validity of the confidence band would
follow via the continuity of the limit distribution. For the density estimation
problem, if £,, is a singleton, i.e., the smoothing parameter is chosen deter-
ministically, the existence of such a continuous limit distribution, which is
typically a Gumbel distribution, has been established for convolution kernel
density estimators and some wavelet projection kernel density estimators
[see 37, 1, 16, 19, 4, 5, 15]. We refer to the existence of the limit distri-
bution as the Smirnov-Bickel-Rosenblatt (SBR) condition. However, the
SBR condition has not been obtained for other density estimators such as
non-wavelet projection kernel estimators based, for example, on Legendre
polynomials or Fourier series. In addition, to guarantee the existence of a
continuous limit distribution often requires more stringent regularity condi-
tions than a Gaussian approximation itself. More importantly, if £, is not a
singleton, which is typically the case when ,, is data-dependent, and so the
randomness of [,, has to be taken into account, it is often hard to determine
an exact limit behavior of ||Gy, ¢|lv,-

We thus take a different route and significantly generalize the SBR, con-
dition. Our key ingredient is the anti-concentration property of suprema of
Gaussian processes that shows that suprema of Gaussian processes do not
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concentrate too fast. To some extent, this is a reverse of numerous concen-
tration inequalities for Gaussian processes. In studying the effect of approx-
imation and estimation errors on the coverage probability, it is required to
know how random variable |G}, ¢|lv, = sup,ey, |Gy, (v)| concentrates or
“anti-concentrates” around, say, its (1 — «)-quantile. It is not difficult to
see that |Gy, ||y, itself has a continuous distribution, so that with keeping n
fized, the probability that |G, ¢||v, falls into the interval with center ¢, ¢(c)
and radius € goes to 0 as ¢ — 0. However, what we need to know is the be-
havior of those probabilities when ¢ is n-dependent and € = ¢, — 0. In other
words, bounding explicitly “anti-concentration” probabilities for suprema of
Gaussian processes is desirable. We will first establish bounds on the Lévy
concentration function (see Definition 2.1) for suprema of Gaussian pro-
cesses and then use these bounds to quantify the effect of approximation
and estimation errors on the finite sample coverage probability. We say that
a generalized SBR, condition or simply an anti-concentration condition holds
if |Gy, fllv, concentrates sufficiently slowly, so that this effect is sufficiently
small to yield asymptotically honest confidence bands.

As a substantive application of our results, we consider the problem
of constructing honest adaptive confidence bands based on either convo-
lution or wavelet projection kernel density estimators in Holder classes F C
Urer,g2(t, L) for some 0 < ¢t < ¢ < oo where (¢, L) is the Holder ball of
radius L and smoothness level t. Following [6], we say the confidence band
Cy, is adaptive if for every t,e > 0 there exists C' > 0 such that for all n > 1,

sup Py <sup ACr(x)) > C’rn(t)) <eg,
FEFNS(t,L) reX

where X\ denotes the Lebesgue measure on R and 7,(t) := (logn/n)t/ (2t+d),
the minimax optimal rate of convergence for estimating a density f in the
function class (¢, L) in the sup-metric deo(f, f) = sup,ey |f(z) — f(2)].
We use Lepski’s method [26, 2] to find an adaptive value of the smooth-
ing parameter. Here our contribution is to introduce a Gaussian multiplier
bootstrap implementation of Lepski’s method. This is a practical proposal
since previous implementations relied on conservative (one-sided) maximal
inequalities and are not necessarily recommended for practice; see, for ex-
ample, [18] for a discussion.

We should also emphasize that our techniques can also be used for con-
structing honest and/or adaptive confidence bands in many other nonpara-
metric problems, but in this paper we focus on the density problem for the
sake of clarity. Our result on the anti-concentration of separable Gaussian
processes is also of independent interest in many other problems. For exam-
ple, applications of our anti-concentration bounds can be found in [9] and
[10], which consider the problems of nonparametric inference on a minimum
of a function and nonparametric testing of qualitative hypotheses about
functions, respectively.
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1.1. Related references. Confidence bands in nonparametric estimation
have been extensively studied in the literature. A classical approach, which
goes back to [37] and [1], is to use explicit limit distributions of normalized
suprema of studentized processes. A “Smirnov-Bickel-Rosenblatt type limit
theorem” combines Gaussian approximation techniques and extreme value
theory for Gaussian processes. It was argued that the convergence to normal
extremes is considerably slow despite that the Gaussian approximation is
relatively fast [21]. To improve the finite sample coverage, bootstrap is
often used in construction of confidence bands [see 11, 3]. However, to
establish the validity of bootstrap confidence bands, researchers relied on the
existence of continuous limit distributions of normalized suprema of original
studentized processes. In the deconvolution density estimation problem,
[28] considered confidence bands without using Gaussian approximation.
In the current density estimation problem, their idea reads as bounding the
deviation probability of || f, —E[fn(-)]||cc by using Talagrand’s [38] inequality
and replacing the expected supremum by the Rademacher average. Such a
construction is indeed general and applicable to many other problems, but
is likely to be more conservative than our construction.

1.2. Organization of the paper. In the next section, we give a new anti-
concentration inequality for suprema of Gaussian processes. Section 3 con-
tains a theory of generic confidence band construction under high level con-
ditions. These conditions are easily satisfied both for convolution and pro-
jection kernel techniques under mild primitive assumptions, which are also
presented in Section 3. Section 4 is devoted to constructing honest adaptive
confidence bands in Holder classes. Finally, most proofs are contained in the
Appendix, and some proofs and discussions are put into the Supplemental
Material.

1.3. Notation. In what follows, constants ¢, C,c1,Cq,co,Co,... are un-
derstood to be positive and independent of n. The values of ¢ and C
may change at each appearance but constants ci,Ch, co, Cs, ... are fixed.

Throughout the paper, E,[-] denotes the average over index 1 < i < n, i.e.,
it simply abbreviates the notation n=* > " []. For example, E,[g(X;)] =
n~t>" | g(X;). For a set T, denote by ¢°°(T') the set of all bounded func-
tions, that is, all functions z : T'— R such that

|zl := sup |2(t)] < co.
teT

Moreover, for a generic function g, we also use the notation ||g||eo := sup,, |g(x)]
where the supremum is taken over the domain of g. For two random vari-

ables ¢ and 7, we write & 4 n if they share the same distribution. The
standard Euclidean norm is denoted by | - |.
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2. ANTI-CONCENTRATION OF SUPREMA OF (GAUSSIAN PROCESSES

The main purpose of this section is to derive an upper bound on the
Lévy concentration function for suprema of separable Gaussian processes,
where the terminology is adapted from [35]. Let (€2, .4, P) be the underlying
(complete) probability space.

Definition 2.1 (Lévy concentration function). Let Y = (Y}):cr be a sepa-
rable stochastic process indexed by a semimetric space T'. For all x € R and
€ >0, let

supY; —x

Pze(Y) =P < < e> : (2.1)
teT
Then the Lévy concentration function of sup,cp Y; is defined for all € > 0 as

pe(Y) := SlelgpLE(Y). (2.2)

Likewise, define p, ((|Y'|) by (2.1) with sup;cr Y; replaced by sup,cr |Y;| and
define p(|Y]) by (2.2) with p,(Y") replaced by p,(|Y]).

Let X = (X})er be a separable Gaussian process indexed by a semimetric
space T such that E[X;] = 0 and E[X?] = 1 for all t € T. Assume that
sup;er X¢ < 00 a.s. Our aim here is to obtain a qualitative bound on the
concentration function p(X). In a trivial example where T is a singleton,
i.e., X is a real standard normal random variable, it is immediate to see
that pe(X) < € as ¢ — 0. A non-trivial case is that when 7 is not a
singleton and both 7" and X are indexed by n = 1,2,..., i.e., T' =T, and
X = X" = (X, t)ter,,, and the complexity of the set {X,; : t € T,,} (in
L?(Q, A,P)) is increasing in n. In such a case, it is typically not known
whether sup;cp Xp ¢ has a limiting distribution as n — oo and therefore
it is not trivial at all whether, for any sequence €, — 0, p, (X") — 0 as
n — 0o, which is in fact generally not true as Example 1 in [8] shows. The
following is the first main result of this paper.

Theorem 2.1 (Anti-concentration for suprema of separable Gauss-
ian processes). Let X = (Xy)ier be a separable Gaussian process indexed
by a semimetric space T such that E[Xy] = 0 and E[X?] =1 for all t € T.
Assume that sup,er Xy < 00 a.s. Then a(X) := E[sup;er X¢] € [0,00) and

Pe(X) < de(a(X) +1), (2:3)
for all e > 0.
The similar conclusion holds for the concentration function of sup;cp | X¢|.

Corollary 2.1. Let X = (X;)ier be a separable Gaussian process indexed
by a semimetric space T such that E[X;] = 0 and E[X?] = 1 for all t €
T. Assume that sup,cr Xy < oo a.s. Then a(|X|) := E[sup;cr | X¢|] €

[V/2/7,00) and

for all e > 0.

pe(|X]) < 4ea(]X] + 1), (2.4)
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We refer to (2.3) and (2.4) as anti-concentration inequalities because they
show that suprema of separable Gaussian processes can not concentrate too
fast. The proof of Theorem 2.1 and Corollary 2.1 follows by extending the
results in [8] where we derived anti-concentration inequalities for maxima of
Gaussian random vectors. See the Appendix for a detailed exposition.

3. GENERIC CONSTRUCTION OF HONEST CONFIDENCE BANDS

We go back to the analysis of confidence bands. Recall that we consider
the following setting. We observe i.i.d. random variables X,..., X, with
common unknown density f € F on R? where F is a nonempty subset of
densities on R%. We denote by P ¢ the probability distribution corresponding
to the density f. We first state the result on the construction of honest
confidence band under certain high level conditions and then show that
these conditions hold for most commonly used kernel density estimators.

3.1. Main Result. Let X C R? be a set of interest. Let f,(-,1) be a
generic estimator of f with a smoothing parameter | € £,, where L,, is the
candidate set. Denote by o, s(x,l) the standard deviation of Vifu(a, ).
We assume that o, r(x,1) is positive on V,, := X x L,, for all f € F. Define
the studentized process Z,, f = {Z, (v) : v = (,1) € V,} by (1.2). Let

Wi g = 1Zn s

denote the supremum of the studentized process. We assume that W, ; is
a well-defined random variable. Let ¢, C; be some positive constants. We
will make the following high level conditions.

Vi

Condition H1 (Gaussian approximation). For every f € F, there exists (on
a possibly enriched probability space) a sequence of random variables WT?f

such that (i) Wg’f 4 |Gn fllv, where Gy ¢ = {Gp r(v) : v € Vs } is a tight
Gaussian random element in (> (V,) with E[G, ¢(v)] = 0,E[G, ¢(v)?] = 1
for all v € Vy,, and E[||Gy, ¢|lv,] < Civ/logn; and moreover (i)

sup Pf(’Wn,f - Wyg,f‘ > 6ln) < d1n, (31)
feF

where €1, and 01, are some sequences of positive numbers bounded from
above by Cin~°.

Analysis of uniform confidence bands often relies on the classical Smirnov-
Bickel-Rosenblatt (SBR) condition that states that for some sequences A,
and B,

An(|Gofllv, = Bn) > Z, asn— oo, (3.2)

where Z is a Gumbel random variable; see, for example, [19]. Here both
A, and B, are typically of order y/logn. However, this condition is often
difficult to verify. Therefore, we propose to use a weaker condition (recall
the definition of the Lévy concentration function given in Definition 2.1):
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Condition H2 (Anti-concentration or Generalized SBR condition). For
any sequence €, of positive numbers, we have

(a) sup pe, (|Gn.f|) = 0 if €,4/logn — 0; or
ferF

(b) ]Scug)__pen(’Gme < Cien/logn.
€

Note that Condition H2-(a) follows trivially from H2-(b). In turn, under
H1, Condition H2-(b) is a simple consequence of Corollary 2.1. Condition
H2-(a) (along with Conditions H1 and H3-H6 below) is sufficient to show
that the confidence bands are asymptotically honest but we will use Condi-
tion H2-(b) to prove polynomial (in n) rate of approximation. We refer to
H2 as a generalized SBR condition because H2-(a) holds if (3.2) holds with
A, of order v/logn. An advantage of Condition H2 in comparison with the
classical condition (3.2) is that H2 follows easily from Corollary 2.1.

Let o € (0,1) be a fixed constant (confidence level). Recall that ¢, () is
the (1 — a)-quantile of the random variable |Gy, ¢|v,. If Gy, ¢ is pivotal, i.e.,
independent of f, ¢, f(a) = ¢,(a) can be directly computed, at least numer-
ically. Otherwise, we have to approximate or estimate ¢, f(a). Let é,(a)
be an estimator or approximated value of ¢, f(c), where we assume that
¢n () is nonnegative (which is reasonable since ¢, ¢() is nonnegative). The
following is concerned with a generic regularity condition on the accuracy
of the estimator ¢, (a).

Condition H3 (Estimation error of é,(«)). For some sequences Ty, €ap,
and &oy, of positive numbers bounded from above by Cin~°, we have

(a) ;up Pr(én() < cppla+ 1) — €2) < O2p; and
eF

(b) sup Py (én(a) > cp pla—T) + €2) < G2y
ferF

In the next subsection, we shall verify this condition for the estimator
¢én(@) based upon the Gaussian multiplier bootstrap method. Importantly,
in this condition, we introduce the sequence 7, and compare ¢é,(«) with
Cn,f(ov+7,) and ¢, (o — 7,) instead of directly comparing it with ¢, (),
which considerably simplifies verification of this condition. With 7,, = 0 for
all n, we would need to have an upper bound on ¢, (a) — ¢, f(a+ 7,) and
Cn,f(00 — Tn) — €y, r(a), which might be difficult to obtain in general.

The discussion in the introduction presumes that o, r(x,l) were known,
but of course it has to be replaced by a suitable estimator in practice. Let
on(x,l) be a generic estimator of o, ¢(x,1). Without loss of generality, we
may assume that &, (x,[) is nonnegative. Condition H4 below states a high-
level assumption on the estimation error of 6, (z,[). Verifying Condition H4
is rather standard for specific examples.
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Condition H4 (Estimation error of 6,(-)). For some sequences €3, and 03y,

of positive numbers bounded from above by Cin~°,

on(v)
On,f (V)

We now consider strategies to deal with the bias term. We consider two
possibilities. The first possibility is to control the bias explicitly, so that
the confidence band contains the bias controlling term. This construction
is inspired by [4]. The advantage of this construction is that it yields the
confidence band the length of which shrinks at the minimax optimal rate
with no additional inflating terms; see Theorem 4.1 below. The disadvan-
tage, however, is that this construction yields a conservative confidence band
in terms of coverage probability. We consider this strategy in Conditions
H5 and H6 and Theorem 3.1. The other possibility is to undersmooth, so
that the bias is asymptotically negligible, and hence the resulting confidence
band contains no bias controlling terms. This is an often used strategy; see,
for example, [19]. The advantage of this construction is that it sometimes
yields an exact (non-conservative) confidence band, so that the confidence
band covers the true function with probability 1 — a asymptotically exactly;
see Corollary 3.1 below. The disadvantages, however, are that this method
yields the confidence band that shrinks at the rate slightly slower than the
minimax optimal rate, and that is centered around a non-optimal estimator.
We consider the possibility of undersmoothing in Corollary 3.1 below. Note
that Conditions H5 and H6 below are not assumed in Corollary 3.1.

We now consider the first possibility, that is we assume that the smoothing
parameter [, := in(Xl, ..., X,), which is allowed to depend on the data, is
chosen so that the bias can be controlled sufficiently well. Specifically, for
all [ € L, define

sup P (sup — 1’ > 63n> < d3p.

fer vEV),

Ay (1) == jlelg ﬁf(x)g;(fﬁ%ﬂ(ﬂ?,l)”

/

We assume that there exists a sequence of random variables ¢,

known or can be calculated via simulations, that control A, ¢(I,). In par-
ticular, the theory in the next subsection assumes that ¢/, is chosen as a
multiple of the estimated high quantile of |Gy, f||v, -

which are

Condition H5 (Bound on A, ¢(I,)). For some sequence d4p, of positive

numbers bounded from above by Cin=“,

sup P (An,f(fn) > cﬁl) < O4p.
feF

In turn, we assume that ¢, can be controlled by u,+/logn where u, is a
sequence of nonnegative positive numbers. Typically, u,, is either a bounded
or slowly growing sequence; see, for example, our construction under primi-
tive conditions in the next section.
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Condition H6 (Bound on ¢,). For some sequences s, and u, of positive
numbers where 05, is bounded from above by Cin~=,
sup P (cﬁl > un\/logn) < d5p,.
feF

When L, is a singleton, conditions like H5 and H6 have to be assumed.
When L,, contains more than one element, that is we seek for an adaptive
procedure, verification of Conditions H5 and H6 is non-trivial. In Section 4,
we provide an example of such analysis.

We consider the confidence band C,, = {C,(x) : * € X'} defined by
Cn(x) := [fn(xa Zn) — sp(z, Zn)v fn(xy Zn) + sp(, [n)} ) (3.3)

where

sn(z,1n) = (En(a) + ) on(z, 1)/ v/n. (3.4)
Define

€n,f 1= €1n + €2n + €3p(cp p(0) + up/logn),
Op 1= 01, + 02, + 53n + Oan + 5571'

We are now in position to state the main result of this section. Recall the
definition of Lévy concentration function (Definition 2.1).

Theorem 3.1 (Honest generic confidence bands). Suppose that Con-
ditions H1 and H3-H6 are satisfied. Then

IEPY(f €C) = (1=0) =80 =7 =i, (Gayl): (35)

If, in addition, Condition H2-(a) is satisfied and esnun\/logn < Cin™,
then
liminf inf P Cn) >1—aq, 3.6
iminf ini f(fel)zl-a (3.6)

and if, in addition, Condition H2-(b) is satisfied, then
inf Pr(feC)>1—a—Cn° 3.7
inf Pp(fe€ln) 21 —a—Cn (3.7)

where ¢ and C are constants depending only on ¢y and C.

Comment 3.1 (Honest confidence bands). Theorem 3.1 shows that the
confidence band defined in (3.3) and (3.4) is asymptotically honest with level
« for the class F. Moreover, under condition H2-(b), since the constants ¢
and C in the statement (3.7) depend only on ¢;, Cy, the coverage probability
can be smaller than 1 —a only by a polynomially small term C'n™° uniformly
over the class F. That is, in this case the confidence band is asymptotically
honest at a polynomial rate. ]

Comment 3.2 (Advantages of Theorem 3.1). An advantage of Theorem 3.1
is that it does not require the classical SBR condition that is often difficult to
obtain. Instead, it only requires a weaker generalized SBR condition (H2),
which allows us to control the effect of estimation and approximation errors
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on the coverage probabilities. In the next subsection, we will show that as
long the bias A, f(fn) can be controlled, our theorem applies when fy(-) is
defined using either convolution or projection kernels under mild conditions,
and, as far as wavelet projection kernels are concerned, it covers estimators
based on compactly supported wavelets, Battle-Lemarié wavelets of any or-
der as well as other non-wavelet projection kernels such as those based on
Legendre polynomials and Fourier series. When L,, is a singleton, the SBR
condition for compactly supported wavelets was obtained in [5] under cer-
tain assumptions that can be verified numerically for any given wavelet, for
Battle-Lemarié wavelets of degree up-to 4 in [19], and for Battle-Lemarié
wavelets of degree higher than 4 in [15]. To the best of our knowledge, the
SBR condition for non-wavelet projection kernel functions (such as those
based on Legendre polynomials and Fourier series) has not been obtained
in the literature. In addition, and perhaps most importantly, there are no
results in the literature on the SBR condition when £, is not a singleton.
Finally, the SBR condition, being based on extreme value theory, yields only
a logarithmic (in n) rate of approximation of coverage probability; that is,
this approach is asymptotically honest at a logarithmic rate. In contrast, our
approach can lead to confidence bands that are asymptotically honest at a
polynomial rate; see (3.7). [

Comment 3.3 (On the condition €3, up+/logn < Cin~). The second part
of Theorem 3.1 requires the condition that e3,u,+/logn < Cin~“. Thisis a
very mild assumption. Indeed, under Condition H4, €3, < Cin™°, so that
the assumption that e3,u,v/logn < Cin~ is met as long as u,, is bounded
from above by a slowly growing sequence, for example, u,, < C logn, which

is typically the case; see, for example, our construction in Section 4. [

The confidence band defined in (3.3) and (3.4) is constructed so that
the bias A, f(Zn) is controlled explicitly via the random variable ¢/,. Al-
ternatively, one can choose to undersmooth so that the bias is negligible
asymptotically. To cover this possibility, we note that it follows from the
proof of Theorem 3.1 that if u, logn < Cin~“, then conclusions (3.6) and
(3.7) of Theorem 3.1 continue to hold with s,(z,1,) in (3.4) replaced by
én(@)0n(z,1,)//n. Moreover, if L, is a singleton, it is possible to show
that the confidence band is asymptotically exact. We collect these observa-
tions into the following corollary, the detailed proof of which can be found
in the Supplemental Material.

Corollary 3.1 (Honest generic confidence bands with undersmooth-
ing). Consider the confidence band C,, = {Cy(z) : x € X'} defined by

~ ~ ~ ~

Ca(w) = | Falw,Tn) = Fn(@, D) fulw, o) + 5l 1)

where

Snl@,1y) = én(a)on(z, 1) /v/n.
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Suppose that Conditions H1, H3, and H/ are satisfied. In addition, assume
that for some sequences 8¢, and u, of positive numbers,

sup Py (Anf(in) > un\/logn> < O6n, (3.8)
feF

where Jg, is bounded from above by Cin~' and u, satisfies uplogn <
Cin=. Then under Condition H2-(a),

liminf inf Ps(f € Co)>1—a, (3.9)

n—oo feF

and under C’ondztwn HQ-({)),

Moreover, if L, is a singleton, then under condition H2-(a),

lim Sup‘Pf(fegn)—(l—oz)‘ -0, (3.11)
n—)OOfGJ:

and under Condition H2-(b),

sup [Py(f €Cp) — (1— oz)‘ < Cn~° (3.12)
feF

Here ¢ and C are constants depending only on ¢ and CY.

Comment 3.4 (Other methods for controlling bias term). In practice, there
can be other methods for controlling the bias term. For example, an alter-
native approach is to estimate the bias function in a pointwise manner and
construct bias corrected confidence bands; see, for example, [43] in the non-
parametric regression case. A yet alternative approach to controlling the
bias based upon bootstrap in construction of confidence bands is proposed
and studied by the recent paper of [22]. [

3.2. Verifying Conditions H1-H4 for confidence bands constructed
using common density estimators via Gaussian multiplier boot-
strap. We now argue that when ¢é,(«) is constructed via Gaussian multi-
plier bootstrap, Conditions H1-H4 hold for common density estimators —
specifically, both the convolution and projection kernel density estimators
under mild assumptions on the kernel function.

Let {K;}icr, be a family of kernel functions where K; : R x R¢ — R and
[ is a smoothing parameter. We consider kernel density estimators of the
form

Fulz, 1) = E,[K(X;, x)] ZKl X;,2), (3.13)

where z € X and [ € £,,. The variance of \/nfy(z,1) is given by
op fla,1) == B[ K (X1, 2)%] — Ef[K (X1, )]
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We estimate O‘?L,f(l', l) by

62(x,1) == :LiKl(Xi,x)Q — fnl(z,1)2. (3.14)
i=1

This is a sample analogue estimator.

Examples. Our general theory covers a wide class of kernel functions,
such as convolution, wavelet projection, and non-wavelet projection kernels.

(i) Convolution kernel. Consider a function K : R — R. Let £,, C (0, 00).
Then for z = (21,...,24) € R, y = (y1,...,yq) € RY and | € L,,, the
convolution kernel function is defined by

Ki(y,z) =24 [[ K (2l(ym - :cm)> . (3.15)
1<m<d

Here 27! is the bandwidth parameter.

(ii) Wawvelet projection kernel. Consider a father wavelet ¢, i.e., a function
¢ such that (a) {¢(-—k) : k € Z} is an orthonormal system in L?(R), (b) the
spaces V; = {>, cxd(2Px — k) : >, 2 < oo}, j =0,1,2,..., are nested in
the sense that V; C Vjy whenever j < j/, and (c) U;>oV; is dense in L*(R).
Let £, € N. Then for z = (21,...,24) € R%, y = (y1,...,5q4) € R%, and
l € L,,, the wavelet projection kernel function is defined by

Ky,z) =24 > [] ¢@ym—km) [[ 6@@m—kn). (3.16)

k1,..kq€Z 1<m<d 1<m<d

Here [ is the resolution level. We refer to [12] and [23] as basic references on
wavelet theory.

(iii) Non-wavelet projection kernel. Let {¢; : j = 1,...,00} be an or-
thonormal basis of Ls(X), the space of square integrable (with respect
to Lebesgue measure) functions on X. Let £, C (0,00). Then for z =
(x1,...,2q) € RY y = (y1,...,yq) € R%, and | € L,, the non-wavelet
projection kernel function is defined by

214
Ki(y,2) =Y 0i()e;(x), (3.17)
j=1

where [a] is the largest integer that is smaller than or equal to a. Here [2!%]
is the number of series (basis) terms used in the estimation. When d =1

and X = [—1, 1], examples of orthonormal bases are Fourier basis
{1, cos(mz),cos(2mx),...} (3.18)
and Legendre polynomial basis
{1,(3/2)"%x, (5/8)"/2(32% — 1),...}. (3.19)
When d > 1 and X = [~1,1]%, one can take tensor products of bases for

d=1. ]
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We assume that the critical value ¢é,(a) is obtained via the multiplier
bootstrap method:

Algorithm 1 (Gaussian Multiplier bootstrap). Let &, ...,&, be inde-
pendent N(0,1) random variables that are independent of X7 := {X1,..., Xn}.
Let & == {&1,...,&n}. Forallx € X andl € L, define a Gaussian multi-
plier process:
N A~ n en 1 - Kl Xz-,x —fn .CU,l
Gn(z,1) = Gu(XT, ) (2,1) == %Z& ( - ) ( ) (3.20)
i=1

Gn(x, 1)

Then the estimated critical value ¢, () is defined as

én(a) = conditional (1 — a)-quantile of |Gy||y, given X

Let %
Kn = {l(’x) (1) EXXEn}
’ on,f(x,1)
denote the class of studentized kernel functions and define

on=sup sup (Eglg(X1)%))"*.
feF gGICn,f
Note that o, > 1.

For a given class G of measurable functions on a probability space (S, S, Q)
and € > 0, the e-covering number of G with respect to the Lo(Q)-semimetric
is denoted by N (G, L2(Q),€) (see Chapter 2 of [41] on details of covering
numbers). We will use the following definition of VC type classes:

Definition 3.1 (VC type class). Let G be a class of measurable functions
on a measurable space (S5,S), and let b > 0, a > e, and v > 1 be some
constants. Then the class G is called VC(b, a,v) type class if it is uniformly
bounded in absolute value by b (i.e., sup,eg ||gllcc < b) and the covering
numbers of G satisfy

sup N (G, L2(Q),b7) < (a/7)", 0 <7 <1,
Q

where the supremum is taken over all finitely discrete probability measures

Q on (S,S).
Then we will make the following condition.

Condition VC. There exist sequences b, > 0, a, > e, and v, > 1 such
that for every f € F, the class ICp y is VC(by,an,vn) type and pointwise
measurable.!

Here we note this is a mild assumption, which we verify for common
constructions in Appendix 4 (as a part of proving results for the next section;
see Comment 3.5 below); see also Appendix J.

IWe refer to Chapter 2.3 of [41] for the definition of pointwise measurable classes of
functions.
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For some sufficiently large absolute constant A, take
K, := Av,, (logn V log(anb,/0y,)) .

We will assume that K, > 1 for all n. The following theorem verifies
Conditions H1-H4 with so defined 2(x,1) and ¢é,(a) under Condition VC,
using the critical values constructed via Algorithm 1.

Theorem 3.2 (Conditions H1-H4 Hold for Our Construction). Sup-
pose that Condition VC is satisfied and there exist constants co,Co > 0
such that b2orK2/n < Con=¢2. Then Conditions H1-HJ hold with some
constants c1,C7 > 0 that depend only on cs, Co.

Comment 3.5 (Convolution and wavelet projection kernels). The assump-
tion of Theorem 3.2 holds for convolution and wavelet projection kernels
under mild conditions on the resolution level [. It follows from Lemma
E.2 in Appendix E that, under mild regularity conditions, for convolu-
tion and wavelet projection kernel functions, o, < C and Condition VC
holds with b, < C2maxnd/2 ¢ < O and v, < C for some C' > 0 where
Imax,n = sup{Ly}. Hence, for these kernel functions, the assumption that
V2ol K2 /n < Con™ reduces to 2maxnd(logh n)/n < Con™¢ (with possibly
different constants cz, C2) as long as lmaxn < C'logn for some C' > 0. This
is a very mild assumption on the possible resolution levels. Similar com-
ments apply to non-wavelet projection kernels with Fourier and Legendre
polynomial bases. See Appendix J in the Supplemental Material. [ ]

4. HONEST AND ADAPTIVE CONFIDENCE BANDS IN HOLDER CLASSES

In this section, we study the problem of constructing honest adaptive
confidence bands in Hélder smoothness classes. Recall that for ¢, L > 0, the
Holder ball of radius L and smoothness level ¢ is defined by

X(t, L) = { f:RY 5 R: fis |t]-times continuously differentiable,

1D flloo < L,¥]a| < [¢], sup 2@ =D/ ()]
TFY ’1’ — y’t_l_tj

< L,Vjo| = [t]},

where |t] denotes the largest integer smaller than ¢, and for a multi-index
a=(a1,...,0q) with |a| = a1+ +ag, D*f(z) = 0l f(z) /025" - - - D
[see, for example 39]. We assume that for some 0 <t <t < oo and L > 1,

..F C Ute[z’ﬂz(t, L), (41)

and consider the confidence band C,, = {C,(z) : © € X'} of the form (3.3)
and (3.4), where X is a (suitable) compact set in RY.

We begin with stating our assumptions. First, we restrict attention to ker-
nel density estimators fn based on either convolution or wavelet projection
kernel functions. Let r be an integer such that r > 2 and r > t.
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Condition L1 (Density estimator). The density estimator fn s either a
convolution or wavelet projection kernel density estimator defined in (3.13),
(8.15), and (3.16). For convolution kernels, the function K : R — R has
compact support and is of bounded variation, and moreover is such that
[K(s)ds =1 and [s'K(s)dz = 0 for j = 1,...,7 — 1. For wavelet pro-
jection kernels, the function ¢ : R — R is either a compactly supported
father wavelet of regularity r — 1 (that is, ¢ is (r — 1)-times continuously
differentiable), or a Battle-Lemarié wavelet of reqularity v — 1.

The assumptions stated in Condition L1 are commonly used in the liter-
ature. See [14] for a more general class of convolution kernel functions that
would suffice for our results. Details on compactly supported and Battle-
Lemarié wavelets can be found in Chapters 6 and 5.4 of [12], respectively.

It is known that if the function class F is sufficiently large (for example,
if 7 = 3(¢t, L) UX(t,L) for ' > t), the construction of honest adaptive
confidence bands is not possible; see [29]. Therefore, following [19], we will
restrict the function class F C U;c n%(2, L) in a suitable way, as follows:

Condition L2 (Bias bounds). There exist constants ly, cs, C3 > 0 such that
for every f € F C Uepg®(t, L), there exists t € [t, 1] with

c327" < sup [Bf[fu(x,1)] - f(2)] < C527", (4.2)
zeX

for all 1 > 1y.

This condition is inspired by the path-breaking work of [19] (see also [33]).
It can be interpreted as the requirement that the functions f in the class F
are “self-similar” in the sense that their regularity remains the same at large
and small scales; see also [4]. To put it differently, “self-similarity” could be
understood as the requirement that the bias of the kernel approximation to
f with bandwidth 27! remains approximately proportional to (27/)* — i.e.
not much smaller or not much bigger — for all small values of the bandwidth
27,

It is useful to note that the upper bound in (4.2) holds for all f € X(t, L)
(for sufficiently large C3) under Condition L1; see, for example, Theorem
9.3 in [23]. In addition, [19] showed that under Condition L1, the restriction
due to the lower bound in (4.2) is weak in the sense that the set of elements
of X(t, L) for which the lower bound in (4.2) does not hold is “topologically
small”. Moreover, they showed that the minimax optimal rate of conver-
gence in the sup-norm over (¢, L) coincide with that over the set of elements
of (¢, L) for which Condition L2 holds. We refer to [19] for a detailed and
deep discussion of these conditions and results.

We also note that, depending on the problem, construction of honest
adaptive confidence bands is often possible under somewhat weaker condi-
tions than that in L2. For example, if we are interested in the function
class X(t, L) UX(t, L) for some t' > t, [24] showed that it is necessary and
sufficient to exclude functions (¢, L)\X(¢, L, p,) where X(t, L, p,) = {f €
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S(t, L) : infyes ) |9 — flloo = pn} and where p, > 0 is allowed to con-
verge to zero as mn increases but sufficiently slowly. If we are interested in
the function class U;ep 7 %i(%, L), [4] showed that (essentially) necessary and
sufficient condition can be written in the form of the bound from below
on the rate with which wavelet coefficients of the density f are allowed to
decrease. Here we prefer to work with Condition L2 directly because it is
directly related to the properties of the estimator fn and does not require
any further specifications of the function class F.

In order to introduce the next condition, we need to observe that under
Condition L2, for every f € F, there exists the unique t € [t,t] satisfying
(4.2); indeed, if t; < to, then for any ¢,C > 0, there exists [ such that
C272 < 27" for all | > [, so that for each f € F condition (4.2) can hold
for all [ > [y for at most one value of ¢. This defines the map

t:F = [tt], f—t(f). (4.3)

The next condition states our assumptions on the candidate set £, of the
values of the smoothing parameter:

Condition L3 (Candidate set). There exist constants c4,Cy > 0 such that
for every f € F, there exists | € L,, with

<c4 logn>1/(2t(f)+d) ol < <C’4 1Ogn>1/(2t(f)+d) W
n - - n ’ ’

for the map t : f — t(f) defined in (4.3). In addition, the candidate set is
either Ly, = [lminn, lmax,n] (for convolution kernels) or Ly, = [lmin,n, lmax,n] N
N (for convolution or wavelet projection kernels).

This condition thus ensures via (4.4) that the candidate set £,, contains
an appropriate value of the smoothing parameter that leads to the optimal
rate of convergence for every density f € F.

Finally, we will make the following mild condition:

Condition L4 (Density bounds). There ezist constants 6, f, f > 0 such
that for all f € F,

f(x) > f forall x € X% and f(z) < f for all z € RY, (4.5)
where X0 is the §-enlargement of X, i.e., X% = {x € R?: infyex |[z—y| < 5}

We now discuss how we choose various parameters in the confidence band
Cp. In the previous section, we have shown how to obtain honest confidence
bands as long as we can control the bias A, f(Zn) appropriately. So to
construct honest adaptive confidence bands, we seek a method to choose the
smoothing parameter Zn € L, so that the bias A, f(fn) can be controlled
and, at the same time, the confidence band C, is adaptive. There exist
several techniques in the literature to achieve these goals; see, for example,
[31] for a thorough introduction. One of the most important such techniques

is the Lepski method (see [26] for a detailed explanation of the method). In
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this paper, we introduce a new implementation of the Lepski method, which
we refer to as a multiplier bootstrap implementation of the Lepski method.

Algorithm 2 (Multiplier bootstrap implementation of the Lepski
method). Let v, be a sequence of positive numbers converging to zero. Let
Cn,f(7n) be the (1 — vy,)-quantile of the random wvariable |Gy, ||y, appear-
ing in Condition H1, and let ¢,(vn) be an estimator of c, f(vn) defined by
Algorithm 1 with « replaced by ~y, that is ¢, (n) is the conditional (1 —y)-
quantile of the supremum of the Gaussian multiplier process |G|y, defined
in (3.20) given the data X7'. For alll € Ly, let

Lo ={l'eLy,:1'>1}.

For some constant g > 1, which is independent of n, define a Lepski-type
estimator
\/ﬁ’fn(mv l) — fn(xv l/)|

[n::inf leL,: sup su - -
{ l’EEIZ’l mef\i On (l‘, l) +0n (l‘, l/)

< qén(’yn)} . (4.6)

Comment 4.1 (On our implementation of Lepski’s method). We refer to
(4.6) as a (Gaussian) multiplier bootstrap implementation of the Lepski
method because ¢, (7y,) is obtained as the conditional (1 — 7, )-quantile of
|G]Jy, given X7. Previous literature on the Lepski method used Talagrand’s
inequality combined with some bounds on expectations of suprema of certain
empirical processes (obtained via entropy methods and Rademacher aver-
ages) to choose the threshold level for the estimator (the right hand side of
the inequality in (4.6)); see [18] and [20]. Because of the one-sided nature of
the aforementioned inequalities, however, it was argued that the resulting
threshold turned out to be too high leading to limited applicability of the
estimator in small and moderate samples. In contrast, an advantage of our
construction is that we use ¢é,(y,) as a threshold level, which is essentially
the minimal possible value of the threshold that suffices for good properties
of the estimator. u

Once we have fn, to define the confidence band C,, we need to specify
on(x,1), én(), and ¢,. We assume that &, (z,1) is obtained via (3.14) and
én(@) via Algorithm 1. To specify ¢, let u], be a sequence of positive
numbers such that w/, is sufficiently large for large n. Specifically, for large
n, u,, is assumed to be larger than some constant C'(F) depending only on
the function class F. In principle, the value C(F) can be traced out from the
proof of the theorem below. However, since the function class F is typically
unknown in practice, u), can be set as a slowly growing sequence of positive
numbers. The problem of selecting u,, in practice is like that of selecting
the level of undersmoothing, and solving this problem is beyond the scope
of this paper. Set

O 1= UpCn ()
The following theorem shows that the confidence band C, defined in this
way is honest and adaptive for F:



ANTI-CONCENTRATION AND CONFIDENCE BANDS 19

Theorem 4.1 (Honest and Adaptive Confidence Bands via Our
Method). Suppose that Conditions L1-L4 are satisfied. In addition, sup-
pose that there exist constants cs, Cs > 0 such that (i) 2maxnd(logh n)/n <
Csn™%, (1) lminn > cslogn, (i) v, < Csn™%, (i) |logy,| < Cslogn, (v)
ul, > C(F), and (vi) u), < Cslogn. Then Conditions H1-H6 in Section 3
and (3.7) in Theorem 3.1 hold and

sup P <sup ACh(x)) > C(1+ u;)rn(t(f))> < Cn™¢ (4.7)
feF zeX

where \(-) denotes the Lebesgue measure on R and ry(t) := (logn/n)t/ (t+d)

Here the constants ¢, C > 0 depend only on c5, Cs, the constants that appear
in Conditions L1-L4, and on the function K (when convolution kernels are
used) or the father wavelet ¢ (when wavelet projection kernels are used).
Moreover,

sup Py (sup ACr(x)) > C(1+ u’n)rn(t)> <Cn™¢, (4.8)
FEFNS(4,L) zeX

with the same constants c¢,C as those in (4.7).

Comment 4.2 (Honest and adaptive confidence bands). Equation (3.7)
implies that the confidence band C,, constructed above is asymptotically
honest at a polynomial rate for the class F. In addition, recall that r,(t)
is the minimax optimal rate of convergence in the sup-metric for the class
FNX(t,L); see [19]. Therefore, (4.8) implies that the confidence band C,, is
adaptive whenever u), is bounded or almost adaptive if u/, is slowly growing;
see discussion in front of Theorem 4.1 on selecting u),. [

Comment 4.3 (On inflating terms). When w), is bounded, the rate of
convergence of the length of the confidence band to zero (1 + ul,)r,(t) co-
incides with the minimax optimal rate of estimation of over (¢, L) with
no additional inflating terms. This shows an advantage of the method of
constructing confidence bands based on the explicit control of the bias term
in comparison with the method based on undersmoothing where inflating
terms seem to be necessary. This type of construction is inspired by the
interesting ideas in [4]. [

Comment 4.4 (Extensions). Finally, we note that the proof of (3.7) and
(4.7) in Theorem 4.1 did not use (4.1) directly. The proof only relies on
Conditions L1-L4 whereas (4.1) served to motivate these conditions. There-
fore, results (3.7) and (4.7) of Theorem 4.1 apply more generally as long as
Conditions L1-L4 hold, not just for Holder smoothness classes. [ ]

APPENDIX A. COUPLING INEQUALITIES FOR SUPREMA OF EMPIRICAL
AND RELATED PROCESSES

The purpose of this section is to provide two new coupling inequalities
based on Slepian-Stein methods that are useful for the analysis of uniform
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confidence bands. The first inequality is concerned with suprema of empir-
ical processes and is a direct corollary of Theorem 2.1 in [7]. The second
inequality is concerned with suprema of Gaussian multiplier processes and
will be obtained from a Gaussian comparison theorem derived in [8].

Let X1,...,X, be ii.d. random variables taking values in a measurable
space (5, S). Let G be a pointwise-measurable VC(b, a, v) type function class
for some b > 0, a > e, and v > 1 (the definition of VC type classes is given
in Section 3). Let 0? > 0 be any constant such that SUDgeg Elg(X1)?] <
02 < b%. Define the empirical process

Galg) := \/lﬁ S (9(X:) — Elg(X1)), g € G,
=1

and let
Wi := [|Gyllg = sup |Gn(g)]
g€g

denote the supremum of the empirical process. Note that W, is a well-
defined random variable since G is assumed to be pointwise-measurable.
Let B ={B(g) : g € G} be a tight Gaussian random element in £*°(F) with
mean zero and covariance function

E[B(g1)B(g2)] = Elg1(X1)g2(X1)] — E[g1(X1)|E[g2(X1)],

for all g1,92 € G. It is well known that such a process exists under the
VC type assumption [see 41, p.100-101]. Finally, for some sufficiently large
absolute constant A, let

K, := Av(logn V log(ab/0)).
In particular, we will assume that K,, > 1. The following theorem shows

that W, can be well approximated by the supremum of the corresponding
Gaussian process B under mild conditions on b, o, and K.

Theorem A.1 (Slepian-Stein type coupling for suprema of empirical pro-
cesses). Consider the setting specified above. Then for every v € (0,1) one
can construct on an enriched probability space a random variable W° such

that (i) WO L ||B|lg and (ii)

1/2 3/4 1/3,.2/3 7-2/3
P ]Wn—WO\ - bK, N (bo)*/* Ky bHPa*lP Ky
(yn)1/2 ~1/2p1/4 ~1/31/6
< <7+ logn) ’
n

where A’ is an absolute constant.

Comment A.1 (Comparison with the Hungarian couplings). The main
advantage of the coupling provided in this theorem in comparison with,
say, Hungarian coupling [25], which can be used to derive a similar result,
is that our coupling does not depend on total variation norm of functions
g € G leading to sharper inequalities than those obtained via Hungarian
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coupling when the function class G consists, for example, of Fourier series
or Legendre polynomials; see [7]. In addition, our coupling does not impose
any side restrictions. In particular, it does not require bounded support of
X and allows for point masses on the support. In addition, if the density of
X exists, our coupling does not assume that this density is bounded away
from zero on the support. See, for example, [34] for the construction of the
Hungarian coupling and the use of aforementioned conditions. [ ]

Let &1,...,&, be independent N(0,1) random variables independent of
X7 = {X1,..., X}, and let & = {&1,...,&,}. We assume that random
variables X1,..., Xy, &1,...,&, are defined as coordinate projections from
the product probability space. Define the Gaussian multiplier process

Gug) = Gl X7, €1)(g) = \}ﬁ S 6(9(X0) — Enlg(X0)), g € G,
=1

and for 27 € S™, let Wy, (2}) := |G (zV, })|lg denote the supremum of this
process calculated for fixed X]* = z. Note that W, (z7) is a well-defined
random variable. In addition, let

2K, 22 K3 1/4 1 /b202K3 1/4 1
Py 1= 7 + < 7 n) and 'Yn((s) = = <”> + —.

n n 1) n n

The following theorem shows that Wn(X 1) can be well approximated with
high probability by the supremum of the Gaussian process B under mild
conditions on b, o, and K.

Theorem A.2 (Slepian-Stein type coupling for suprema of multiplier pro-
cesses). Consider the setting specified above. Suppose that b*°K, < no?.
Then for every § > 0, there exists a set Sy o € 8™ such that P(X] € Sp0) >
1—=3/n and for every x} € Sy0 one can construct on an enriched probability

space a random variable W9 such that (i) W° 4 |Bllg and (i)
P([Wa(a}) = WO| > ( +8)) < A"7(0),
where A” is an absolute constant.

Comment A.2 (On the use of Slepian-Stein couplings). Theorems A.1
and A.2 combined with anti-concentration inequalities (Theorem 2.1 and
Corollary 2.1) can be used to prove validity of Gaussian multiplier bootstrap
for approximating distributions of suprema of empirical processes of VC
type function classes without weak convergence arguments. This allows us
to cover cases where complexity of the function class G is increasing with
n, which is typically the case in nonparametric problems in general and in
confidence band construction in particular. Moreover, approximation error
can be shown to be polynomially (in n) small under mild conditions. [ |
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APPENDIX B. SOME TECHNICAL TOOLS

Theorem B.1. Let &1,...,&, be i.i.d. random wvariables taking values in
a measurable space (S,S). Suppose that G is a nonempty, pointwise mea-
surable class of functions on S uniformly bounded by a constant b such that
there exist constants a > e and v > 1 with supg N(G, L2(Q),be) < (a/€)®
for all 0 < € < 1. Let 0% be a constant such that SUp,eg Var(g) < 0% < b2,
If >vlog(ab/o) < na?, then for all t < no?/b?,

> A\/na2 {t v <v log ab> }] <e
o

where A > 0 is an absolute constant.

Z{g(&) —E[g(&)]}

=1

P |sup

geg

Proof. This version of Talagrand’s inequality follows from Theorem 3 in [30)]
combined with a bound on expected values of suprema of empirical processes
derived in [14]. [

Proofs of the following two lemmas can be found in the Supplemental
Material.

Lemma B.1. Let Y = {Y(t) : t € T} be a separable, centered Gauss-
ian process such that B[Y (t)?] = 1 for all t € T. Let c(a) denote the
(1 — a)-quantile of |Y||r. Assume that E[|Y]|r] < oco. Then c(a) <
E[||lY 7] + 2|loga| and c(a) < M(|Y||7) + /2| log | for all o € (0,1)
where M (||Y ||7) is the median of ||Y||r.

Lemma B.2. Let G; and Ga be VC(by,a1,v1) and VC(be, az, va) type classes,
respectively, on a measurable space (S,S). Then with a = (a7 aSQ)l/(vlJr”?),
(1) G1-Ga={g1-92: 91 € G1,92 € Ga} is VC(b1be,2a,v1 +v2) type class, (ii)
Gi—Go={g1—92:91 € G1,92 € Ga} is VC(by + ba,a,v1 + v2) type class,
and (iii) G2 = {93 : g1 € G1} is VCO(b?,2a1,v1) type class.

APPENDIX C. PROOFS FOR SECTION 2

Proof of Theorem 2.1. The fact that a(X) < oo follows from Landau-Shepp-
Fernique theorem (see, for example, Lemma 2.2.5 in [13]). Since sup;cp X; >
Xy, for any fixed tg € T, a(X) > E[X;,] = 0. We now prove (2.3).

Since the Gaussian process X = (Xy)ier is separable, there exists a se-
quence of finite subsets T,, C T such that Z,, := maxe7,, Xi — sup;cr Xi =:
Z as. asn — oo. Fix any z € R. Since |Z,, — x| — |Z — z| a.s. and a.s.
convergence implies weak convergence, there exists an at most countable

subset A, of R such that for all e € R\N,,
lim P(|Z, — x| <€) =P(|Z —z| <e).
n—oo

But by Theorem 3 in [8],

P(1Z, —z| <e€) < 46(E[?€1%1(Xt] +1) <4e(a(X) + 1),
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for all € > 0. Therefore,

P(|1Z — x| <€) <4e(a(X) + 1), (C.1)
for all € € R\N,. By right continuity of P(|Z — z| < ), it follows that (C.1)
holds for all € > 0. Since x € R is arbitrary, we obtain (2.3). [

Proof of Corollary 2.1. The proof is analogous to that of Theorem 2.1 and
therefore is omitted. ]

APPENDIX D. PROOFS FOR SECTION 3

Proof of Theorem 3.1. Pick any f € F. By the triangle inequality, we have
for any z € X,

Vilda(@, 1) — £(@)
on(x,ly)
by which we have
P(f(x) € Cp(x),Va € X)
> Py(|Zn,g (@, 0n)| + D g (ln) < (@n(@) + )60 (1) /o, g (@, 1), Vo € X)
> Pf(ilelg |Zn (2, 1) + Ap g (1) < (En(@) + ) (1= €30)) = 83 (D.1)

Un’f(l’, Zn)

&n(ﬂf, Zn) ,

< (‘me(x, in)’ + An,f@"))

> Pr(sup | Zn f(2,0n)| < én(@)(1 — €30) — Coean) — O30 — Oan (D.2)
zeX

> Py (1 Znsllv < En(@)(1 = €50) — hesn) — 3 — bin (D.3)

> Pf(HZn,fHVn < én(a)(l - 6311) — Un€3nV log n) — 03y, — 04 — 55n7 (D-4)
where (D.1) follows from Condition H4, (D.2) from Condition H5, (D.3) from

the inequality sup,ey |Zn f(%,1n)] < |Zn.fllv,, and (D.4) from Condition
H6. Further, the probability in (D.4) equals (recall that W, r = || Z, ¢|lv,,)

Pr(Wy 5 < én(a)(l — e3n) — un€sny/logn)
>Pr(Why ¢ <cp o+ 7)(1 — €3n) — €2 — Uneany/logn) — dop, (D.5)
where (D.5) follows from Condition H3. Now, the probability in (D.5) is
bounded from below by Condition H1 by
Pf(W,gJ S cmf(a + Tn)(l - €3n) — €1n — €25 — unegn\/logn) — 5171,
> Pp(Wy < cng(a+70) = pe, (IGngl) = 0n (D.6)
> 1_Q_Tn_p€n(‘Gn,f’)_5lna (D7)

where (D.6) follows from the definition of the Lévy concentration function
Pe, (|Gn,f]) given that €, = €1, + €2n + €3n(cn () + upy/logn) and (D.7)
follows since ¢, ¢(-) is the quantile function of W}l)’ - Combining these in-
equalities leads to (3.5).

To prove (3.6) and (3.7), note that é, < Cn™¢ and 7, < Cn~¢ by
Conditions H1 and H3-H6. Further, by Markov’s inequality, ¢, f(a) <
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E[||Gn fllv.])/a < Clogn, so that €, f < Cn™¢ because ezupny/logn <
Cin~¢. Therefore, (3.6) and (3.7) follow from (3.5) and Condition H2. m

Proof of Corollary 3.1. The proof is similar to that of Theorem 3.1. The
details are provided in the Supplemental Material. [

Proof of Theorem 3.2. In this proof, ¢,C > 0 are constants that depend
only on cg, Co but their values can change at each appearance.

Fix any f € F. Let Gy = {Gpt(v) : v € V,,} be a tight Gaussian
random element in £°°(V,,) with mean zero and the same covariance function
as that of Z, ;. Since b2oiK;/n < Con=, it follows from Theorem A.1

that we can construct a random variable Wr(; 7 such that WT& 7 4 1Gn.flIv.
c

and (3.1) holds with some €1, and 01, bounded from above by Cn™¢. In
addition, inequality E[||G), ¢|lv,] < Cv/logn follows from Corollary 2.2.8 in
[41]. Condition H1 follows. Given Condition H1, Condition H2-(b) follows
from Corollary 2.1, and Condition H2-(a) follows from H2-(b).

Consider Condition H4. There exists ng such that Con,, €2 < 1. It suffices
to verify the condition only for n > ng. Note that

&n(xal) _1‘< 5‘%(%’,”

< —1f.
on,f(x,1) ai,f(x,l)

(D.8)

Define IC27f = {g? : g € Kp,,s}. Given the definition of 6, (x,1), the right

n

hand side of (D.8) is bounded by

sup [En[g(Xy)] — E[g(X1)]| + sup |E,[9(Xi)]* — E[g(X1)]’].  (D.9)
geleL’f 9e 5

It follows from Lemma B.2 that K2 s VC(b2,2a,,v,) type class. Moreover,
for all g € /C?%f,

Elg(X:)?] < b3E[g(X:)] < b0y

Therefore, Talagrand’s inequality (Theorem B.1) with ¢ = logn, which
can be applied because b2K,/(no2) < b2otKi/n < Con~® < 1 and

n

b2 logn/(no?) < b2K,/(no2) <1 (recall that o, > 1 and K,, > 1), gives

1 [b202K
Pl sup [Enfg(X:)] - Elg(X)] > 5 =
geleL’f

1

< —. D.10

n n ( )
In addition,

sup |En[g(X:)]* — Elg(X1)]?| < 20, sup [En[g(Xy)] — E[g(X1)]l,
gEKn, ¢ 9gELn, f

so that another application of Talagrand’s inequality yields

P ( sup [En[g(X:)]* — E[g(X1))?| > % bgbg%Kn) < (D.11)
9K ¢ n n
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Given that b202 K, /n < b2t K2 /n < Cyn~°2, combining (D.8)-(D.11) gives
Condition H4 with €3, := (b202K,/n)"/? and 83, := 2/n.

Finally, we verify Condition H3. There exists n; such that eg,, < 1/2. It
suffices to verify the condition only for n > n1, so that €3, < 1/2. Define

~ ~ Ki(X;,x o x,l
Gl ) = Gl X7, ) Z@ R —hle),

and
AG,(2,1) = Gp(2,1) — Gy (,1).
In addition, define

Wn(.ﬂf) = sup @n(.ﬁ?,g?)(x,l),
(z,l)eX XLy

Wa(z]) = sup  Gu(af, &) (2, 1).
(z,l)eX XLy

Consider the set Sy, 1 of values X7 such that |6, (x,1)/0p (2, 1) — 1| < €3,
for all (z,1) € X x L,, whenever X]' € S,, 1. The previous calculations show
that P¢(X7 € Sp1) > 1 — 63, =1 —2/n. Pick and fix any 27 € Sy, 1. Then

AGy (7, £7)( Z&Kl Tt J;”(x 1) < (@, l; —1)

is a Gaussian process with mean zero and

. 62(x,1) (on(,l 2
Var (AGy (ot €0) (o) = T3 ) (240 1) <,
Further, the function class
o . JEKi(,z) (on(z,]) ,
Kn = {an(x,l) <6n(:z,l) 1) :(z,l) € X X Ly,

is contained in the function class

aKl(',as)' el B
{an(a:,l) sz, la) € X X Ly X | 1,1]},

and hence is VC(by,, 4ay, 1 + vy,) type class by Lemma B.2. In addition,

E[(AG. (. &)@, 1) = AGu (o, ) (", 1))

Ki(zi,2') (on(@ ") ) Ki(z, 2") (on(2",1") . 2
on(@ 1) \ Gn(a’,l') on(z 1) \ 6 (2’ 1") J
for all 2/,2” € X and I',l” € L,, so that covering numbers for the index

set X x L, with respect to the intrinsic (standard deviation) semimetric
induced from the Gaussian process AG,(z7,£7') are bounded by uniform

<E,
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covering numbers for the function class I@n, ¢- Therefore, an application of
Corollary 2.2.8 in [41] gives

4da,by, ) vn

€3n

E| sup  |AG.(] &) (e, m] < cegm\/ log (
(2,)EX X Ln
< Cesp vV K, (1 + \/log(l/egn)) <Cn~°¢,

where the last inequality follows from the definition of es,, above. Combin-
ing this bound with the Borell-Sudakov-Tsirel’son inequality, and using the
inequality

Wa(a?) = Wa(2?)] < sup  |AGq(af, &) (2, 1),

(z,l)EX XLy
we see that there exists A\, < Cn~¢ such that
P(|W(27) — Wa(af)| > Aip) < Cn7°, (D.12)

whenever z € S, ;. Further, since b2orK2/n < Con=°2, Theorem A.2
shows that there exist Ao, < Cn™¢ and a measurable set Sy, o of values X7
such that P (X[ € Sy, 2) > 1—3/n and for every z7 € Sy, 2 one can construct

a random variable W such that W0 < |Gn.fllv, and

P(|[Wy(z}) — WO > Aap) < O™ (D.13)
Here W° may depend on z7 but ¢, C' can be chosen in such a way that they
depend only on ¢y, Co (as noted in the beginning).

Pick and fix any z7 € Sy := Sn,1 N Sy,2 and construct a suitable wo 4

|G, ¢llv, for which (D.13) holds. Then by (D.12), we have

P(|Wyn(a}) — W9 > \,) < Cn~¢, (D.14)
where A, := Aip, + Aa,. Denote by &, (a, z7) the (1 — a)-quantile of W, (z7}).
Then we have

P(HGn,fHVn < én(oz,:L"?f) +An) = P(WO < én(a, x?) +An)

> P(Wy(a2}) < én(a,2})) —Cn™°
Z l—oa-— Cn_ca

by which we have é,(a,zt) > cp (o + Cn™¢) — X\,. Since 27 € Spo is
arbitrary and ¢é,(a) = é,(o, X7'), we see that whenever X7 € S, 0, ¢é,(a) >
Cn,f(o +Cn~¢) — Ap. Part (a) of Condition H3 follows from the fact that
Pr(XT € Spo) >1—5/n and A\, < Cn~¢. Part (b) follows similarly. [

APPENDIX E. PROOFS FOR SECTION 4

In this section, we prove Theorem 4.1. Here constants ¢, C > 0 depend
only on the constants appearing in the statement of Theorem 4.1 and in Con-
ditions L.1-L.4 but their values may change at each appearance. When £,, =
[Imin,n, lmax,n), let s € (0, 1] be some number. When £,, = [lminn, lmax,n] 1N,
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let s = 1. The role of s in the proof is to make sure that for any [ € £,
either there is some I’ € £,, such that " € [l —s,1) or there isno !’ € £,, such
that I’ < I. The proof is long, so we start with several preliminary lemmas.

Lemma E.1. Let ¢ be a father wavelet satisfying the latter part of Condition
L1. Then there exists a constant cy > 0 depending only on ¢ such that for
all z = (z1,...,2q) € R,
Z H (T — km)? > co. (E.1)
k1, kg€Z 1<m<d

Lemma E.2. Under the assumptions of Theorem 4.1, there exists ng such
that for all n > ng, Condition VC holds with b, < C2mexnd/2 4 < O,
vp < C. In addition, o, < C and for all f € F and | € L,

0242 < inf on,f(x,1) < sup oy f(z,1) < g2l/2, (E.2)

Here ng, o, and & depend only on the constants appearing in the statement
of Theorem 4.1 and in Conditions L1-L4.

Proofs of Lemmas E.1 and E.2 can be found in the Supplemental Material.

Lemma E.3. Under the assumptions of Theorem 4.1, Conditions HI-H)
are satisfied. Moreover, Condition H3 holds uniformly over all o € (0,1).

Proof of Lemma E.3. The result follows from combining Lemma E.2 and
Theorem 3.2. [

Lemma E.4. Under the assumptions of Theorem 4.1, there exist ¢ > 0 and
C > 0 such that

Aon =1 —=Py(ey/logn < ép(yn) < Cy/logn) < Cn™°.

Proof of Lemma FE.j. Lemma E.3 implies that the result of Theorem 3.2
applies under our assumptions. Therefore, we can and will assume that
Conditions H1-H4 hold with Condition H3 being satisfied uniformly over all
a € (0,1). Inequality

Ps(én(vn) < cy/logn) < Cn™°

follows from Condition H3 and the fact that ¢, (v, + 7o) is bounded from

c

below by (1—~,, —7,) quantile of N (0, 1) distribution where v, +7, < Cn~¢.
Now let us verify inequality
Ps(én(vn) > Cy/logn) < Cn™°. (E.3)
Let M(z}) denote the median of W, (z}) = ||Gn(2?,&M)|ly,. Applying
Lemma B.1 conditional on the data gives
En(Yn) < M(XT) + /2| 1og vl (E4)

Further, in the proof of Theorem 3.2, it was shown that there exists a mea-
surable set Sy, of values of X' such that Ps(X7 ¢ Sp0) < Cn™¢ and
for each =7 € 5,0 one can construct a random variable WO such that
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P(|Wy(z?) — WO > (1) < Con for some (i, and (o, both bounded by
Cn—¢ and WO £ |G, £llv,; see (D.14). Therefore,

Pr(M(XT) > cnp(1/2 = Con) + Cin) < Cn”° (E.5)

Since E[||Gy ¢llv,] < Civlogn (assumed in Condition H1), Markov’s in-
equality implies that ¢, ¢(1/2 — (2,,) < Cv/logn. Combining this inequality
with (E.4) and (E.5) and using | logy,| < C5logn give (E.3). This completes
the proof of the lemma. [ ]

Proof of Theorem 4.1. First, we note that for any ¢’ > t(f), f ¢ (¢, L);
otherwise, we would have that sup,cy ]Ef[fn(x, D] — f(z)] < C27% contra-
dicting the lower bound in (4.2). Therefore, (4.7) implies (4.8), and so it
suffices to verify Conditions H1-H6 and to prove (3.7) and (4.7).

By Lemma E.3, we can and will assume that Conditions H1-H4 hold with
Condition H3 being satisfied uniformly over all a € (0,1). In addition,
Condition H6 with some wu,, satisfying cu], < u,, < Cu/, follows from Lemma
E.4.

We now show that under our assumptions, Conditions H5 is also satisfied.
By Condition H4, €3, is bounded by C1n~“. So, there exists n; such that
€sn < 1/2 for all n > ny. Let d4, = 1 for n < max(ng,n1), where ng is
chosen so that for alln > ng and [ € £, [ > [y for [y appearing in Condition
L2, so that Condition H5 holds for these n’s with C; sufficiently large and
c; sufficiently small. Therefore, it suffices to consider n > max(ng, n1).

Let t := t(f). Let m > s be such that ¢32(™=*)t > C3, M; > 0 be such
that M;(1 — C327 ")t /c3) > 2(q + 1)C3/c3, and My > 0 be such that
4Msy < (¢ — 1)a/d where s is introduced in the beginning of Appendix E, ¢
in (4.6), and ¢ and ¢ in Lemma E.2. For M > 0, define

I*(M) := inf {l € L, : C527/n < Mé,(v,) sup 6y (, l)} ,
reX

and let I} := {*(M;) and [ := [*(M>). We will invoke the following lemmas.

Lemma E.5. There exist ¢,C > 0 such that
Ain i=Py(l, <IF —m) < Cn™°.

Proof of Lemma E.5. Define L. := {l € L, : | < If —m}. If there is no
I € L,, such that I’ < I1, we are done. Otherwise, since I} € £,, by £,, being
closed, there exists some ' € £,, such that I’ € [If — s,11) (Condition L3).
Fix this I’. Then

. . Vil fu(@,1) = fo(z, V)]
P, <1t — <P f
gl <li=m) < f(é%i‘é?é (@ 1) + 5 2,1)

< qén(%)> (E.6)
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By Condition L2 and the triangle inequality,
¢327" < sup B¢ [fu(z,D)] — f(2)]
zeX

< sup [Ef[fu(@, )] = ful@, D) + sup | fu(@, 1) = fu(x,1)]
zeX reX

+sup | fu(2,1') = Byl fu(a, 1)]| + sup [Ef[fn (2, )] = f(2)].
TEX TEX

Hence applying Condition L2 one more time and letting
By(l) == sup |fn($al) - Ef[fn(x,l)ﬂ,
zeX

we have

sup | fu (2, 1) — fu(2,1)| > e527" — €527 — B, (1) — Bu(1).
TEX

Further, for I € £}, by the definition of If, construction of Mj, and since
t >t

/
6327“ — C32fl t C3

—(m—s)t
9 > olt+1 <1 — (32 ( )7/03>
3 5 5 —(m—s)t

> —=— Mié,(Vn n(x, 1-—-C52

e T s (v )EEEU (x l)( 3 /63)
> (g4 1)én(vn) Sug on(z, l)/\/ﬁa

re
and

2=t — 527t
1

> An n An l/ 2(m—s)§ -1
> 2\/5M10 (v )igga (z, )(63 /Cs )

> (g + 1)én(7n) Slelg on(@,1)/vn.

Combining these inequalities yields for [ € £}
su \/ﬁ‘fn($a l) — fn(x7 l/) > SUPgex \/mfn(% l) — fn(l‘, l,)|
e TG D) T on(@ ) SUPye n(@,0) + Py (@, [)

s D By(1) + B ()
= \q En\In SUPgex 5'71(1:’ l) + SuPgex &n(l’, l/)

Therefore, (E.6) gives

vEVR on(v)

<Y +Cn~ ¢ < Cn™°

Pl <1 —m) <P, (Sup Vilfa(v) ~ Elfa@)]] | én%))

where the inequalities in the second line follow from an argument similar to
that used in the proof of Theorem 3.1. This gives the asserted claim. ]
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Lemma E.6. There exist ¢,C > 0 such that
Xan i=Py(l, > I5) < Cn™".

Proof of Lemma E.6. Define £2 := {l € L,, : | > I5}. Consider the event
Ay, that sup,cy, [6n(v)/on(v) — 1| < €3,. By Condition H4, the probability
of this event is at least 1 — d3,. On the event A, for all [ € L,

sup 6, (2, 1) < (14 €3,) sup o (2, 1) < (1 + €3,)5242,
reX reX

by Lemma E.2. Therefore, on the event A, for all [ € L2,
C327% /i < Moén (7,) (1 + €3,)5219/2. (E.7)

Indeed, if (E.7) does not hold for [ = I3, then £2 is empty by the definition
of I3; otherwise, (E.7) holds for all [ > I%, and, in particular, for all [ € £2.
Hence, on the event A, for all [ € £2,

C327"/n < Maén () (1 + €30)52'

< Maén(10)(1 + €30) (/) inf o, p(2,1) (E.8)
< Maln () (1 + 2€30)(7/2) inf G (x,1) (E.9)
< (4= 1)ea(n) inf (2. 1), (E.10)

where (E.8) follows from Lemma E.2, (E.9) from the definition of the event
A, and €3, < 1/2, so that 1/(142€3,) < 1—¢€3,, and (E.10) from the choice
of My and (1 + 2¢3,,)? < 4, which holds for all n > n;. Hence

An ;1) = sup Volf(@) = Eylfn(z, D]

reX &n(xvl)

satisfies
Py <su€ Amf(l) > (q— 1)én(’yn)> < O3n (E.11)
lec

by Condition L2. Further, by the definition of [, and the triangle inequality,

~ An l _ An l/
Pf<ln>lé>spf(8up sup YD) = fnl, )

Ll'eL? zeXx on(x,l) + ap(z,1")

> qén(%)>

v, (Sup up Y. D) = F@)] qén(%)>

leL2 zeX on(z,1)

Using the definition of An, #(1) and applying the triangle inequality once
again, the probability in the last expression can be further bounded from
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above by
Pf Sup sup \/ﬁ’fn('%{) — Ef[fn(mvl)” + An,f(l) > qén(%)
leL2 zeXx Un(% l)
<Py | sup \/ﬁ\fn(U)A — Eslfn0)] > Cn(vn) | + d3n (E.12)
vEV, Un(’l})
< Ap + 03, + Cn~ ¢ < Cn™“. (E.13)

where (E.12) follows from (E.11), and (E.13) from an argument similar to
that used in the proof of Theorem 3.1 and because 7, and d3, are both
bounded by Cn~¢. This gives the asserted claim. ]

Let I := [§(f) be | € L,, satisfying (4.4), which exists by Condition L3.
Now we can verify Condition Hb:

Lemma E.7. Under our assumptions, Condition H5 is satisfied.

Proof of Lemma E.7. We claim that with probability at least 1 — d3,, — Agn,
V2 2 < Ce (). (E.14)

Indeed, consider the event that for all I € L,,,

én('}/n) > C\/IOE and sup (3'”(1" l) < (1 + €3n)5'21d/2_
zeX

By Lemmas E.2 and E.4 and Condition H4, the probability of this event is
greater than or equal to 1 — d3, — Agn. On this event, if [T > [fj, then

V2 HEHD) < ot/ <\ /O Togn < Cén(yn),

and if [7 <[5, then the set

{l e L, :Cs27"/n < Myén(vn) sup 6, (x, 1)}
zekX

is nonempty, so that {7 belongs to the set
(L€ L, : C527"/n < My () (1 + €3,)521%2},

and so (E.14) holds in both cases on this event because 1 + €3, < 3/2.
Hence, with probability at least 1 — 03, — Aon — A1n,

R Q—int N ~
Apslin) < —YPOET o nonaint)(goindr?) (E15)
infrex on ¢(z, 1y

= Oy/n2 In(+d/2) < 0\ fro=(i=m(t+d/2) < 0 (v,),  (E.16)
where (E.15) follows from Condition L2 and Lemma E.2, and (E.16) from

Lemma E.5, and (E.14). Since 035, + Aon + A1, < Cn~¢, Condition H5 follows
because ¢, = ul,¢n(vn) and ), is sufficiently large (u], > C(F)). [

Finally, to prove the theorem, we will use the following lemmas:
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Lemma E.8. There exist ¢,C > 0 such that

A log )~/ 2+
A3p = sup Py | sup 6, (z, ln)2 >C < ) <Cn™“.
fer zeX n

Proof of Lemma E.8. We claim that with probability at least 1 — 03, — Agn,

9= (=9)(t+d/2) /i > ¢\ /logn. (E.17)

Indeed, consider the event that for all [ € £,,,

() < C\/@ and sup G, (x,1) > (1 — €3n)g2ld/2.
TEX

By Lemmas E.2 and E.4 and Condition H4, the probability of this event is
greater than or equal to 1 — d3, — Agp. On this event, if I3 — s < [, then

V2~ G=9t+d/2) > fro—lit+d/2) > | /oo,

and if [5 — s > [, then there is an element I’ € £,, such that " € [I5 — s,13),

and
V27V > g (y,) > ey/logn,

since I’ does not belong to the set

{lte L, : C327 % /n < Mséy () sup 64,(x, 1)},
rEX

and so also does not belong to the set
{l € Ly, : C327"/n < Moén (7)1 — €3,)02'9?)}.

Therefore, (E.17) holds in both cases on this event.
Hence, by Lemma E.6, with probability at least 1 — 3, — Aon — Aon,

2_Zn(t+d/2)\/ﬁ > cy/logn.

Conclude that with the same probability

A A ) log '\ ~4/ )
sup (371(ac,ln)2 < (1+ €3n)2 sup O'n,f(l",ln)Z <c2d < ¢ ( > .
ZEX TEX n

Since 035, + Agn + Ao < Cn¢, the result follows. ]

We now finish the proof of the theorem. We have by now verified Condi-
tions H1-H6. Since Conditions H1-H6 hold with Condition H6 being satisfied
with u, < Cul, < C'logn, Theorem 3.1 applies, so that (3.7) holds. Further,
by construction,

SUD A(Ca()) = 2(en(@) + ) 5D (@, 1) / v/
reX TEX
Therefore, combining Conditions H3 and H6 and Lemma E.8, we have

m(ﬂf)))
sup P | sup A\(Cp(2)) > Cé, < dop + 051 + Asn, E.18
s (s > o0 0)) <ot B9

where

Cn = Cpf(00 — Ty) + €2 + u;ﬂ/logn.
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Since 7,, and €9, are both bounded by Cin~“ (Condition H3), there exists
ng such that 7, < a/2 and ey, < 1 for n > ny. For n < ng, (4.7) holds by
choosing sufficiently large C'. Consider n > ny. Then

Cn,fla—Ty) + €2 < e p(a/2) +1

By Lemma B.1, ¢, f(«/2) < E[||Gp ¢llv,] +1/2[1log(e/2)|. By Condition H1,
E[||Gn ¢llv,] is bounded from below, and so ¢, f(a/2) + 1 < CE[||Gy ¢]lv,]-

Further, E[||Gy, f|lv,] < Ci1v1ogn (Condition H1) gives
en < C(1+ ul)/logn.

Substituting this expression into (E.18) yields (4.7). This completes the
proof of the theorem. [ ]
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Supplemental Material

Deferred Proofs and Discussions

V. Chernozhukov, D. Chetverikov, and K. Kato

APPENDIX F. PROOF OF COROLLARY 3.1
Pick any f € F. Then

Py(f(z) € Cu(2),Vz € X)
> Py (| Znyp (@, 1) + A (i) <

en(@)on (2, 1) o p(2,0n), Y2 € X) (F.1)
>Pf(sup|an(:E L)+ App(ln) < én

(a)(1 — €3n)) — d3n (F.2)

> Py(sup | Z, f(x, I)| < én(a)(1 = €3n) — un\/logn) — d3p — dn  (F.3)
TeEX

> P (1 Zn v < enl@)(1 = es0) — n/Iog ) — dgn — G, (F.4)

where (F.1) follows by the triangle inequality, (F.2) by Condition H4, (F.3)

by assumption (3.8), and (F.4) by the inequality supzeX\me(x,lAn)] <
| Zn ¢y, Further, recalling that W, s = ||Z,_¢||y, and writing

€n 1= €1p + €25 + €3ncn,f(a) + Un v log n,

the probability in (F.4) equals

P (W, < én(a)(1 = e3n) — uny/logn)

> Pr(Whp < cnpla+7)(1— e3n) — €an — up/logn) — dap (F.5)
> Pp(Wy p < cnla+mn) =€) = din — d20 (F.6)
21— a =70 —pe,(|Gnyl) = 01n — d2n, (F.7)

where (F.5) follows by Condition H3, (F.6) by Condition H1, and (F.7) by
the definition of the Lévy concentration function pg, (|G, f|). As in the proof
of Theorem 3.1, ¢, (o) < Cy/logn, so that €, < Cn~°. Hence (3.9) and
(3.10) follow from 7, + 15, + 02, + I35 + d6n < Cn™€

To prove (3.11) and (3.12), note that when £, is a singleton, inequality

SUPye | Zn. (@, 00)] < || Zn.tllv, becomes equality. Therefore, an argument
similar to that used above yields in addition to (3.9) and (3.10),

Ps(f(2) € Culw), V2 € X) < 1 — a4 7+ pay (|G g)
+ 51n + 5271 + 5371 + (5677,7

where €, = €1, + €25, + €300y f(a — 7,) + upy/log n. Hence, (3.11) and (3.12)
follow. This completes the proof of the corollary. [ ]
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APPENDIX G. PrROOFS OoF LEMMAS B.1 AND B.2

Proof of Lemma B.1. Pick any o € (0,1). Since E[Y (t)?] = 1 for all t € T,
the Borel-Sudakov-Tsirel’son inequality (see Theorem A.2.1 in [41]) gives
for all » > 0,

P([Y|lr > E[|[Yl7] +7) < e /2
Setting r = /2| log «| gives

P (Il = BlIYlir] + v2[logal) < a.

This implies that c(o) < E[||Y||7] + y/2|log a|. The result with M (||Y||r)
follows similarly because the Borel-Sudakov-Tsirel’son inequality also ap-
plies with M (||Y||7) replacing E[||Y|7]. [

Proof of Lemma B.2. Consider part (i). Clearly, for any g € G1-Ga, |lglls <
b1be. Further, for any finitely discrete probability measure @ on (S,S) and
J=1,2,let gj1,...,gjn; be a set of functions from the class G; such that
for any g; € Gj, there is some k(g;) such that

Eql(gj — gjreg,))]"* < bj7/2.

By assumption, we can and will assume that N; < (2a;/7;)". Then the set
{g1kgo1 : k=1,...,N1;1=1,..., Na} contains

vr a1/ (01 o) \ VT2
NlNQ S <2(CL1 CL2 ) )

T

elements. At the same time,

EQ[(9192 = 91k(91)924(0))°]"* < Eqldi (92 = 9ak(2))*]"/?
+ Eql(g1 — Qlk(gl))zggk(QZ)]l/Z
< b1b27/2 + bleT/Q = b1baT.
The claim of part (i) follows. Parts (ii) and (iii) follow similarly. [

APPENDIX H. PROOFS FOR APPENDIX A

Proof of Theorem A.1. In this proof, C' is an absolute constant but its value
can change at each appearance. The proof consists of applying Theorem 2.1
in [7]. Standard calculations show that for any ¢ € (0, 1),

g€ = [ sup T+ Tog NG, La(@Q). br)ir < Cev/fog(a/2)"

0
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Further, for some sufficiently large C, let &, := C(bo?+b°K,,/n)'/3. Lemma
2.2 in [7] implies

g€y g€y
b3/2J2(5f”/2)
Cn=1/2p3/2 [ 13/2 7 53/2 3
on OOt )

for any d3 > sup,eg E[lg(X1)[?]Y/3/b. Setting 65 = b/302/3 /b = (o /b)?/3
gives

E [supEan(Xi)\S]] <supE UQ(XI)‘S]

E |sup E,[|g(X:)|%]

< bo? + On VA2 (K 4 K )
9€g

< C(bo? + VK, /n) < k3.
Let g, = J/(bn1/2). Then H,(&,) := log(supg N(G,Ls2(Q),ben) Vn) < K,

and J(e,) < C’UK}/Q/(bnl/Q). Note that since C' in the definition of x,
is sufficiently large, b/k, < v~ /3n'/3H,(¢)~/3. Therefore, Theorem 2.1
combined with Lemma 2.2 in [7]) shows for any v € (0,1), ¢ > 4, and
04 > SUPgeg E[g(X1)*]*/*/b, one can construct a random variable W such

that W £ ||B||g and
P (W, = W > CyAn(en,v)) <7+ C(logn)/n, (H.1)
where Cy is an absolute constant that depends only on ¢, and
An(En,y) = dn(en) + 7 e+~ Y012 4 =2 apy=1/2
T 7—1/251}0/21—{%/2(6”)”—1/4 4 7_1/3/€an/3<571)”_1/67
bulen) < C (b(=n) + 2,20 ()0~ 2)
En < C (VPI(03) + 07 W22 (030 2)
Using the bound derived above, we have
bnlen) < C(oKV 2012 4 bK,n~1?) < CbK,n~Y2,
and setting 64 = (b%62)/4/b = (o /b)/2,
En < C(boKL? + 02 K,n~1?).
Setting ¢ = 4 and using K, > 1 and v < 1 gives
v g, b+ V=12 4 2/ 2 < CbK,, / (yn) 2,
TVENRHY A )V < Oy R (bo) PR Y b () ),
'7_1/3HnH72L/3(5n)n_1/6 < 0(7_1/3bKnn_1/2 i 7_1/3b1/302/3K2/3n_1/6).

Substituting these bounds into (H.1) and using the definition of A, (e, vx),
we obtain the asserted claim. [ |
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The proof of Theorem A.2 uses the following technical results.

Theorem H.1. Let X and Y be Gaussian random vectors in RP with mean
zero and covariance matrices X and XY, respectively. Then for every g €

C*(R),

o (o )]~ 2o (ums 13 )]| < 1o0s/2 4 20 /25 ToR
1<j<p 1<5<p

where A = maxi<;j x<p |Z]X,;, — ka]

Proof. See Theorem 1 in [8]. [

Theorem H.2. Let i and v be Borel probability measures on R. Let € > 0
and & > 0. Suppose that u(A) < v(A°) + ¢ for every Borel subset A of R.
Let V be a random wvariable with distribution p. Then there is a random
variable W with distribution v such that P(|V — W| > ) <e.

Proof. See Lemma 4.1 in [7]. [

Theorem H.3. Let B > 0 and 6 > 1/5. For every Borel subset B of R,
there is a smooth function g : R — R and absolute constant A > 0 such that
19 lloe <671, 1g" |l < ABS™Y, and for allt € R

(1—e)lp(t) < g(t) < e+ (1—e)lgss(t),

where € = 3.5 is given by

e=+ve(l+a)<l,a=p%2-1.
Proof. See Lemma 4.2 in [7]. [

We are now in position to prove Theorem A.2.

Proof of Theorem A.2. In this proof, C is an absolute constant but its value
can change at each appearance. Define G-G = {g-¢g : ¢, € G} and
(G-6)?={(9—3)®: 9,9 € G}. Lemma B.2 implies that G-G is VC(b?, 2a, 2v)
type and (G — G)? is VC(4b?,2a,4v) type function classes. In addition,
E[g?] < b?c? for all g € G-G and E[g?] < 16b%02 for all g € (G—G)?. Together
with the assumed condition b?K, < no?, this justifies an application of
Talagrand’s inequality (Theorem B.1) with ¢ = logn, which gives

P <s1€15 Enlg(X)] - Elg(X0)]| < “f) S (11.2)

P ( sup [E,[o(X0)] - Blg(1)] < bQ"f") 2ol @y

" ( sup [Ealg(X)] — Blgx)l < /20 ) 1o L ()
ge(g—g)2 n n

Let Sp0 € S™ be the intersection of events in (H.2)-(H.4). Then P(X} €
Smo) >1-3/n.
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Fix any 2} € Sno. Let 7 = o/(bn'/?), and let {g1,...,g9n} C G be a
subset of elements of G such that for any g € G there exists j = j(g) €
{1,..., N} such that E[(g(X1) — g;(X1))?] < b*72. We can and will assume
that N < (a/7)". Define

W(zy)(7) := Bax, G (1, 1) (97);

0 . .
Wo(7) = lrgj%IB(gy)L

In addition, define W° := || B||g and
G(r):= {9~ 3:9.9 € G,El(g(X1) - §(X1))*] <V*7°} .

Clearly, we have \Wn(m’f)—W(m?)(Tﬂ < ||@n(m’f,§?)||g(7) and \WO—WO(T)| <
|Bllg(ry- The rest of the proof consists of 3 steps. Steps 1 and 2 pro-

vide bounds on HGn(a:’f,ﬁ?)Hg(T) and [|B||g(r), respectively. Step 3 gives
a coupling inequality and finishes the proof using a method for comparing
W (z7)(r) and WO(r).

Step 1 (Bound on |G, (7, 1) llg(ry)- Here we show that with probability at
least 1 —2/n,

e UQKn b20'2Kg 1/4

n

for some absolute constant L.

Note that
sup [En[g(z:)*] — (Balg(z:)])?| < sup En[g(z:)*] =: D().
g€g(r) 9€G(7)

Then D(7) < p1 + p2 < 02/n+ /b202K,, /n where
p1:= sup E[g(X1)?] < b¥*r? =0?/n,

gegG(T)
p2 = sup |Enfg(zi)?*] —E[g(X1)%]| < sup [Enlg(z)] — E[g(X1)]]-
geq (1) ge(G—G)2

< /b202K,/n.
By the Borell-Sudakov-Tsirel’son inequality (see Theorem A.2.1 in [41]),
with probability at least 1 — 2/n,

1Gn(at, €0 lger) < B [1Gn(a, €)llg(r) | + v2D(7)logn.

Further, E[H@n(ac’f,ﬁ?)ﬂg(ﬂ] < C(r1 + r2) where
IS

1 n
—= ) &ig(z:)
geG(r) | VI ;

ro = sup |En[g(z:)]].
g€4(7)

ry:=E
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To bound ry, let ¢ = a/(bn'/2) + (62K, /(b*n))/4. Note that \/D(7)/b < ¢
and ¢ <1+ (K, /n)/* <2 < a. Hence, by Corollary 2.2.8 in [41],

r1 < Cb /tp \/sup log N(G, L2(Q), be)de < Cbp+/log(a/p)?
0 Q

< VK, (\;ﬁ + <b2U;Kn>1/4> |

To bound 7o, we have

ra < 2sup |En[g(z;)] — E[g(X1)]| + sup E[lg(X1)]]
9€g 9€G(7)

< 2v/0?K,/n+br < 3y/02K,/n.
Combining these inequalities gives the claim of step 1.

Step 2 (Bound on || Bl|g(r)). We show that with probability at least 1 —2/n,

02K,

B <
1Bllge <y =

< ¥Yn.

By the Borell-Sudakov-Tsirel’son inequality, with probability at least 1 —
2/n,

IBllgry < E[|Bllg(r)] + bry/2logn.
By Corollary 2.2.8 in [41],

B{l o) < Ob [ PP 10BN G, La(@),be)de < Cor ot

Substituting 7 = o/(bn'/?) into these inequalities gives the claim of step 2.

Step 3 (Coupling Inequality). This is the main step of the proof. Let § > 0
and f = 2y/logn/d. Then

£ :=1/el=F?0?p252 < C/n.

Take any Borel subset B of R and apply Theorem H.3 to define a function f
corresponding to the set BX¥»  Lib,-enlargement of the set B, with chosen
6 and 0. We have for all t € R,

(1 — E)lBLwn (t) S f(t) S e+ (1 — 8)1BL¢n+36(t).
Further,
b202K,,

A= sup |Ag g <C 7
91,92€G n

where

Agigs = (Enlg1(wi)g2(xi)] — Enlgr(2:)]En[ga(zi)])
— (Elg1(X1)g92(X1)] — E[g1(X1)|E[g2(X1)]) -
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So, applying Theorem H.1 to W (x7)(7) and WY(7) with chosen f gives

C [b202K,logn C [b0?K} 1/4
!E[f(W(w’f)(T))]—E[f(WO(T))HS(QWJF5< £

We will assume that b202K3/(nd*) < 1 (otherwise, the bound claimed in
the statement of the theorem is trivial). Then

2,23\ /4
BV D] - B < § (P < on)
Therefore,
B[1 (W (#)] < Bl g (W (o) ()] + 2/
< B W) ()1 - 2) +2/n
<E

tlj

1gLvn+3s(WO(7))] + Cyn(6)
1ginsntss (WO)] 4+ Cyn(9),

where C' is varying from line to line. The claim of the theorem follows by
applying Theorem H.2. ]

[
[f
[FWO()I/(1 =€) + Cyn(3)
[
[

IN

E

APPENDIX I. PrROOF OF LEMMAS E.1 AND E.2
Proof of Lemma E.1. Since

Z H ¢(xm - km)2 = H Z ¢(xm - km)2u

k1,....kq€Z 1<m<d 1<m<d km €Z

it suffices to consider the case d = 1. Then (E.1) becomes

D oz —k)* > ¢y

keZ
Since the function ), ., ¢(- — k)? has period 1, it suffices to consider = €
[0,1]. It follows from Lemma 8.6 in [23] that the series Y .., (- — k)?
converges uniformly, and hence Y, ., ¢(- — k)? is continuous (the functions
Zk:|k|§m #(- — k)? are continuous for all m by our assumptions on the reg-
ularity of the farther wavelet). Further, it follows from Corollary 8.1 in [23]
that ), ., ¢(- — k) is identically equal to some non-zero constant, so that
> pez @@ — k) > 0 for all z € [0,1]. Since the minimum of a continuous
function on a compact set is achieved, the asserted claim follows. [

Proof of Lemma E.2. Fix f € F,l € L,, and © € X. Note that we have
27K (y, )| < Cexp(=2'cly — ), (L1)

for all y € X. Indeed, for convolution kernels and compactly supported
wavelets, this follows from compactness of the support of K(-) and ¢(-),
respectively, and for Battle-Lemarié wavelets, this follows from Lemma 8.6
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in [23]. Therefore, |K;(y,z)| < 2!9C for all y € X, |Ef[K;(X1,2)]| < C, and
Ef[Ki(X1, )2] < 21, Further,

2
Ef[K; (X1, ) / Ki(y,=)"f(y)dy > /~|y x|<6Kl(y,;c) f(y)dy
2
/y x|<5 (y,2)%dy > f (/ Ki(y,x)*dy — /yﬂy_M Ki(y,x) dy> _

/ ey < 2 / P2 ey — ey
y—x|> y—x|>

= 2ldC/ exp(—2c|y|)dy < C.
ly|>2!6
In addition, for convolution kernels,

/ Ky, x)%dy = 214 / K(y)%dy > 2V,
R4 Rd

and for wavelet projection kernels, for z = (x1,...,z),

/sz, 2y =2 >[I 6Qwm— k) = 2",

1y kom €Z 1<m<d

where the equality follows from orthonormality in L?(R) of the system
{¢(- — k),k € Z} and the inequality follows from Lemma E.1. Therefore,
for sufficiently large n, so that | > lyin, > cs5logn is sufficiently large, we
have E;[K;(X1,z)?] > 2!9c. Hence, for sufficiently large n, (E.2) holds for
all f € Fand !l € £, and 0, < C. Further, when d = 1, the function
class K¢ := {27V (-,2) : | € N,z € R?} is VC(b,a,v) type for some b,
a, and v independent of n by discussion on p. 911 in [14] (for convolution
kernels), Lemma 2 in [17] (for compactly supported wavelets), and Lemma
2 in [20] (for Battle-Lemarié wavelets). When d > 1, K¢ is VC(b, a,v) type
class (with possibly different b, a, and v) by Lemma B.2. Now, another ap-
plication of Lemma B.2 shows that K, 5 is VC(by,, an,vy) type class where
b, < C2lmax’”d/2, an, < C, and v, < C. This completes the proof of the
lemma. [ ]

APPENDIX J. ON USE OF NON-WAVELET PROJECTION KERNELS

In Section 3, we provided weak conditions for the construction of hon-
est confidence bands in density estimation. In particular, we demonstrated
that, as long as the bias can be controlled, our confidence bands are honest
if assumptions of Theorem 3.2 hold. In this section, we verify these assump-
tions for Fourier and Legendre polynomial projection kernels. We show that
these conditions hold under weak conditions on the number of series terms
for Fourier projection kernel and under somewhat stronger conditions on the
number of series terms for Legendre polynomial projection kernel.
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Fourier projection kernel. Here we show that assumptions of Theorem
3.2 hold for Fourier projection kernel under weak conditions on the number
of series terms. Assume that d =1, X = [—1, 1], and K;(-, -) is the projection
kernel function based on the Fourier basis as defined in (3.17) and (3.18).
Assume in addition that the density f is supported on X, and is bounded
from below and from above on X uniformly over F. Finally, assume that
sup,cy |[Ef[Ki (X1, 2)]— f(x)| < C uniformly over f € F and [ € L, for some
C > 0. The last assumption holds if sup,cy |E¢[K(X1,2)] — f(z)| — 0 as
I — oo uniformly over f € F so that Fourier projection kernel estimator is
asymptotically unbiased, which is necessary for consistency of the estimator.
Then we obtain the following bounds.

First, since ¢1(z) =1, @jy1(z) = cos(mjz), j =1,2,..., we have

M
cem < Zcpj(x)Q < Cm, (J.1)
j=1

uniformly over all x € [—1,1] and m > 1 for some ¢,C > 0. The upper
bound in (J.1) is trivial because | cos(mjz)| < 1. To prove the lower bound,
we have

Zcos x) ! i”: (1 + cos(2mjx)) m_1 + L1 + zm:cos(2 )
Tjr) = = iy =———-4+-|= 7r
) =5 Pt J 2 472\ & J
1 2 1
:E_i_i_sm(( m+ )mc)’ (7.2)

2 4 4sin(mx)

and the last term in (J.2) is bounded from below by some absolute constant
yielding the lower bound in (J.1). Therefore, |K;(y,z)| < C2, |[E;[Kj (X1, )| <
C and
(21
02l<cZg0] <Ele X,z <C'Zcp )2 < o2,

uniformly over f € F,l € L,, and z € X. This implies that 2! <
on p(x,1)? < C2' uniformly over f € F, 1 € L, and x € X and so oy, < C.
Further, uniformly over x1,xs,y € X,
2'] 2]
Z‘Pa y)ej(a1) ZSOJ y)pj(a2) Z% (pj(z1) — @j(x2))

21 1/2 21 1/2

2
Z% Z pie1) = j(x2))* | < C2Play —aof | Y57

j=1
= C22l\:vl - 3:2|.

Therefore, it follows from Example 19.7 in [40] that the function class
{K;(-,x) : = € X} is VC(by, a7, ;) type class with by < C2!, a; < C2!, and
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vy < C, and so Lemma B.2 implies that IC,, s is VC(by, an,vs) type class
with b, < C2maxn/2 g < C92maxn and v, < C where Imax,n = sup{L,}.
Hence, the assumption that b2 K2 /n < Cyn~c? becomes 2imaxn (log? n) /n <
Con~ (with possibly different ¢y, C2) as long as lyax,, < Clogn for some
C > 0. When d > 1 and X = [-1,1]%, a similar argument shows that the
assumption that b2 K2/n < Cyn=% becomes 2maxnd(loghn)/n < Con=
(with possibly different ¢z, C2) as long as lmaxn < C'logn for some C > 0.

Legendre polynomial projection kernel. Here we provide primitive
conditions that suffice for assumptions of Theorem 3.2 in the case of Le-
gendre polynomial projection kernel. Assume that d =1, X = [—1, 1], and
K;i(-,-) is the projection kernel function based on the Legendre polynomial
basis as defined in (3.17) and (3.19). Assume in addition that the density f
is supported on X and is bounded from above on X uniformly over F. Fur-
ther, assume that sup,cy |E¢[/ (X1, 2)] — f(2)| < C uniformly over f € F
and [ € L, for some C' > 0. See discussion of this assumption for the case
of Fourier projection kernel above.

Note that when ¢i(-),¢2(-),... are Legendre polynomials, it is known
that Zszl pj(z)? < CK? for some C > 0; see, for example, [32]. There-
fore, under our assumptions, |K;(y,z)| < C2%, |E;[K;(X1,z)]| < C, and
Ef[K(X1,7)?] < C2% uniformly over f € F, [ € L,,, and € X. Assume
also that Ef[K;(X1,2)?] > 2% uniformly over f € F, 1 € L,, and x € X.
Given the upper bound on E¢[K;(X1,2)?] above, the last assumption can be
interpreted as that the variance of the kernel estimator is of the same order
for all z € X. These bounds imply that 22 < on,f(z, 1)? < C2% uniformly
over f € F,le€ L,,and x € X and so 0, < C. Further, the same argument
as that applied in the case of Fourier series shows that {K;(-,z) : x € X'}
is VC(by, a7,v;) type class with b < C2%, a; < €29, and v; < C, and so
Lemma B.2 implies that &y, ¢ is VC(by, an, v,) type class with b, < C2fmaxn,
ay, < C2%maxn and v, < C where Imax,n = sup{L, }. Hence, the assumption
that b2ol K2 /n < Cyn~% becomes 22maxn (log n) /n < Con™ (with possi-
bly different ¢ and Cs) as long as lmax,n < C'logn for some C' > 0. When
d>1and X = [~1,1]% a similar argument shows that the assumption that
V2ot K2 /n < Con=° becomes 22maxnd(loghn)/n < Cyn~ (with possibly
different ¢y and Cs) as long as lmax, < C'logn for some C > 0.
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