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1. Introduction

This paper considers nonparametric identification in models with nonadditive unobservables, where

choices are either the dependent or the explanatory variables. For models where choices are depen-

dent variables, the paper presents some of the latest developments in nonparametric identification,

in the context of two popular models of consumer demand: the classical consumer demand and

discrete choice. For models where choices are explanatory variables, it discusses several of the

methods that have recently been developed to deal with their endogeneity.

Choice is the selection of an alternative from a set of alternatives. In many economic models,

the role of economic agents is to make choices. Workers choose how to allocate their time between

leisure and work-time. Consumers choose how to allocate their income between consumption and

savings. Firms choose what and how much to produce. Governments choose taxes and subsidies.

The usual assumption made in these economic models is that when making a choice, each economic

agent has an objective function, and the choice is made so as to maximize that objective function

over the set of possible alternatives.

Observable choices, made either by an agent or by different agents, are typically heterogeneous.

This heterogeneity may be the result of heterogeneous choice sets, or of heterogenous objective

functions. Some of this heterogeneity may be explained by different values of observable vari-

ables. Some may be explained by different values of unobservable variables. Understanding the

source and shape of heterogeneity in choices is important, among other things, for accurately pre-

dicting behavior under new environments, and for evaluating the differential effect of policies over

heterogeneous populations.

A usual approach in many econometric models has proceeded in the past by using economic

theory to derive a relationship only between observable variables. Unobservable variables would

then be added to the relationship, as an after-thought. An alternative approach proceeded by ex-

plicitly deriving the relationship between the underlying unobservable variables and the dependent

variables. In these models, variables such as unobservable attributes of alternatives, unobservable

taste for work, and unobservable productivity shocks were explicitly incorporated into the rela-

tionship fitted to the data. This typically resulted in models where the unobservable variables

entered into the relationship in nonlinear, nonadditive ways (Lancaster (1979), Heckman (1974),

Heckman and Willis (1977), McFadden (1974)). While those previous studies were parametric, in
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the sense that the underlying functions in the model as well as the distribution of the unobservable

variables were specified up to a finite dimensional parameter, a large literature has evolved since

then, following Manski (1975) and Heckman and Singer (1984), which relaxed those parametric

assumptions. The present state of the literature allows us to consider models in which we can

incorporate multidimensional, nonadditive unobservables in nonparametric models.

The outline of the paper is as follows. In the next section, we deal with the classical consumer

demand model. We first consider a model with a distribution of consumers, each choosing a bundle

of commodities from a linear budget set. We present conditions under which the distribution of

preferences is identified, and show how one can recover the utility functions and the distribution of

tastes from the distribution of demand. We then show how a large support condition on observable

variables, which generate heterogeneity of tastes, can substitute for the large support condition on

prices required for our first set of results. Nonlinear budget sets and situations where one observes

variation in income but not in prices are also analyzed. Section 3 deals with discrete choice

models. Section 4 deals with some of the latest methods that have been developed to deal with

situations where explanatory variables are endogenous, in nonparametric models with nonadditive

unobservables. It applies that literature to models with heterogeneous choice.

2. Classical consumer demand

Consumer behavior is arguably one of the most important element that are taken into account when

considering policies and when determining actions by firms. The analysis of changes in income

tax, interest rates, the proper design of cost of living indices, the pricing decision by firms, and

the evaluation of changes in the welfare of consumers due to government policies require a good

understanding of consumer behavior.

The classical model of consumer behavior is typically described as one where a consumer faces

either a linear or a nonlinear budget set, which is determined by prices and the consumer’s income.

The consumer has preferences over commodities, and chooses the bundle of commodities that

maximizes his preferences. Since consumers’ preference might be different across individuals, one

would like these preferences to depend on observable and on unobservable characteristics. The
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consumer’s optimization problem can then be described as

(2.1)
Maxy V (y, z, ε)

s.t. y ∈ B(w)

where V (·, z, ε) is a utility function representing the preferences of the consumer over bundles
of commodities, y; z ∈ RL denotes a vector of observable socioeconomic characteristics of the

individual, ε ∈ RS denotes a vector of unobservable characteristics of the individual, and B(w)

denotes a subset of RK , indexed by the observable vector w. In a standard example, w would be the

vector of prices of the products and income of the consumer, z may denote age, profession, and/or

level of education, and ε may denote a vector representing the different tastes of the consumer

for the various products. The solution to this optimization problem, if unique, will be a vector

y = d (z,w, ε) , such that y ∈ B(w) and

V (d (z,w, ε) , z, ε) > V
¡
y0, z, ε

¢
for all y0 ∈ B(w) such that y0 6= y.

The observable variables are w, z and the choice y. The questions that one may be interested

in analyzing are (i) what restrictions the optimization assumption places on the distribution of

y given (z,w) , (ii) given the distribution of (y, z, w) , under what conditions we can recover the

function V and the distribution of ε, and (iii) suppose that the conditions for identification of V

and the distribution of ε are not satisfied, then, what features of V and the distribution of ε can

we recover.

Suppose that, in model (1) , preferences did not depend on the values of unobservable variables,

ε. Assume that the utility function V and the budget set B(w) are such that the solution to the

optimization problem is always unique. Then, on each budget set, B(w), and for each z, one would

observe only one choice, d(z,w). In this case, the distribution of y given (z,w) would be degenerate.

If the budget set were linear, then, for each z, d(z,w) would satisfy the Slutsky conditions. And

from d(z,w), one could recover the utility function V (y, z) using integrability or revealed preference

theory. In this deterministic model, one could make use of the extensive literature on revealed pref-

erence, integrability, and duality theories (Samuelson (1938), Houtthaker (1950), Richter (1966),

Afriat (1967), McFadden (1978), MasColell (1977, 1978), Epstein (1981), Yatchew (1985), Matzkin
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(1991), and Matzkin and Richter (1991), among many others). These allow one to study implica-

tions of optimization and to infer the preferences generating the observable demand function of an

individual.

When, on the other side, preferences depend on the value of unobservable variables, ε, then,

on each observable budget set, B(w), and for each z, one observes a distribution of choices, y,

which are generated by the distribution by ε. A common approach in this situation proceeds by

deriving the conditional expectation of the distribution of demand, and applying the theoretical

results on consumer demand to this conditional expectation, as if it represented the deterministic

demand of a representative consumer. On any budget set, any observable choice that is different

from the conditional expectation of the distribution of demand on that budget set is represented

by an unobservable random term that is added to that conditional expectation. However, in many

situations, such a procedure might not be desirable. First, only under very strong assumptions

on the preferences of all consumers one could guarantee that such representative consumer acted

as if maximizing some utility function. Moreover, as pointed out and shown in McElroy (1981,

1987), Brown and Walker (1989, 1995), and Lewbel (2001), the additive unobservables tacked on

to the deterministic relationship will typically be functionally dependent on the variables, w, that

determine the choice set. One could alleviate these situations using parametric specifications for the

utility V and the distribution of unobservable random terms. We opt, instead, for a substantially

more general, nonparametric analysis, that deals explicitly with unobservable taste heterogeneity.

2.1. Linear choice sets, price and income variation

The most common model of classical consumer demand is where the budget set is linear. In these

models, w represents an observable vector, p, of K prices, and an observable variable, I, which

denotes income. The choice (budget) set of the consumer is

B (p, I) =
©
y ∈ RK

+ | p · y ≤ Iª
For each vector of observable socioeconomic characteristics, z, and unobservable tastes, ε, the

preferences of the consumer over bundles, y, are represented by a function, V (·, z, ε), which is
strictly increasing and strictly quasiconcave in y. For simplicity, we will strengthen this to consider

only preferences that admit a strictly concave, twice differentiable utility function. In addition, to
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avoid dealing with nonnegativity constraints , we will allow consumption to be negative. Denote

the choice of a consumer with utility function V (y, z, ε), facing prices p and income I, by

y = d (p, I, z, ε)

Then,

d (p, I, z, ε) = argmaxey {V (ey, z, ε) | p · ey ≤ I}

For notational simplicity we will eliminate for the moment the dependence of V on z.Moreover, for

the cases that we want to deal with later on, it will be important that the dimension of the vector

ε be equal to the number of commodities. Hence, we will assume that that the utility function is

V (y1, ..., yK , ε1, ..., εK−1)

The homogeneity of the budget line implies that we can normalize the value of one price. Hence, we

set pK = 1. The strict monotonicity of V in y guarantees that at any solution to the maximization

problem, the budget constraint will be binding. Hence, we can restrict attention to those commodity

bundles that satisfy the budget constraint. This allows us to substitute yK for yK = I−PK−1
k=1 ykpk,

and solve for the unconstrained maximizer of

V

Ã
y1, ..., yK−1, I −

K−1X
k=1

ykpk, ε1, ..., εK−1

!

The first order conditions for such maximization are, for k = 1, ...,K − 1,

VK

Ã
y1, ..., yK−1, I −

K−1X
k=1

ykpk, ε1, ..., εK−1

!
pk − Vk

Ã
y1, ..., yK−1, I −

K−1X
k=1

ykpk, ε1, ..., εK−1

!
= 0

The second order conditions are satisfied, for each (ε1, ..., εK−1) , by the strict concavity of the

utility function V. The first order conditions represent a system of K − 1 simultaneous equations,
with K − 1 endogenous variables, (y1, ..., yK−1) , and K exogenous variables, p1, ..., pK−1, I. The
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reduced form system can be expressed as the system of demand functions:

y1 = d1 (p1, ..., pK−1, I, ε1, ..., εK−1)

y2 = d2 (p1, ..., pK−1, I, ε1, ..., εK−1)

· · ·

yK−1 = dK−1 (p1, ..., pK−1, I, ε1, ..., εK−1)

Since V is not specified parametrically, each function in this system is a nonparametric function,

which possesses K − 1 unobservable arguments. On each budget set, characterized by a vector of
prices and income (p, I) , the distribution of demand is generated by the distribution of (ε1, ..., εK−1).

2.1.1. Invertibility of demand functions in the unobservables

A condition that, as we will show, will allow us to deal with a system of equations where each

function depends on a vector of unobservable variables, is invertibility of the demand functions

in that vector of unobservable variables. Invertibility guarantees that on each budget set, each

observable choice corresponds to one and only one vector of the unobservable variables. It allows

us to express the system of demand functions in terms of functions, r1, .., rK−1, such that

ε1 = r1 (y1, ..., yK−1, p1, ..., pK−1, I, )

ε2 = r2 (y1, ..., yK−1, p1, ..., pK−1, I, )

· · ·

εK−1 = rK−1 (y1, ..., yK−1, p1, ..., pK−1, I)

Under invertibility, this system is obtained by solving for ε the system of demand equations.

Invertibility is not an innocuous assumption. When K = 2, it is satisfied if the demand

function is either strictly increasing or strictly decreasing in ε. The following example is considered

in Matzkin (2003):
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Example 1: Suppose that the consumer’s problem is to maximize the random utility function

v(y1, y2) +w(y2, ε)

subject to y1 + py2 ≤ I

Assume that the functions v and w are strictly increasing and strictly concave, and that

∂2w(y2, ε)/∂y2∂ε > 0. Then, the demand function for y2 is invertible in ε

To see this, note that the value of y2 that solves the maximization of

v (I − py2, y2) +w(y2, ε)

satisfies

−v1 (I − py2, y2) p2 + v2 (I − py2, y2) +w1 (y2, ε) = 0

and

v11 (I − py2, y2) p22 − 2v12 (I − py2, y2) p2 + v22 (I − py2, y2) +w11 (y2, ε) < 0

By the Implicit Function Theorem, y2 = d (p, I, ε) that solves the first order conditions exists and

satisfies

∂d (p, I, ε)

∂ε

= − w12
v11 (I − py2, y2) p22 − 2v12 (I − py2, y2) p2 + v22 (I − py2, y2) +w11 (y2, ε)

> 0

Hence, the demand function for y2 is invertible in ε.¥

Example 1 demonstrates that some utility functions can generate demand functions that are

strictly increasing in ε. This example also suggests that the demand functions generated from
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many other utility functions will not necessarily satisfy this condition.

WhenK > 2, invertibility requires even stronger conditions. Brown and Matzkin (1998) derived

invertible demand functions by specifying a utility function of the form

V (y1, ..., yK , ε1, ..., εK−1) = U (y1, ..., yK) +
K−1X
k=1

εk yk + yK

where U is twice differentiable and strictly concave. In this case, the first order conditions for the

maximization of V subject to the constraint that yK = I −PK−1
k=1 ykpk, are

ε1 =

Ã
UK

Ã
y1, ...yK−1, I −

K−1X
k=1

ykpk

!
+ 1

!
p1 − U1

Ã
y1, ...yK−1, I −

K−1X
k=1

ykpk

!

ε2 =

Ã
UK

Ã
y1, ...yK−1, I −

K−1X
k=1

ykpk

!
+ 1

!
p1 − U2

Ã
y1, ...yK−1, I −

K−1X
k=1

ykpk

!
· · ·

εK−1 =

Ã
UK

Ã
y1, ...yK−1, I −

K−1X
k=1

ykpk

!
+ 1

!
pK−1 − UK−1

Ã
y1, ...yK−1, I −

K−1X
k=1

ykpk

!

Hence, for each vector (y1, ..., yK−1) , there exists only one value for (ε1, ..., εK−1) satisfying the

first order conditions.

Brown and Calsamiglia (2004), considering tests for random utility maximization, specified a

slightly more restrictive utility function, which differs from the one in Brown and Matzkin (1998)

in that the twice differentiable and strictly concave function U depends only on(y1, ..., yK−1) , and

not on yK :

V (y1, ..., yK , ε1, ..., εK−1) = U (y1, ..., yK−1) +
K−1X
k=1

εk yk + yK

The first order conditions for the maximization of U subject to the constraint that yK = I −PK−1
k=1 ykpk, in this case have the much more simplified form:

ε1 = p1 − U1 (y1, ...yK−1)

ε2 = p2 − U2 (y1, ...yK−1)

· · ·

εK−1 = pK−1 − UK−1 (y1, ...yK−1)
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The optimal quantities of y1, ..., yK−1 depend on prices, p, and unobservable tastes, (ε1, ..., εK−1) ,

only through the vector (p1 − ε1, ..., pK−1 − εK−1) . The strict concavity of U imply that at any

y1, ..., yK−1, the Hessian, ∂2U(y)/∂y∂y0, is invertible. Hence, this system has a unique solution,

which is of the form

y1 = d1 (p1 − ε1, ..., pK−1 − εK−1)

· · ·

yK−1 = d1 (p1 − ε1, ..., pK−1 − εK−1)

(See Beckert and Blundell (2005) for more general utility functions, whose demands are invertible

in the unobservable variables.)

A very important question in demand models is whether one can recover the distribution of

tastes and the utility function U, from the distribution of demand. The answer is much easier to

obtain when demand depends on one unobservable taste than when it depends on many unobserv-

able tastes. The first case typically occurs when the number of commodities is two. The latter

occurs when this number of larger than two.

2.1.2. Identification when K = 2

As Example 1 illustrates, in some circumstances, when the number of commodities is 2, it is

possible to restrict the utility function to guarantee that the demand function for one of those

commodities is strictly increasing in a unique unobservable taste variable, ε. In such a case,

the analysis of nonparametric identification of the demand function and the distribution of ε can

proceed using the methods developed in Matzkin (1999, 2003). The general situation considered in

Matzkin (1999) is one where the value of an observable dependent variable, Y, is determined by an

observable vector of explanatory variables, X, and an unobservable variable, ε, both arguments in a

nonparametric functionm(X,ε). It is assumed thatm is strictly increasing in ε, and ε is distributed

independently of X. Matzkin (1999) shows that under these conditions, the unknown function m

and the unknown distribution, Fε, of ε satisfy for every x, ε, the equation

Fε(ε) = FY |X=x(m(y, ε))
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where FY |X=x denotes the conditional distribution of Y given X = x. In our particular case, we can

let Y denote the observable demand for one of the two commodities, X = (p, I) denote the vector

of observable explanatory variables, and ε denote the unobservable taste. Hence, if the demand is

strictly increasing in ε, it follows by analogy that, for all (p, I) and ε,

Fε (ε) = FY |p,I (d (p, I, ε))

where Fε is the cumulative distribution of ε and FY |p,I is the cumulative distribution of Y given

(p, I) . It is clear from this functional equation that without any further restrictions, it is not possible

to identify both, Fε and d, nonparametrically.

2.1.2.1. Normalizations

One approach that can be used to deal with the non-identification of the unknown functions is

to specify a normalization for one of them. For this, it is convenient to first determine, for any pair,

(d,Fε) , the set of pairs,
³ed,Feε´ , which are observationally equivalent to (d,Fε) . As usual, we say

that
³ed,Feε´ is observationally equivalent to (d, Fε) if the distribution of Y given (p, I) generated

by
³ed,Feε´ equals almost surely the distribution of Y given (p, I) generated by (d,Fε).

We assume, as above, that d and ed are strictly increasing in ε and eε, respectively, and that Fε

and Feε are strictly increasing. Moreover, we assume that ε and eε are distributed independently
of X. We can then characterize d and ed by their inverse functions, v and ev, defined by y =

d (p, I, v(y, p, I)) , and y = ed (p, I,ev(y, p, I)) . Then, by the analysis in Matzkin (2003), it follows
that, under our assumptions,

³ed, Feε´ is observationally equivalent to (d,Fε) iff for some strictly

increasing g : R→ R,

ev(y, P, I) = g (v(y, p, I)) and Feε(e) = Fε

¡
g−1(e)

¢
.

This implies that the function d is identified up to a strictly increasing transformation on ε. Or,

in other words, that the function d can be identified only on the ordering of the values of ε. In

particular, if on a given budget set, the demand for the commodity of one individual is different

than the demand for the same commodity of another individual, then, one can identify which of the

individuals has a larger value of ε, but one cannot identify the actual values of their corresponding

tastes ε.
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The implication of this analysis is that to select from each set of observationally equivalent

pairs, a unique pair, one needs to impose restrictions on the set of functions v guaranteeing that no

two functions can be expressed as strictly increasing transformation of each other. Alternatively,

one may impose restrictions on the set of distributions guaranteeing that the random variables

corresponding to any two distributions are not strictly increasing transformations of each other.

To normalize the set of inverse functions so that no two functions are strictly increasing trans-

formations of each other, Matzkin (1999) proposed restricting all inverse functions v to satisfy that,

at some value of the vector of explanatory variables,
¡
p, I
¢
, and for all y,

v
¡
y, p, I

¢
= y

This guarantees that if ev is such that for some strictly increasing g and for all y, p, I
ev (y, p, I) = g (v (y, p, I)) , and

ev ¡y, p, I¢ = y

then ev = v. The demand functions corresponding to inverse functions satisfying the above restric-

tion satisfy:

ed ¡p, I,eε¢ = eε
Hence, as long as one restricts the set of demand functions ed to be such that at one budget ¡p, I¢ ,
for all values of eε ed ¡p, I,eε¢ = eε
it will not be possible to find two demand functions, d and ed and two distributions Fε and Feε, such
that (d, Fε) and

³ed,Feε´ are observationally equivalent. This can be seen as a generalization of a
linear demand with additive unobservables. When the value of the explanatory variables equals

zero, demand equals the value of the unobservable random term, restricting the intercept of the

linear function to be zero. (Note that we are not restricting the expectation of ε to be zero, as it

is typically done in linear models. Hence assuming a zero intercept is not more restrictive than

the standard assumption made in linear models. )
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Under this normalization, the distribution of ε can be read off from the distribution of the

demand when (p, I) =
¡
p, I
¢
. Specifically,

Fε(e) = FY |(p,I)=(p,I)(e)

and, for any p, I, e

d (p, I, e) = F−1
Y |(p,I)

³
FY |(p,I)(e)

´

Alternatively, one can specify the distribution of ε. In such case,

d (p, I, ε) = F−1
Y |p,I (Fε(ε)) .

In particular, when Fε is the distribution of a U(0, 1) random variable, the demand function is

a conditional quantile function, whose estimation has been extensively studied (see Imbens and

Newey (2001) for the use of this normalization, and Koenker (2005) for estimation methods for

conditional quantiles.).

2.1.2.2. Restrictions

In some cases, economic theory might imply some properties on either the unknown function,

m, or the unknown distribution, Fε. These restrictions might allow us to identify these functions

with fewer normalizations. Suppose for example that U(y1, y2, ε) = eU (y1, y2 + ε) . The demand
function for Y = y1 derived from such a utility function can be shown to have the form d(p, I+ε). In

this case, we can identify the demand function d and the distribution of ε by only normalizing the

value of the demand function at one point, e.g. d(p, t) = y. In such a case, Fε can be recovered

from the distribution of demand at different values of income

Fε (ε) = FY |p,I=t−ε (y)

and then,

d (p, I + ε) = F−1
Y |p,I

³
FY |p,I=t−ε (y)

´
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2.1.2.3. Functionals of the demand

Rather than considering different normalizations or restrictions, which would allow us to identify

the unknown functions and distributions in the model, we might ask what can be identified without

them. For example, given a consumer with unobservable taste ε, we might want to determine by

how much his consumption would change if his budget set changed from B(p, I) to B(p0, I 0). As we

next show, this change in demand can be identified without any normalizations or restrictions on the

unknown functions, other than assuming that Fε is strictly increasing at ε. The strict monotonicity

of Fε at ε implies that FY |p0,I0 is strictly increasing at d (p0, I 0, ε) . Then,

d
¡
p0, I 0, ε

¢− d (p, I, ε)
= F−1

Y |p0,I0 (Fε(ε))− d (p, I, ε)

= F−1
Y |p0,I0

¡
FY |p,I (d (p, I, ε))

¢− d (p, I, ε)
= F−1

Y |p0,I0
¡
FY |p,I (y1)

¢− y1
Hence, under the assumptions that ε is distributed independently of (p, I) , the demand function

is strictly increasing in ε, and the distribution of ε is strictly increasing at ε, one can obtain an

expression for the change in the demand of the consumer with unobservable tastes ε when the prices

and income faced by the consumer change from (p, I) to (p0, I 0) . When to these assumptions one

adds differentiability, one can obtain, using arguments as in Matzkin (1999) and Chesher (2003)

that

∂d (p, I, ε)

∂ (p, I)
= −

·
∂FY |p,I (d (p, I, ε))

∂y

¸−1 ∂FY |p,I (d (p, I, ε))
∂(p, I)
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2.1.3. Identification when K > 2

When the number of unobservable taste variables, ε1, ..., εK−1 is larger than one, the demand

function for each commodity depends on all these unobservable variables. If one could impose

some type of separability, so that the demand function depended on a one dimensional function of

the unobservables, then the methods for K = 1 could be used.When, however, this is not desirable,

one needs to consider identification of functions whose arguments are unobservable. The analysis

of identification in this case requires an analysis of identification of nonparametric simultaneous

equations.

Roehrig (1988), following the approach in Brown (1983) had established some rank conditions

for identification of nonparametric simultaneous equations, but, as shown by Benkard and Berry

(2004), those rank conditions were not necessary for identification. Matzkin (2005) developed a

different set of rank conditions, which we will present and apply to determine identification of

the system of demands. Other methods that have been recently developed to either identify or

estimate equations in systems with simultaneity are Newey and Powell (1989, 2003), Brown and

Matzkin (1998), Darolles, Florens and Renault (2002), Hall and Horowitz (2003), Ai and Chen

(2003), Chernozhukov and Hansen (2005), Chernozhukov, Imbens, and Newey (2005), and Matzkin

(2004).

We follow Matzkin (2005). Assume that the first order conditions for utility maximization

subject to the budget constraint can be solved for ε, in terms of (y, p, I) . Then, the model can be

expressed as

ε = r (y, p, I)

We will assume that r is differentiable in (y, p, I), invertible in y, and the Jacobian determinant of

r with respect to y, |∂r(y, p, I)/∂y| > 0. The later is the extension to multidimensional situations
of the demand function d(p, I, ε) analyzed above for the case where K = 2. In that case, it was

only necessary to require that d be strictly increasing in ε.

To analyze identification in the K > 2 case, we can proceed as in the K = 2 case, by first

characterizing the sets of pairs (r, fε) , (er, feε) that are observationally equivalent among them. We
assume that ε and eε are distributed independently of (p, I) with differentiable densities fε and feε,
that er is differentiable in (y, p, I), invertible in y, and with Jacobian determinant with respect to
y, |∂er(y, p, I)/∂y| > 0. Under these conditions, we can say that the pairs (r, fε) and (er, feε) are
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observationally equivalent if for all y, p, I

fε (r (y, p, I))

¯̄̄̄
∂r (y, p, I)

∂y

¯̄̄̄
= feε (er (y, p, I)) ¯̄̄̄∂er (y, p, I)∂y

¯̄̄̄

This is clear because, when this condition is satisfied, both pairs (r, fε) and (er, feε) generate the
same distribution of observable variables, fy,p,I . Under our assumptions, the distribution of y given

p, I, which is generated by (r, fε) is

fy|p,I(y) = fε (r (y, p, I))

¯̄̄̄
∂r (y, p, I)

∂y

¯̄̄̄

and this equals the distribution of fy|p,I generated by (er, feε) .
Example 2: Suppose that for an invertible function g : RK−1 → RK−1,

er (y, p, I) = g (r(y, p, I)) and eε = g (ε)

then, (er, feε) is observationally equivalent to (r, fε) .
To see this, note that in this case

eε = er(y, p, I) = g(r(y, p, I)) = g(ε)

Using the relationship eε = g(ε), to derive the distribution of ε from that of eε, and substituting
er(y, p, I) for g(ε), we get that

fε (ε) = feε (g(ε))
¯̄̄̄
∂g(ε)

∂ε

¯̄̄̄
= feε (er (y, p, I)) ¯̄̄̄∂g(ε)∂ε

¯̄̄̄

Using the relationship er (y, p, I) = g (r(y, p, I)) , we also get that

¯̄̄̄
∂er (y, p, I)

∂y

¯̄̄̄
=

¯̄̄̄
∂g(r (y, p, I))

∂y

¯̄̄̄
=

¯̄̄̄
∂g(ε)

∂y

¯̄̄̄ ¯̄̄̄
∂r (y, p, I))

∂y

¯̄̄̄
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Hence,

fε (r (y, p, I))

¯̄̄̄
∂r (y, p, I)

∂y

¯̄̄̄
= feε (er (y, p, I)) ¯̄̄̄∂er (y, p, I)

∂y

¯̄̄̄
¥

Example 2 shows that invertible transformations, g, of r(y, p, I), together with the associated

vector of unobservables eε = g(ε), generate pairs (er, feε) that are observationally equivalent to (r, fε) .
In this case, any transformation of ε that also depends on x = (p, I) will generate a random variable,

eε = g(ε, x), which is not distributed independently of (p, I). (Example 3.3 in Matzkin (2005))

provides a proof of this.) Hence, when the number of commodities is 2, eliminating pairs that are

obtained by invertible transformations of ε is enough to guarantee identification. When, however,

K > 2, transformations of ε that depend on (p, I) might generate pairs that are also observationally

equivalent. This claim was recently shown in Benkard and Berry (2004). The following example

from Matzkin (2005) provides a "rotation example" of the type that Benkard and Berry discuss.

Example 3: Suppose that ε ∈ R2, and normalize income I = 1. Let

ε = r (y, p1, p2)

and eε = er (y, p1, p2)

where er1(y, p) = r (y, p) + p1 + p2 ,

er2(y, p) = r (y, p)− p1 − p2 ,

and fε (e1, e2) = feε (e1, e2) = e−(e1+e2)
2R

e−(t1+t2)
2
dt1 dt2

Then,

(r, fε) and (er, feε) are observationally equivalent

17



To see this, note that for all y, p, I

fY |p,I(y) = fε (r (y, p, I))

¯̄̄̄
∂r (y, p, I)

∂y

¯̄̄̄

=
e−(r1(y,p,I)+r2(y,p,I))

2R
e−(t1+t2)

2
dt1 dt2

¯̄̄̄
∂r (y, p, I)

∂y

¯̄̄̄

=
e−(r1(y,p,I)+(p1+p2)+r2(y,p,I)−(p1+p2)))

2R
e−(t1+t2)

2
dt1 dt2

¯̄̄̄
∂r (y, p, I)

∂y

¯̄̄̄

=
e−(er1(y,p,I)+er2(y,p,I))2R
e−(t1+t2)

2
dt1 dt2

¯̄̄̄
∂er (y, p, I)

∂y

¯̄̄̄

= feε (er (y, p, I)) ¯̄̄̄∂er (y, p, I)∂y

¯̄̄̄

Hence, (fε, r) and (feε, er) are observationally equivalent.¥

Conditions for identification on nonparametric simultaneous equations with nonadditive unob-

servables were provided by Matzkin (2005). To describe these results, let X denote the vector of

observable exogenous variables. Let r∗, fε∗ denote the true function and true distribution. Denote

by P a set of functions to which r∗ is assumed to belong, and denote by Γ the set of densities

to which fε∗ is assumed to belong. We will assume that X possesses an everywhere positive,

differentiable density, fX . Moreover, the following assumptions will be imposed on the sets P and

Γ :

Assumption 1: All functions r ∈ P are such that (i) r is continuously differentiable, (ii) for all

y, x, |∂r (y, x) /∂y| > 0, and (iii) for all x,eε there exists a unique ey satisfying eε = er (ey, x)
18



Assumption 2: For all fε ∈ Γ, fε is continuously differentiable and for all r ∈ P, and all y, the
distribution of Y given X = x, which is generated by r and fε, is everywhere positive in RG.

The following is a restatement of Theorem 2.3 in Matzkin (2005):

Theorem 1 (Matzkin (2005)): Suppose that Assumptions 1 and 2 are satisfied, then (r∗, fε∗)

is identified within (P × Γ) if for all r ,er ∈ P and all fε ∈ Γ, there exists a value of (y, x) at which
the rank of the matrix

B (y, x; r, er, fε) =


³
∂er(y,x)

∂y

´0
∆y

¡
y, x; ∂r, ∂2r, ∂er, ∂2er¢− ∂ log(fε(r(y,x)))

∂ε
∂r(y,x)

∂y

³
∂er(y,x)

∂x

´0
∆x

¡
y, x; ∂r, ∂2r, ∂er, ∂2er¢− ∂ log(fε(r(y,x)))

∂ε
∂r(y,x)

∂x



is strictly larger than G, where

∆y

¡
y, x;∂r, ∂2r, ∂er, ∂2er¢ =

∂

∂y
log

¯̄̄̄
∂r(y, x)

∂y

¯̄̄̄
− ∂

∂y
log

¯̄̄̄
∂er(y, x)
∂y

¯̄̄̄

∆x

¡
y, x;∂r, ∂2r, ∂er, ∂2er¢ =

∂

∂x
log

¯̄̄̄
∂r(y, x)

∂y

¯̄̄̄
− ∂

∂x
log

¯̄̄̄
∂er(y, x)
∂y

¯̄̄̄
¥

The following example applies this result to the random utility model considered in Brown and

Calsamiglia (2004), where the utility for a consumer with tastes ε is V (y1, ..., yK , ε1, ..., εK−1) =
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U (y1, ..., yK−1) +
PK−1

k=1 εk yk + yK . Denote the gradient of U by DU and the Hessian of U by

D2U. Let y denote a value of y. Let W denote the set of functions U such that DU(y) = α, and

for all y,
¯̄
D2U(y)

¯̄
= 1. Let ε∗ denote a value of ε. Let Γ denote the set of densities, fε, such that

fε is differentiable, ∂ log(fε(ε))∂ε = 0 iff ε = ε∗, and the inverse image of a neighborhood around

0 is contained in a neighborhood around ε∗.

Theorem 2: If U, eU belong to W and DeU 6= DU, there exists values y, p such that for all

fε ∈ Γ, the rank of the matrix B
³
y, p;DU,DeU, fε´ is larger than K − 1.

The proof of this theorem is obtained by slightly modifying the analogous theorem in Brown

and Matzkin (1998).

2.1.4. Recovering the distribution of utility functions when K > 2

An implication of Theorem 2 is that, if price has an appropriate large support and the utility

function is given by

(2) V (y1, ..., yK , ε1, ..., εK−1) = U(y1, ..., yK−1) +
K−1X
k=1

yk · εk + yK

then, the rank conditions for nonparametric identification of U and fε are satisfied. Under slightly

stronger conditions, we can constructively recover DU(y) and fε from the distribution of demand,

by applying the results in Section 6 of Matzkin (2005).

Theorem 3: Suppose that given any budget set (p, I), each consumer with unobservable tastes

(ε1, ..., εK−1) chooses his demand by maximizing V (y1, ..., yK , ε1, ..., εK−1), as in (2), subject to

p · y ≤ I. Let fY |p,I denote the density of demand generated by the density of ε, over the budget set

determined by (p, I) . Suppose that U belongs to the set W , and fε belongs to the set of densities

Γ in Theorem 2. Then, the density of ε and the gradient, DU(y), of U at any y, can be recovered

from fY |p,I . In particular, for all (t1, ..., tK−1) ,

fε (t1, ..., tK−1) = fY |p1=t1+α1,...,pK−1=tK−1+αK−1 (y)
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and for all y,

DU(y) = p∗

where p∗ is the value of p that satisfies

∂fY |p=p∗ (y)

∂p
= 0

2.2. Linear choice sets, income variation, no price variation

A critical requirement in the identification results in the previous section was that, given any bundle

of commodities and any value for the marginal utility, one could always observe a price vector with

the value necessary to identify that marginal utility. That required a large support condition on

these variables. In most situations, however, that large support condition is not satisfied. In fact,

it is often the case that the available data corresponds to only a few values of prices. Blundell,

Browning, and Crawford (2003) deal with this situation by ingeniously making use of observations

on income. They note that, although the data corresponds to only a few price vectors, income

across different individuals has a large support. They use this to estimate the income expansion

paths of the average consumer. Assuming that the average consumer behaves as if maximizing a

utility function, they use these choices to determine bounds on the demand of this average consumer

on previously unobserved budget sets. These bounds are determined from reveled preference.

2.2.1. Bounds on the derivative of the distribution of demand with respect to price

The assumption that the average consumer behaves as if maximizing a utility function might be

too restrictive in most circumstances. Blundell and Matzkin (2006) analyze what can be said

when it is only assumed that each consumer acts as if maximizing a utility. No specific restrictions

are imposed on the average consumer. In other words, Blundell and Matzkin (2005) consider a

population of consumers such that each consumer possesses a utility function
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V (y, ε)

On each budget set, characterized by a price vector, p, and an income I, the distribution of ε

generates a distribution of demand over the budget set determined by p and I. This gives rise, as

in the previous sections, to a system of demand functions

y1 = d1 (p, I, ε1, ..., εK−1)

y2 = d2 (p, I, ε1, ..., εK−1)

· · ·

yK−1 = dK−1 (p, I, ε1, ..., εK−1) ,

which, for each (p, I) and (ε1, ..., εK−1), solve the maximization of V (y, ε) subject to the budget

constraint. Assuming that the system is invertible in (ε1, ..., εK−1) , we can express it as

ε1 = r1 (p, I, y1, ..., yK−1)

ε2 = r2 (p, I, y1, ..., yK−1)

· · ·

εK−1 = rK−1 (p, I, y1, ..., yK−1)

Making use of the variation in income, together with the implications of the Slutsky conditions for

optimization, Blundell and Matzkin (2006) obtain bounds on the unobservable derivative of the

density of demand with respect to price. These bounds are functions of the observable derivatives

of the density of demand with respect to demand and to income.

Blundell and Matzkin (2006): In the above demand system, assume that for all (p, I) , the

determinant of the Jacobian of the demand with respect to ε is constant

¯̄̄̄
∂d(p, I, ε)

∂ε

¯̄̄̄
= c

then, for all y = d(p, I, ε), the unobserved derivative
¡
∂fy|p,I (y) /∂p

¢
, of the density of demand
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with respect to price satisfies

µ
∂fy|p,I (y)

∂y

¶µ
∂fy|p,I (y)

∂p

¶0

+y

µ
∂fy|p,I (y)

∂y

¶0µ∂fy|p,I (y)
∂I

¶

≥ 0

where y=(y1, ..., yK) and the other vectors are also row vectors. ¥

2.2.1. Representation of demand

In some cases, one may be able to analyze demand by using a representation of the system of

demand. Blundell and Matzkin (2006) consider one such representation. Suppose, as above, that

the system of demand functions is given by

y1 = d1 (p, I, ε1, ..., εK−1)

y2 = d2 (p, I, ε1, ..., εK−1)

· · ·

yK−1 = dK−1 (p, I, ε1, ..., εK−1) ,

A representation of this system, in terms of a different vector of unobservable variables,
¡
η1, ..., ηK−1

¢
,

can be obtained by defining these unobservables sequentially as
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η1 = FY1|p,I(y1)

η2 = FY2|η1,p,I(y2)

· · ·

ηK−1 = FYK−1|η1,η2,...,ηK−1,p,I(yK−1)

where FY1|p,I is the conditional distribution of Y1 given (p, I) , FY2|η1,p,I(y2) is the conditional

distribution of Y2 given (η1, p, I) , and so on. (McFadden (1985) and Benkard and Berry (2004)

previously considered also using this type of representations for simultaneous equations models.)

By construction, the system

y1 = F−1
y1|p,I (η1)

y2 = F−1
y1|p,I (η1, η2)

· · ·

yK−1 = F−1
y1|p,I

¡
η1, η2, ..., ηK−1

¢
is observationally equivalent to

y1 = d1 (p, I, ε1, ..., εK−1)

y2 = d2 (p, I, ε1, ..., εK−1)

· · ·

yK−1 = dK−1 (p, I, ε1, ..., εK−1)

Assuming that (p, I) has an appropriate lasrge support, the connection between both systems can

be analyzed using Theorem 3.1 in Matzkin (2005). Denote the mapping from (η, p, I) to y by

y = s (η, p, I)
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and the mapping from (y, p, I) to ε by

ε = r (y, p, I)

Define the mapping g by

ε = g (η, p, I)

= r (s(η, p, I), p, I)

Then, by Theorem 3.1 in Matzkin (2005),

·
−∂ log (fη (η))

∂η
+
∂

∂η
log

µ¯̄̄̄
∂g (η, p, I)

∂η

¯̄̄̄¶¸"µ
∂g (η, p, I)

∂η

¶−1 ∂g (η, p, I)
∂(p, I)

#

=
∂

∂(p, I)
log

µ¯̄̄̄
∂g (η, p, I)

∂η

¯̄̄̄¶

Using the definition of g, this is equivalent to

·
−∂ log (fη (η))

∂η
+
∂

∂y
log

µ¯̄̄̄
∂r (y, p, I)

∂y

¯̄̄̄¶
+
∂

∂η
log

µ¯̄̄̄
∂s (η, p, I)

∂η

¯̄̄̄¶¸
·

"µ
∂s (η, p, I)

∂η

¶−1µ∂s (η, p, I)
∂(p, I)

¶
+

µ
∂s (η, p, I)

∂η

¶−1µ∂r (y, p, I)
∂y

¶−1µ∂r (y, p, I)
∂(p, I)

¶#

=
∂

∂(p, I)
log

µ¯̄̄̄
∂r (y, p, I)

∂y

¯̄̄̄¶
+

∂

∂(p, I)
log

µ¯̄̄̄
∂s (η, p, I)

∂η

¯̄̄̄¶

In this expression,

∂ log (fη (η))

∂η
,
∂

∂η
log

µ¯̄̄̄
∂s (η, p, I)

∂η

¯̄̄̄¶
,

µ
∂s (η, p, I)

∂η

¶
,

µ
∂s (η, p, I)

∂(p, I)

¶
and

∂

∂(p, I)
log

µ¯̄̄̄
∂s (η, p, I)

∂η

¯̄̄̄¶

are known, since the function s is calculated from the conditional distribution functions. One can
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then use the above equality to determine values and properties of the derivatives of the function r.

2.3. Linear choice sets, no price variation or income variation.

In some cases, we may observe no variation in either prices or income. Only one budget set

together with a distribution of choices over it is available for analysis. This is a similar problem

to that considered in the hedonic models studied by Ekeland, Heckman, and Nesheim (2004) and

Heckman, Matzkin and Nesheim (2002), where observations correspond to only one price function,

and consumers and firm locate along that function. Rather than using identification due to

variation in prices, they achieve identification exploiting variation in observable characteristics. We

next exemplify their method in the consumer demand model. Suppose that z = (z1, ..., zK−1) is a

vector of observable characteristics. In analogy to the piecewise linear specification in the previous

section, suppose that the random utility function is

V (y1, ..., yK , ε1, ..., εK−1, z1, ..., zK−1) = U(y1, ..., yK−1) +
K−1X
k=1

yk · (εk + zk) + yK

Then, the first order conditions for utility maximization are

εk = pk − Uk (y1, ..., yK−1)− zk

This is identical to the model in Section 2.1.1 where prices vary, after substituting pk by pk − zk.
Hence, the analysis of identification is analogous to that in Section 2.1. (See also the related

literature on equivalence scales (e.g., Lewbel (1989).)

2.4. Nonlinear choice sets

In many situations, budget sets are nonlinear. These can be generated, for example, in the clas-

sical consumer demand models by prices that depend on quantities, in the labor supply model by

regressive or progressive taxes, or in a characteristics model by feasible combinations of character-

istics that can be obtained by existent products. Epstein (1981) provided integrability conditions

in this case. Richter (1966), Matzkin (1991), and Yatchew (1985) provided revealed preference

results. Hausman (1985) and Bloomquist and Newey (2002), among others, provided methods for

estimation of some particular models.
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Suppose that the choice problem of a consumer with unobserved ε is to maximize

V (y1, ..., yK−1, ε1, ..., εK−1) + yK

subject to g(y1, ..., yK , w) ≤ 0

where w is an observable variable (e.g, taxes, income) that affects choice sets and is distributed

independently of ε, and g is strictly increasing in w. The first order conditions for optimization are,

for k = 1, ...,K − 1

Vk (y1, ..., yK−1, ε1, ..., εK−1) = sk (y1, .., yK−1, w)

where s (y1, .., yK−1, w) = yK such that g(y1, ..., yK , w) = 0, and where sk denotes the derivative of

s with respect to its k − th.coordinate. (We assume that the solution to the FOC is unique and

that second order conditions are satisfied.)

This is the multidimensional version of the problem considered by Heckman, Matzkin and

Nesheim (2002), when the price function varies with z. Suppose that DV (y1, ..., yK−1, ε1, ..., εK−1)

is invertible in ε = (ε1, ..., εK−1). Let

ε = r (y1, ..., yK−1, sk (y1, .., yK−1, w))

Consider an alternative gradient function DeV (y1, ..., yK−1, ε1, ..., εK−1), which is also invertible in
ε. Denote the inverse function of DeV with respect to ε by er, so that

eε = er (y1, ..., yK−1, sk (y1, .., yK−1, w))
Then, again one can use the results in Matzkin (2005) to determine under what conditions er is not
observationally equivalent to r. Constructive identification can be obtained by specifying the utility

function as

U(y1, ..., yK−1) +
K−1X
k=1

εkyk

In this case, the first order conditions become

ε = sk (y1, .., yK−1, w)− Uk (y1, ..., yK−1)
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Specifying the value of (U1, ..., UK−1) at a point y and assuming that for each y and sk, the value

of sk (y1, .., yK−1, z) has an appropriate large support, as z varies, one can follow a method similar

to that discussed in Sections 1.1 and 1.2 to directly recover fε and (U1(y), ..., UK−1(y)) from the

distribution of the observable variables (s(y, z) , z)

If w were not observed varying, this would become a situation like the single market observations

in Ekeland, Heckman and Nesheim (2004) and Heckman, Matzkin, and Nesheim (2002). Rather

than exploiting exogenous variation in prices, one exploits exogenous variation in the observable

characteristics of the consumers. Suppose, for example, that the choice problem of the consumer

with unobserved ε is to maximize

U(y1, ..., yK−1) + yK +
PK−1

k=1 (zk + εk)yk

subject to g(y1, ..., yK) ≤ 0

The first order conditions for optimization are, for k = 1, ...,K − 1,

Uk (y1, ..., yK−1) + zk + εk = sk (y1, .., yK−1)

where s (y1, .., yK−1, z) = yK such that g(y1, ..., yK , z) = 0. Hence, variation in the observable

characteristics z can be used to recover the gradient of U and the density of ε.

2.5. Restrictions on the distribution of choices

Given a distribution of choices, over any type of choice sets, one may ask what restrictions opti-

mization places on this distribution. This question was studied by McFadden and Richter (1970,

1990), Falmagne (1978), Cohen (1980), and Barbera and Pattanaik (1986), among others, (see

Fishburn (1998)). Most recently, the issue has been studied by McFadden (2005). In particular,

consider a set of alternatives. Let eR denote the set of all possible orderings of those alternatives.

The following is defined in McFadden and Richter (1991):

Axiom of Stochastic Revealed Preference: For every finite list {(B1, C1), ..., (Bk, Ck)} of
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subsets of alternatives, C1, ..., Ck, and choices from those alternatives, B1, ...,Bk,

kX
i=1

πBi
(Ci) ≤Max

(
kX

i=1

α(R,Bi, Ci)|R ∈ eR)

where πBi
(Ci) is the probability of choosing Bi from choice set Ci; α(R,Bi, Ci) = 1 if ordering R

selects Bi from Ci and α(R,Bi, Ci) = 0 otherwise.

McFadden and Richter (1970) showed that this axiom is equivalent to the existence of a prob-

ability distribution over the space of orderings eR. They proved the following:
Theorem 4 (McFadden and Richter (1970)): The Axiom of Stochastic Revealed Preference is

equivalent to the existence of a probability ξ on the space of ordering such that for all orderings

R ∈ eR, all choice sets C, and all subsets B of C

πB(C) = ξ
n
R ∈ eR|R selects an element of B from C

o

McFadden (2005) has generalized this result to non-discrete budget sets. To provide an example

of what this result means, consider two budget sets in R2+ that intersect. Restrict the set of random

preferences to be such that each random preference admits a strictly monotone and strictly concave

utility function, and the relationship between ε and the choice generated by ε is 1-1. Let A denote

the set of points in the first budget line, C1, that are included in the second budget set. Let B

denote the set of points in the second budget line, C2, that are included in the first budget set.

The axiom implies that

πA(C1) + πB(C2) ≤ 1.

That is, the probability of the set of orderings that choose an element of C1 plus the probability

of the set of orderings that choose an element of C2 has to be less than 1. If this sum were larger

than 1, it would imply that the probability of the set of ordering that choose an element of C1 in

A and an element of C2 in B is strictly positive.
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3. Discrete choice

In many situations in economics, consumer’s feasible set is only a finite sets of alternatives. Discrete

Choice Models (McFadden (1974)) provide the appropriate framework to analyze such situations.

In these models, each alternative is characterized by a vector of characteristics. The consumer’s

utility of each alternative is given by a function, which may depend on observable characteristics

of the consumer and the alternative, and on unobservable characteristics of either the consumer,

the alternative, or both. It is assumed that the alternative chosen by the consumer is the one that

provides the highest level of utility. In a standard textbook example, the available alternatives

are to commute to work by either car or bus. The observable characteristics of each means of

transportation are its time and its cost. Comfort might be one of the unobservable characteristics.

The observable characteristic of the consumer are the number of cars owned by the commuter and

his income.

Let J denote the set of feasible alternatives. Let Vj (s, zj , xj , ω) denote the utility for alternative

j, where s denotes a vector of observable characteristics of the consumer, xj denotes a vector of

observable attributes of alternative j, zj denotes an observable variable which denotes another

attribute of the alternative, and ω is an unobservable random vector. Let y = (y1, ..., yJ) be

defined by

yj =

 1 if Vj (s, zj, xj , ω) > Vk (s, zk, xk, ω) for all k 6= j

0 otherwise


Then, the conditional choice probabilities, for each j = 1, ..., Jis

Pr {yj = 1 | s, x, z} = Pr {ω | Vj (s, zj , xj , ω) > Vk (s, zk, xk, ω) for all k 6= j }

Since the choice probabilities of each alternative depend only on the differences between the utilities

of the alternatives, only those differences can be identified. Hence, for simplicity, we will normalize

VJ (s, zJ , xJ , ω) equal to 0 for all (s, zJ , xJ , ω) . Then,

Pr {yJ = 1 | s, x, z} = Pr {ω | 0 > Vk (s, zk, xk, ω) for all k 6= J }
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3.1. Subutilities additive in the unobservables

Assume that ω = (ω1, ..., ωJ−1) , each Vj depends only on one coordinate, ωj of ω, and that each ωj

is additive. Then, under certain restrictions, one can identify the Vj functions and the distribution

of ω nonparametrically. A result of this type, considered in Matzkin (1992, 1993,1994), is where,

for each j, Vj is specified as

(3.1) Vj (s, xj, zj, ω) = zj + vj (s, xj) + ωj ,

where vj is a nonparametric function. Matzkin (1992, 1993, 1994) requires that (z1, ..., zJ−1) has an

everywhere positive density, conditional on (s, x1, ...., xJ−1) and that (ω1, ..., ωJ−1) is distributed

independently of (s, z1, ..., zJ−1, x1, .., xJ−1) . In addition, the vector of functions (v1, ..., vJ−1) is

normalized by requiring that at a point, (s, x1, ..., xJ−1), and for some values (α1, ..., αJ−1) ,

(3.2) vj (s, xj) = αj

Matzkin (1992, Example 3) shows that the functions vj and the distribution of (ω1, ..., ωJ−1) are

identified nonparametrically. Lewbel (2000) shows that to identify the distribution of

(v1 (s, x1) + ω1, ..., vJ (s, xJ) + ωJ) given (s, x1, ..., xJ) , it suffices to require that (ω1, ..., ωJ−1)

is distributed independently of (z1, ..., zJ−1) , conditional on (s, x1, .., xJ−1) . To separately iden-

tify (v1 (s, x1) , ..., vJ−1 (s, xJ−1)) from the distribution of (ω1, ..., ωJ) , Lewbel imposes linearity of

the functions v and a zero covariance between ω and (s, x1, ..., xJ) . Alternatively, Lewbel uses

instruments for (s, x1, ..., xJ) .

In the past, the identification and estimation of these models, was analyzed using either para-

metric or semiparametric methods. McFadden (1974, 1981) specified each functions Vj as linear in

(s, zj, xj) and additive in ωj. The distribution of ω was assumed to be known up to a finite dimen-

sional parameter. Manski (1975) developed an estimation method for the parameters of the linear

function that did not required a parametric specification for the distribution of ω. Later, Cosslett

(1983), Manski (1985), Powell Stock and Stoker (1989), Horowitz (1992), Ichimura (1993), and Ke-

lin and Spady (1993), among others, developed other methods that did not required a parametric

specification for the distribution of ω. Matzkin (1991) developed methods in which the distribution

of (ω1, ..., ωJ−1) is parametric and the functions Vj are additive in ωj but otherwise nonparametric.
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(See Briesch, Chintagunta, and Matzkin (2002) for an application of such method.)

To see how identification can be achieved, consider the specification in (3.1) with the normal-

ization in (3.2) and the assumption that ω = (ω1, ..., ωJ−1) is distributed independently of (s, z, x)

= (s, z1, ..., zJ , x1, ..., xJ−1) . Then,

Pr {yJ = 1| s, z1, ..., zJ−1, x1, ..., xJ−1}

= Pr { 0 > zj + vj (s, xj) + ωj for all j 6= J | s, z1, ..., zJ−1, x1, ..., xJ−1}

= Pr { ωj < −zj − vj (s, xj) for all j 6= J | s, z1, ..., zJ−1, x1, ..., xJ−1 }

Since independence between ω and (s, z, x) implies that ω is independent of z, conditional on (s, x) ,

it follows from the last expression that fixing the values of (s, x) and varying the values of z, we

can identify the distribution of ω. Specifically, by letting (s, x) = (s, x1, ..., xJ−1) , it follows that

Pr {yJ = 1| s, z1, ..., zJ−1, x1, ..., xJ−1}

= Pr { ωj < −zj − αj for all j 6= J | s, z1, ..., zJ−1, x1, ..., xJ−1}

This shows that the distribution of (ω1, ..., ωJ−1), conditional on (s, x) = (s, x1, ..., xJ−1) is identi-

fied. Since ω is distributed independently of (s, x), the marginal distribution of ω is the same as

the conditional distribution of ω. Hence, for any (t1, ..., tJ−1) ,

Fω1,...,ωJ−1 (t1, ..., tJ−1) = Pr {yJ = 1| s, z1 = α1 + t1, ..., zJ−1 = αJ−1 + tJ−1, x1, ..., xJ−1}

Once the distribution of the additive random terms is identified, one can identify the nonparametric

functions Vj using the identification results in Matzkin (1991), which assume that the distribution

of ω is parametric.

3.2. Subutilities nonadditive in the unobservables

Matzkin (2005) considered a model where the vector of unobservables, ω = (ω1, ..., ωJ−1) , entered

in possible nonadditive ways in each of the Vj functions. The specification was, for each j,

(3.3) Vj (s, xj, zj, ω) = zj + vj (s, xj , ω) ,
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where vj is a nonparametric function, and ω is assumed to be distributed independently of

(s, z1, ..., zJ−1, x1, .., xJ−1) . The analysis of identification makes use of the arguments in Matzkin

(1992, 1993, 1994), Briesch, Chintagunta and Matzkin (1997), and Lewbel (1998, 2000), together

with the results about identification in nonparametric simultaneous equations models. Define Uj

for each j by

Uj = vj (s, xj, ω) .

Since ω is distributed independently of (s, z, x) , (U1, ..., UJ−1) is distributed independently of z

given (s, x) . Hence, using the arguments in Lewbel (1998, 2000), from the probability of choosing

alternative J, or any other alternative, conditional on (s, x) , one can recover the distribution of

(U1, .., UJ−1) given (s, x) . Since the distribution of the observable variables (s, x) is observable, this

is equivalent to observing the joint distribution of the dependent variables (U1, ..., UJ−1) and the

explanatory variables, (s, x1, ..., xJ) , in the system of equations

U1 = v1 (s, x1, ω1, ..., ωJ−1)

U2 = v2 (s, x2, ω1, ..., ωJ−1)

· · ·

UJ−1 = vJ−1 (s, xJ−1, ω1, ..., ωJ−1)

The identification and estimation of the functions (v1, ..., vJ−1) in this system can be analyzed using

the methods in Matzkin (2005).

For a simple example, that generalizes the model in 3.1 to functions that are nonadditive in one

unobservable, suppose that each function Vj is of the form

(3.4) Vj (s, xj , zj, ω) = zj + vj (s, xj, ωj) ,

where each nonparametric functions vj is strictly increasing in ωj . Then, assuming the ω is dis-

tributed independently of (s, z, x) , one can identify the joint distribution of (U1, ..., UJ−1; s, x1, ..., xJ−1) ,
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where

U1 = v1 (s, x1, ω1)

U2 = v2 (s, x2, ω2)

· · ·

UJ−1 = vJ−1 (s, xJ−1, ωJ−1)

Each of these vj functions can be identified from the distribution of (Uj, s, xj) after either a nor-

malization or a restriction. For example, one could require that each function vj is separable into

a known function of one coordinate of (s, xj) and ωj, and the value of vj is known at one point, or,

one could specify a marginal distribution for ωj .

One could also consider situations where the number of unobservables is larger than J −
1. Briesch, Chintagunta, and Matzkin (1997), for example, consider a situation where the util-

ity function depends on an unobserved heterogeneity variable, θ. They specify, for each j

V (j, s, xj , zj , θ, ωj) = zj + v (j, s, xj, θ) + ωj

where θ is considered an unobservable heterogeneity parameter.

Ichimura and Thompson (1998) consider the model

V (j, s, xj , zj, θ) = zj + θ xj

where θ is an unobservable vector, distributed independently of (z, x) , with an unknown distribu-

tion. Using Matzkin (2003, Appendix A), one can modify the model in Ichimura and Thompson

(1998) to allow the random coefficients to enter in a nonparametric way. This can be done, for

example, by specifying, for each j, that V (j, s, xj , zj , θj, ωj) is of the form

V (j, s, xj , zj, θj, ωj) = zj +
KX
k=1

mk

¡
xj(k), θj

¢
+ ωj

where the nonparametric functions mk are a.e. strictly increasing in θj, the θj are independently

distributed among them and from (z, x) , and for some xj, exj ,
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mk

¡exj(k), θj¢ = 0 for all θj , and

mk

¡
xj(k), θj

¢
= θj

In the random coefficient model of Ichimura and Thompson (1998), these conditions are satisfied

at exj(k) = 0 and xj(k) = 1.
4. Choices as explanatory variables

In many models, choices appear as explanatory variables. When this choice depends on unobserv-

ables that affect the dependent variable of interest, we need to deal with an endogeneity problem, to

be able to disentangle the effect of the observable choice variable from the effect of the unobservable

variables. Suppose, for example, that the model of interest is

Y = m (X,ε)

where Y denotes output of a worker that possesses unobserved ability ε and X is the amount of

hours of work. If the value of X is determined independently of ε, then one could analyze the

identification of the function m and of the distribution of ε using Matzkin (1999), in a way similar

to that used in the analysis of demand in Section 2.1. In particular, assuming that m is strictly

increasing in ε, it follows by the independence between X and ε that for all x, e

Fε(e) = FY |X=x (m(x, e))

Suppose, in addition, that fε(e) > 0. Then, at X = x, the conditional distribution of Y given x

when Y = m(x, e) is strictly increasing, locally. It follows that

m(x, e) = F−1
Y |X=x

(Fε(e))
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and that a change in the value of X from x to x0 causes a change in the value of Y from y0 = m(x, e)

to y1 = m(x, e) equal to:

y1 − y0 = F−1
Y |X=x0

¡
FY |x=x(y0)

¢− y0
Suppose, however, that the amount of hours of work is chosen by the worker, as a function of his

ability. In particular, suppose that, for some ξ,

X = v(ε, ξ)

where v is strictly increasing in ε. Then, there exists an inverse function r such that

ε = r (X, ξ)

The change in output, for a worker of ability ε, when the amount of X changes exogenously from

x to x0 is

y1 − y0 = m(x0, r(x, ξ))−m(x, r(x, ξ))

Altonji and Matzkin (1997, 2005), Altonji and Ichimura (2000), Imbens and Newey (2001, 2003),

Chesher (2002, 2003), and Matzkin (2003, 2004) consider local and global identification of m and of

average derivatives ofm, in nonseparable models, using conditional independence methods. Altonji

and Matzkin (1997) also propose a method that uses shape restrictions on a conditional distribution

of ε. All of these methods are based upon using additional data; and, possibly except for the latter,

they are all based on a control function approach. This approach is based on Heckman (1976, 1978,

1980), and later works by Heckman and Robb (1985), Blundell and Smith (1986, 1989), and Rivers

and Vuong (1988). Control function approaches for nonparametric models that are additive on an

unobservable have been studied by Newey, Powell and Vella (1998), and Pinske (2000).

The shape restricted method in Altonji and Matzkin (1997, 2005) assumes that there exists an

external variable, Z, such that for each value x of X there exists a value z of Z such that for all e

fε|X=x,Z=z(e) = fε|X=z,Z=x(e)
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In the above example, Z could be the amount of hours of that same worker at some other day. The

assumption is that the distribution of ability, ε, given that the hours of work are x today and z at

that other period is the same distribution as when the worker’s hours today are z and the worker’s

hours at the other period are x. Assuming that m is strictly increasing in ε, this exchangeability

restriction implies that

FY |X=x,Z=z(m(x, e)) = FY |X=z,Z=x(m(z, e))

This is an equation in two unknowns, m(x, e) and m(z, e). Altonji and Matzkin (1997) use the

normalization that at some x, and for all e,

m (x, e) = e

This then allows one to identify m(x, e) as

m(x, e) = F−1
Y |X=x,Z=x

¡
FY |X=x,Z=x(e))

¢
The distribution Fε|X=x can next be identified by

Fε|X=x(e) = FY |X=x(F−1Y |X=x,Z=x

¡
FY |X=x,Z=x(e))

¢

Altonji and Matzkin (1997, 2005) also propose a method to estimate average derivatives of m

using a control variable Z satisfying the conditional independence assumption that

(3.1) Fε|X,Z(e) = Fε|Z(e)

Their object of interest is the average derivative of m with respect to x, when the distribution of ε

given X remains unchanged:

β(x) =

Z
∂m(x, e)

∂x
fε|X=x(e) de

They show that under their conditional independence assumption, β(x) can be recovered as a
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functional of the distribution of the observable variables (Y,X,Z) . In particular,

β(x) =

Z
∂E (Y |X = x,Z = z)

∂x
f(z|x) dz

where E (Y |X = x,Z = z) denotes the conditional expectation of Y givenX = x,Z = z, and f(z|x)
denotes the density of Z given X = x. Matzkin (2003) showed how condition (3.1) can also be

used to identify m and the distribution of ε given X, using the normalization that at some x, and

for all ε

m (x, ε) = ε

Blundell and Powell (2000, 2003) and Imbens and Newey (2001, 2003) have considered situations

where the control variable Z, satisfying (3.1) is estimated rather than observed. They proposed

using a normalization on the marginal distribution of ε. Condition (3.1) together with strict

monotonicty of m in ε implies that

Fε|Z(ε) = FY |X,Z(m(x, ε))

Multiplying both sides of the equation by f(z) and integrating with respect to z, one gets

Fε(ε) =

Z
FY |X,Z(m(x, ε)) f(z) dz

which can be solved for m(x, ε) once one specifies the marginal distribution of ε.

These approaches are based on conditional independence, given a variable, Z, which can be

either observed or estimated. One may wonder, however, how to determine whether any given

variable, Z, can be used to obtain conditional independence. Imbens and Newey (2001) provides

one such example. They consider the model

Y = m(X,ε)

X = s (Z, η)

where s is strictly increasing in η, m is strictly increasing in ε, and Z is jointly independent
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of (ε, η) . The latter assumption implies that ε is independent of X conditional on η, because

conditional conditional on η, X is a function of Z, which is independent of ε. Since the function s

can be identified (Matzkin (1999)), one can estimate η, and use it to identify m. Chesher (2001,

2003) considered a similar model and showed that to identify local derivatives of m, a local quantile

insensitivity condition was sufficient.

Matzkin (2004) shows that reversing the roles in the second equation in Imbens and Newey can,

in some situations, considerably lessen the requirements for global identification. The model is

Y = m(X,ε)

X = s (Z, η)

where for one value, z of Z, ε is independent of η, conditional on Z = z.

Theorem (Matzkin (2004)): Let z denote a value in the support of Z. Assume that m is strictly

increasing in ε, Fε|Z=z and FX|Z=z are strictly increasing, and for each value x of X, Fε|X=x,Z=z

is strictly increasing. Suppose that η is independent of ε conditional on Z = z, then for all x, e

m (x, e) = F−1
Y | eX=ex,X=x

³
F
ε| eX=ex (e)

´
and

Fε|X=x(e) = FY |X=x

³
F−1
Y | eX=ex,X=x

³
F
ε| eX=ex (e)

´´

This theorem establishes the global identification of the function m and the distribution of

(X,ε) , up to a normalization on the conditional distribution F
ε| eX=ex. If, for example, we normalized

the distribution of ε conditional on eX = ex to be U(0, 1), then, for all e ∈ (0, 1)
m (x, e) = F−1

Y |X=x, eX=ex (e) and Fε|X=x(e) = FY |X=x

³
F−1
Y | eX=ex,X=x

(e)
´

Endogeneity in discrete choice models can be handled similarly. In particular, Altonji and

Matzkin (1997, 2005)’s average derivative method applies to the case where Y is discrete as well

as when Y is continuous. Blundell and Powell (2003) derive an estimator for a semiparametric
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binary response model with endogenous regressors, using a control function approach. Similarly

to Blundell and Powell (2003), but with less structure, one can consider a nonparametric binary

response model, as in Matzkin (2004). Consider the model

Y1 =

 1 if X0 + v (X1, Y2, ξ) ≥ ε

0 otherwise


where Y1, Y2, and X are observable and ξ and ε are unobservable. Suppose that ξ is not distributed

independently of Y2. Let

W = v (X1, Y2, ξ)

and assume that for some unknown function s, observable eY2, and unobservable η
Y2 = s

³eY2, η´

where η is independent of ξ conditional on eY2.Following the arguments similar to those described
in Section 3, one can identify the distribution of W given

³
X1, Y2, eY2´ , from the distribution of Y1

given
³
X0,X1, Y2, eY2´ , using X0 as a special regressor (Lewbel (2000)). The system

W = v (X1, Y2, ξ)

Y2 = s
³eY2, η´

is a nonparametric triangular system whose identification can be analyzed using Chesher (2003),

Imbens and Newey (2001, 2003), Matzkin (2004), or, more generally, using methods for nonpara-

metric simultaneous equations models, such as the ones mentioned in Section 3.

5. Conclussions

We have surveyed some of the current literature on nonparametric identification of models with

unobserved heterogeneity. We dealt with the classical consumer demand model as well as with

discrete choice models. We also considered models where choice variables are explanatory variables.
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