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1. The Basic Methodology

e Typically, with stratified sampling, some segments of the population
are over- or underrepresented by the sampling scheme. If we know
enough information about the stratification scheme, we can modify
standard econometric methods and consistently estimate population
parameters.

e There are two common types of stratified sampling, standard
stratified (SS) sampling and variable probability (VP) sampling. A third
type of sampling, typically called multinomial sampling, is practically
Indistinguishable from SS sampling, but it generates a random sample

from a modified population.



e SS Sampling: Partition the sample space, say W, into G
non-overlapping, exhaustive groups, {Wy : g = 1,...G}. Random
sample is taken from each group g, say {wgi : 1 = 1,...,Ng}, where Ng
IS the number of observations drawn from stratum g and

N = Nj + N2 +...+Ng Is the total number of observations.

e | et w be a random vector representing the population. Each each
random draw from stratum g has the same distribution as w conditional

on w belonging to Wj:
D(ng) = D(WlW € Wg), | = 1,. ..,Ng. (1)

We only know we have an SS sample if we are told.



e \What if we want to estimate the mean of w from an SS sample? Let
ny = P(w € Wy) be the probability that w falls into stratum g; the n
are often called the “aggregate shares.” If we know the 74 (or can
consistently estimate them), then uy = E(w) is identified by a weighted

average of the expected values for the strata:
uw = T1E(Wjw € W1) +...+1cE(Wjw € Wg). (2)
So an unbiased estimator is
w = T1W1 + T2W2. .. +7TcWg, (3)

where Wy Is the sample average from stratum g.



e As the strata sample sizes grow, iy Is also a consistent estimator of

tw. Also,
Var(jiw) = n2Var(wy) +...+r&Var(we). (4)

e Because Var(Wq) = 0§/Ng, each of the variances can be estimated in

an unbiased fashion by using the usual unbiased variance estimator,
Ng
65 =(Ng—-1 Z(ng — Wg)? (5)
i=1

and

se(fiw) = [756%5INy +...+74&64/Ng]Y2. (6)



e Useful to have a formula for 1, as a weighted average across all

observations:

N1 NG
/:tw = (7‘[1/h1)N_1 Zwli +.. .+(7‘L’G/hG)N_1 ZWGi
i=1 i=1

N
= N1 " (mg/hg Wi (7)
i=1

where hg = Ng/N Is the fraction of observations in stratum g and in (7)

we drop the strata index on the observations.



e VVariable Probability Sampling: Often used where little, if anything,
IS known about respondents ahead of time. Still partition the sample
space, but an observation is drawn at random. However, if the
observation falls into stratum g, it is kept with (nonzero) sampling
probability, pg. That is, random draw w; Is kept with probability pg If
wi € Wy.

e The population is sampled N times (often N is not reported with VP
samples). We always know how many data points were kept; call this

M —a random variable. Let s; be a selection indicator, equal to one if

observation i is kept. So M = Zi'ilsi.



e | et z; be a G-vector of stratum indicators for draw 1, SO

p(zi) = P1Zi1 +...tPGZiG (8)

IS the function that delivers the sampling probability for any random
draw I.

e Key assumption for VP sampling: Conditional on being in stratum g,
the chance of keeping an observation is pg. Statistically, conditional on

i (knowing the stratum), s; and w; are independent. Then

E[(si/p(zi))wi] = E(w;). (9)



e Equation (9) is the key result for VP sampling. It says that weighting
a selected observation by the inverse of its sampling probability allows

us to recover the population mean. Therefore,

N
N " (silp(zi)wi (10)
i=1
IS a consistent estimator of E(w;). We can also write (10) as

N
(MIN)M=1 > " (silp(zi))wi. (11)
=1



If we define weights as Vi = p/p(zi) where p = M/N is the fraction of

observations retained from the sampling scheme, then (11) is
M
M1 Z Viwi, (12)
i=1

where only the observed points are included in the sum.

e S0, can write estimator as a weighted average of the observed data
points. If pg < p, the observations for stratum g are underpresented in
the eventual sample (asymptotically), and they receive weight greater

than one.
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2. Regression Analysis
e Almost any estimation method can be used with SS or VP sampled
data: IV, MLE, quasi-MLE, nonlinear least squares.

e |_inear population model:

y = XB + u. (13)
Two assumptions on u are

E(ux) =0 (14)

E(x'u) = 0. (15)

(15) i1s enough for consistency, but (14) has important implications for

whether or not to weight.
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e SS Sampling: A consistent estimator f3 IS obtained from the

“weighted” least squares problem
N
I (- — v-h)2
min iZ;v.(y. xib)2, (16)

where vi = mg,/hg; Is the weight for observation i. (Remember, the
weighting used here is not to solve any heteroskedasticity problem; it is
to reweight the sample in order to consistently estimate the population

parameter B.)
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e Key Question: How can we conduct valid inference using p? One
possibility: use the White (1980) “heteroskedasticity-robust” sandwich
estimator. When is this estimator the correct one? If two conditions
hold: (i) E(y|X) = XPB, so that we are actually estimating a conditional
mean, and (i1) the strata are determined by the explanatory variables, X.
e \When the White estimator is not consistent, it is conservative.

e Correct asymptotic variance requires more detailed formulation of the

estimation problem:
G Ng
mbin{z;ng[l\lgl Z;(YQi Xgib)2:|}- (17)
0= i=
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Asymptotic variance estimator:

N -1
[Z(ﬂgi/hgi)xgxi :|
=1

{Z(ﬂg/hg) |:Z(Xg|ugl Xgug)(xguugl Xgug) :|} (18)
\ -1

°|:Z(7Tgi/hgi)X€Xi:| :
i=1
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e Usual White estimator ignores the information on the strata of the
observations, which is the same as dropping the within-stratum
averages, % . The estimate in (18) is always smaller than the usual
White estimate.

e Econometrics packages such as Stata have survey sampling options
that will compute (18) provided stratum membership is included along
with the weights. If only the weights are provided, the larger

asymptotic variance Is computed.
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e One case where there is no gain from subtracting within-strata means
IS when E(u|x) = 0 and stratification is based on x.

e If we add the homoskedasticity assumption Var(u|x) = o2 with
E(ulx) = 0 and stratification is based on X, the weighted estmator is less

efficient than the unweighted estimator. (Both are consistent.)
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e The debate about whether or not to weight centers on two facts: (i)
The efficiency loss of weighting when the population model satisfies
the classical linear model assumptions and stratification is exogenous.
(i1) The failure of the unweighted estimator to consistently estimate B if

we only assume a linear projection in the population,
y = XB +u, E(X'u) =0, (19)

even when stratification is based on x. The weighted estimator

consistently estimates B under (19).
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e Analogous results hold for maximum likelihood, quasi-MLE,
nonlinear least squares, instrumental variables. If one knows stratum
Identification along with the weights, the appropriate asymptotic
variance matrix (which subtracts off within-stratum means of the score
of the objective function) is smaller than the form derived by White
(1982). For, say, MLE, if the density of y given x is correctly specified,
and stratification is based on X, it is better not to weight. (But there are
cases — Including certain treatment effect estimators — where it is
Important to estimate the solution to a misspecified population

problem.)
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¢ Findings for SS sampling have analogs for VP sampling, and some
additional results. First, the Huber-White sandwich matrix applied to
the weighted objective function (weighted by the 1/pg) Is consistent
when the known pg are used. Second, an asymptotically more efficient
estimator is available when the retention frequencies, pg = Mg/Ng, are
observed, where My is the number of observed data points in stratum g

and Ng Is the number of times stratum g was sampled. (Is Ny known?)

19



e The estimated asymptotic variance in that case Is

G Mg
'{Zﬁgz[Z(xélugl Xgug)(xglugl m)/:|} (20)

where My Is the number of observed data points in stratum g.

Essentially the same as SS case in (18).
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e |f we use the known sampling weights, we drop m from (20). If
E(ulx) = 0 and the sampling is exogenous, we also drop this term
because E(X'ulw € Wy) = 0 for all g, and this is whether or not we
estimate the pg.

e |f we are estimating a linear projection and use the estimated weights,

Xglg remains in the formula even when stratification is based on x.

e Similar results carry over to nonlinear models.
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3. Clustering and Stratification

e Survey data often characterized by clustering and VP sampling.
Suppose that g represents the primary sampling unit (say, city) and
Individuals or families (indexed by m) are sampled within each PSU

with probability pgm. Ifﬁ IS the pooled OLS estimator across PSUs and

individuals, its variance 1s estimated as
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(=

G Mg My
|: D» gmogrxémxgrl(pgmpgr):| (21)
g

G Mg -1
° Z X/nggm/pgm .
g=1 m=1

If the probabilities are estimated using retention frequencies, (21) is

conservative, as before.
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e Multi-stage sampling schemes introduce even more complications.
Let there be S strata (e.g., states in the U.S.), exhaustive and mutually
exclusive. Within stratum s, there are Cs clusters (e.g., neighborhoods).
e |_arge-sample approximations: the number of clusters sampled, N,
gets large. This allows for arbitrary correlation (say, across households)
within cluster.

e Within stratum s and cluster c, let there be M. total units (household

or individuals). Therefore, the total number of units in the population is

S
M=) M (22)
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e |_et z be a variable whose mean we want to estimate. List all
population values as {z%y, : m=1,...,Ms,c =1,...,Cs,5s=1,...,S},
so the population mean is

S MSC

p=M" LLLZscm (23)
s=1 c=1

m=1

Define the total in the population as

S GCs Mg

3 Lzscm = Mp. (24)

s=1 c=1 m=1




Totals within each cluster and then stratum are, respectively,

Tsc = Zchm (25)
m=1
Cs

Ts = Zfsc (26)
c=1

e Sampling scheme:

(1) For each stratum s, randomly draw N clusters, with replacement.
(Fine for “large” Ns.)

(i1) For each cluster ¢ drawn in step (i), randomly sample Kg;

households with replacement.
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e [or each pair (s, c), define

KSC
,lAlsc = Kgcl Zzscm- (27)
m=1

Because this is a random sample within (s, ¢),

E(fisc) = use = Mgd Zzgcm- (28)

e To continue up to the cluster level we need the total, 7sc = Msgctsc.
So, Tsc = Mscfisc IS an unbiased estimator of 7 for all
{(s,¢) :c=1,...,Cs,5s=1,...,S} (even if we eventually do not use

some clusters).
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e Next, consider randomly drawing Ns clusters from stratum s. Can

show that an unbiased estimator of the total z for stratum s is
Ns
Cs - Ngl Z Tsc. (29)
c=1

Finally, the total in the population is estimated as

Ns Kge
Z(Cs Ny Z Tsc> L L L (DscZscm (30)

s=1 s=1 c=1 m=1

where the weight for stratum-cluster pair (s, c) Is

Cs . Msc (31)

WDsc = .
NS KSC
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e Note how wsc = (Cs/Ns)(Msc/Ksc) accounts for under- or
over-sampled clusters within strata and under- or over-sampled units
within clusters.

e (30) appears in the literature on complex survey sampling, sometimes
without Ms:/Ksc Wwhen each cluster is sampled as a complete unit, and
S0 Mg./Kge = 1.

e To estimate the mean p, just divide by M, the total number of units

sampled.

S Ns Ks
= |\/|1< ) Z ) a)sczscm>- (32)
s
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e To study regression (and many other estimation methods), specify the
problem as

S Ns Ksc

m in ) L ®sc(Ysem — Xsem '3) (33)

s=1 c=1

The asymptotic variance combines clustering with weighting to account
for the multi-stage sampling. Following Bhattacharya (2005), an

appropriate asymptotic variance estimate has a sandwich form,

Ns Ksc 1 S NS KSC _1
L L L @ sc X semXscm B L @ sc X semXscm (34)
S

s=1 c=1 m=1

where B is somewhat complicated:
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B = l’:Iscmxscmxscm
s=1 c=1 m=1
S Ns Ks Ksc
I
+ L L a)chschschscmecr (35)

s=1 c=1 m=1 r+m

S Ksc NS KSC /
—_ / A
— E ,Nsl E , E ,wscxscmuscm E , E - (WscXsemUsem
s=1 c=1 m=1 c=1 m=1

e The first part of B is obtained using the White
“heteroskedasticity”-robust form. The second piece accounts for the
clustering. The third piece reduces the variance by accounting for the

nonzero means of the “score” within strata.
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