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1 Introduction

In the last fifteen years there has been much work on identification of causal effects under weak
conditions in settings with endogeneity. Earlier, researchers focused on linear systems with
additive residuals. However, such systems are often difficult to motivate by economic theory.
In many cases it is the nonlinearity of the system and the presence of unobserved heterogeneity
in returns (and thus non-additivity in the residuals) that leads to the type of endogeneity
problems that economists are concerned with. In the more recent literature researchers have
attempted to characterize conditions for identification that do not rely on such functional form
or homogeneity assumptions, instead relying solely on assumptions that are more tightly linked
to economic theory. Such assumptions typically include exclusion and monotonicity restrictions
and (conditional) independence assumptions.

In this paper I will discuss part of this literature. I will focus on a two-equation triangular
(recursive) system of simultaneous equations with a single endogenous regressor and a single
instrument. Although much of the earlier literature on simultaneous equations focused on larger
systems (in fact, much of the theoretical literature studied systems with an arbitrary number
of endogenous regressors and an arbitrary number of instruments despite the rare ocurrence of
systems with more than two endogenous variables in empirical work and the practical difficulty
of even finding a single credible instrument), many applications have this two-equation form and
the framework is sufficiently rich for discussing the nature of the identification problems that
are studied here. I focus on identification of the outcome equation relating the outcome to the
regressor of interest. The latter is potentially endogenous. It is itself determined in the second
equation, the choice equation, partly by a set of instruments and partly by unobserved residuals.
The endogeneity of the regressor arises from the correlation between the residuals in the outcome
and choice equations. A natural setting for such models is one where an economic agent
chooses an action to optimize some objective function with incomplete information regarding the
objective function. The discussion will include settings with binary endogenous variables (see,
among others, Heckman and Robb, 1984; Manski, 1990; Imbens and Angrist, 1994; Blundell and
Powell, 2003; Vytlacil, 2000) continuous endogenous regressors (Newey and Powell and Vella,
1999; Chesher, 2003; Imbens and Newey, 2002; Chernozhukov and Hansen, 2005; Darolles,
Florens, and Renault, 2001; Altonji and Matzkin, 2005) and discrete regressors (Angrist and
Imbens, 1995; Chesher, 2005; Das, 2005).

Such a triangular system corresponds to a special and potentially restrictive form of en-
dogeneity, especially with a single unobserved component combined with monotonicity in the
choice equation. It contrasts with a part of the literature on endogeneity where researchers have
refrained from imposing any restrictions on the form of the relationship between the endogenous
regressor and the instruments beyond assuming there is one, instead merely assuming indepen-
dence of the instrument and the unobserved component in the outcome equation (e.g., Newey
Powell, 2003; Newey, Powell, and Vella, 1999; Darolles, Florens, and Renault, 2001; Hall and
Horowitz, 2003; Chernozhukov, and Hansen, 2005; Chernozhukov, Imbens and Newey, 2005).
There has been little discussion regarding tradeoff between the benefit in terms of identification
of making such assumptions and the cost in terms of potential misspecification.
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It is also important to note that the motivation for the endogeneity considered here differs
from that arising from equilibrium conditions. I will refer to the latter as intrinsically simulta-
neous models, in contrast to the recursive or triangular models considered here. In the leading
case of the intrinsically simultaneous equations model, the supply and demand model, there
are two (sets of) agents, each characterized by a relation describing quantities as a function
of prices. Endogeneity of prices arises by the equilibrium condition that quantities supplied
and demanded are equal. Although in linear cases the models corresponding to this type of
endogeneity are essentially the same as those for the recursive models considered here, some
of the assumptions considered in the current paper are more plausible in the recursive system
than in the intrinsically simultaneous set up, as will be discussed in more detail below.

The form of the endogeneity I consider in this paper implies that conditioning on some
unobserved variable would suffice to remove the endogeneity. One possibility is to condition
directly on the unobserved component from the choice equation, but more generally there can
be functions of the unobserved component that suffice to eliminate endogeneity. This approach
is not directly feasible because these variables are not observed. However, in some cases it is
possible to indirectly adjust for differences in these variables. Methods developed for doing so
depend critically on the nature of the system, i.e., whether the endogenous regressor is binary,
discrete or continuous. A benefit of this approach is that the identification results I will discuss
here are constructive, and so they are closely tied to the actual methods for adjusting for
endogeneity.

A major theme of the current paper, and of my work in this area more generally, is the
choice of estimands. In settings with heterogeneous effects and endogenous regressors it can
often be difficult to infer the effects of policies that affect all agents, or that move some agents
far from their current choices. Instead it can be much easier to evaluate policies that move
agents locally by eliminating endogeneity problems for some subpopulations even when the
instruments are not useful for eliminating endogeneity problems for other subpopulations. For
the subpopulations these instruments induce exogenous variation in the regressor that allows the
researcher to infer local causal effects over some range of the regressor. However, the amount of
variation in the instruments and the strength of their correlation with the endogenous regressor
defines these subpopulations. This has led to some concern that such local effects are in general
of limited interest as they do not directly correspond to specific policy parameters. However,
it is important to keep in mind that if the endogeneity problem were entirely eliminated by
observing the residuals that lead to the endogeneity this would not lead to additional variation
in the exogenous regressors and would therefore still limit the ability to make precise inferences
about the causal effects for the entire population. These limits on the identification can be
addressed in two ways. One is to acknowledge the lack of identification and report ranges of
values of the estimand of primary interest in a bounds approach (e.g., Manski, 1990, 2003).
Alternatively, one can impose additional restrictions on the outcome equation that would allow
for extrapolation. Before doing so, or in addition to doing so, it may be useful, however, to study
the subpopulations for which one can (point) identify causal effects. These subpopulations will
be defined in terms of the instruments and the individual’s responses to them. They need not
be the most interesting subpopulations from the researcher’s perspective, but it is important
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to understand the share of these subpopulations in the population and how they differ from
other subpopulations in terms of outcome distributions that can be compared. This strategy is
similar in spirit to the focus on internal validity in biomedical trials where typically the stress is
on conducting careful clinical trials without requiring that these equally satisfy external validity
concerns.

In the next section I will set up the basic framework. I will discuss both the potential
outcome framework popularized by Rubin (1974) that is now standard in the program evaluation
literature for the binary regressor case as well as the equation-based framework traditionally
used in the simultaneous equations literature in econometrics following the Cowles foundation
work (see Hendry and Morgan (1997) for a historical perspective on this). In Section 3 I will
discuss in some detail two economic examples that lead to the type of structure that is studied
in this paper. This will illustrate how the models discussed in the current paper can arise in
economic settings with agents in an environment with incomplete information.

I will then discuss the role of multi-valued endogenous regressors and multi-valued instru-
ments. I will discuss separately three cases. First the setting with a binary endogenous re-
gressor. In that case Imbens and Angrist (1994) show that the average effect of the regressor
is identified only for a subpopulation they call compliers. I then discuss the case with a con-
tinuous endogenous regressor. This case is studied in Imbens and Newey (2002) who present
conditions for identification of what they call the average conditional response function in the
non-additive case. Finally I discuss the case with a discrete endogenous regressor. Here I build
on the work by Angrist and Imbens (1995). (A different approach to the discrete case is taken
by Chesher (2005) who combines assumptions about the outcome equation with assumptions
on the choice equation and focuses on local aspects of the regression function.) In the current
literature these three cases have received separate treatment, often with distinct assumptions
(e.g., weak monotonicity in the binary regressor case versus strict monotonicity and continuity
in the continuous regressor case). I will provide some comments linking the three cases more
closely, and discuss formulations of the key assumptions that are underlying all three. These
assumptions include monotonicity type assumptions in both observables and unobservables, as
well as smoothness assumptions. I will also discuss the role of binary versus multi-valued and
continuous instruments in all three cases.

2 The Model

The basic set up I consider in this paper is the following two-equation structural model:

Yi = g(Xi, εi), (2.1)

Xi = h(Zi, ηi). (2.2)

Both equations are structural equations, describing causal relations between the right-hand side
and left-hand side variables. The system is triangular or recursive rather than simultaneous,
with X entering the equation determining Y , but not the other way around. This differs
from the recursive form of the general simultaneous equations model (e.g., Hausman, 1983),
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where the recursive nature is by construction. In contrast to the recursive form in such linear
simultaneous equations models the unobserved components in (2.1) and (2.2) are potentially
correlated.

The first equation, (2.1), is the equation of primary interest. I will refer to it as the
outcome equation. It is a primitive of the model and describes the causal or behavioral relation
between a scalar outcome Yi and the scalar regressor of primary interest Xi. In the examples
I consider this is a mechanical relation such as a production function, not under the control
of the agent. The two arguments of this production function are the regressor of interest Xi

and an unobserved component denoted by εi. This unobserved component can be a vector or
a scalar. We will largely refrain from making assumptions concerning the dependence of this
function on its arguments.

The second equation, (2.2), describes the behavioral relation between the potentially endoge-
nous regressor Xi and a single, or set of, instruments Zi. In the case with a binary endogenous
regressor this relation is often referred to as the participation or selection equation. With a
potentially multivalued regressor that is less appropriate and here I will generally refer to it as
the choice equation. In part this terminology makes the point that this equation often describes
a choice made by an economic agent, in contrast to the outcome equation which typically de-
scribes a mechanical relation such as a production function. The endogenous regressor also
depends on an unobserved component ηi. Again this unobserved component can be a vector,
although I will often make assumptions that essentially reduce the dimension of ηi to one. If
the unobserved component is a vector of arbitrary size there is little loss of generality compared
to not specifying the equation.

This type of triangular structural model, in particular in combination with the scalar η as-
sumption, is less appropriate for settings where the endogeneity arises from equilibrium condi-
tions. Such intrinsically simultaneous settings often have more than one unobserved component
in the second equation that would result from the equilibrium. For example, consider a demand
and supply system with the demand function

Q = qd(P, X, ε), (2.3)

and the supply function

Q = qs(P, Z, ν). (2.4)

The reduced form for the equilibrium price depends on both unobserved components in addition
to the potential instruments,

P e = g(Z, X, ε, ν). (2.5)

If both supply and demand are additive in the unobserved component then the equilibrium
price can be written in terms of a scalar unobserved component, and the model is similar to the
setting in (2.1)-(2.2) that is the primary focus of this paper. Outside of such additive models it
is generally impossible to write the equilibrium price in terms of a single unobserved component.
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See for a more detailed discussion of such models that are intrinsically simultaneous in a non-
additive setting the recent work by Chernozhukov and Hansen (2005), Chernozhukov, Imbens
and Newey (2005), Benkard and Berry (2005) and Matzkin (2005).

The formulation of the model in equations (2.1) and (2.2) is common in the econometric
literature on simultaneous equations with continuous endogenous regressors. In the modern
literature on the binary endogenous regressor case a slightly different set up is typically used
based on the potential outcomes framework developed by Rubin (1973). This amounts to
writing the outcome for unit i as a function of the regressor x as Yi(x). In the equation-based
model this equals Yi(x) = g(x, εi), with the observed outcome Yi = Yi(Xi). (It is interesting
to note that Haavelmo uses the same potential outcomes notation with the explicit distinction
between x as the argument in the function and the observed value Xi in his early work on
simultaneous equations, e.g., Haavelmo (1943).) Similar to the outcome function Yi(x) the
value of the regressor X would be written in this framework as a function of the instrument z

as Xi(z) = h(z, ηi), with the observed outcome equal to Xi = Xi(Zi). If we do not restrict εi

and ηi to be scalars, there is no essential loss of generality in writing the model as (2.1) and
(2.2). However, restricting either εi or ηi to be scalar, in particular in combination with the
assumption of monotonicity would be restrictive. I will return to this issue later.

I maintain the following assumption throughout the discussion.

Assumption 2.1 (Independence)

The instrument Zi is independent of the pair of unobserved components (εi, ηi).

In the potential outcome formulation this amounts to assumption that {(Yi(x), Xi(z))}z,x are
jointly independent of Zi.

This assumption embodies two notions. First, and this is somewhat implicit in the formu-
lation of the model with z not an argument of g(·), there is no direct causal effect of Z on Y .
This is typically referred to as an exclusion restriction. Second, Z is exogenous with respect
to X and Y so that the causal effect of Z on X and Y can be estimated by comparing units
with different values of Z. This is like a random assignment assumption. It can be weakened
by allowing for additional exogenous covariates. In the binary case Angrist, Imbens and Rubin
(1996) discuss the distinctions between the two components of this assumption in more detail.

Assumption 2.1 is a strong assumption. It is common in much of the recent identifica-
tion literature that considers models with non-additive unobserved components, including both
settings with binary regressors (Imbens and Angrist, 1994), and with continuous regressors
(Matzkin, 2003; Chernozhukov and Hansen, 2005; Chernozhukov, Imbens and Newey, 2005;
Imbens and Newey, 2002). In the next section I will discuss some examples that show how
it can arise in economic models. Various weaker versions have been considered in the liter-
ature. Three of those deserve special mention. First, researchers have often assumed mean
independence E[εi|Zi] = 0 and E[ηi|Zi] = 0, instead of full independence (Darolles, Florens
and Renault, 2001; Newey, Powell and Vella, 1999). Unless the model is additive in η and ε,
this is generally not sufficient for identification. A second potential disadvantage of the mean-
independence assumption is that it ties the identifying assumptions to the functional form of
the model. Second, in a very different approach Manski and Pepper (2000) discuss one-sided
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versions of the exclusion restriction where the instrument may increase but not decrease the
outcome. Such assumptions may be more justified in specific economic models than the full
independence assumption. Third, more recently Chesher (2003, 2005) has suggested local ver-
sions of the independence assumption where at a particular value x specific quantiles of the
distribution of Y (x) do not vary with Z.

Endogeneity of X arises in this system of equations through the correlation of the two
unobserved components ε and η. This correlation implies that X and ε are potentially correlated
and therefore methods that treat X as exogenous are in general not appropriate. The exogeneity
of the instrument embodied in Assumption 2.1 implies that although X and ε are potentially
correlated, the correlation arises from their joint dependence on η. Hence conditional on η, the
regressor X and ε are independent, and X is exogenous. An alternative way of formulating
the endogeneity problem in this model is therefore that X is exogenous only conditional on
an unobserved covariate. A similar set up occurs in Chamberlain (1983) where conditional on
an unobserved permanent component regressors are exogenous in a panel data setting. This
argument illustrates some limits to the type of identification results we can hope for. Even
if we were to infer the value of η for each individual, either through direct observation or
through estimation, we could not hope to learn about the relation between Y and X other than
conditional on η. In other words, given knowledge of η we could identify the conditional mean
E[Y |X, η] on the joint support of (η, X). This gives a causal relation between Y and X on this
joint support, but in general it will not be informative outside this support. In particular if
the conditional support of X |η varies by η we will not be able to integrate over the marginal
distribution of η, and in that case we will not be able to infer variation in the conditional
distribution of Y (x) by x alone. There are a number of directions one can take in that case.
First, one can focus on questions that do not require integration over the marginal distribution
of η. This may take the form of focusing on subpopulations with overlap in the distributions
of η and X , or focusing on quantiles. Second, one can obtain bounds on the effects of interest.
Third, one can make additional assumptions on the conditional distribution of the outcomes
given η and X that allow for the extrapolation necessary to obtain point identification.

As this discussion illustrates, this unobserved component η plays an important role in the
analysis. Conditional on this variable the regressor of interest is exogenous, and this motivates
two approaches to identification and estimation. First, in some cases it can be estimated
consistently. The leading case of this arises in settings with X continuous and h(z, η) strictly
monotone in η (Blundell and Powell, 2003; Imbens and Newey, 2002). Given a consistent
estimator for η one can then in the second stage regress Y on X controlling for η̂. This is a
generalization of the control function approach (e.g., Heckman and Robb, 1984; Blundell and
Powell, 2004).

In other cases, however, one cannot estimate η consistently. Even in that case the conditional
distribution of Y given X and Z can be interpreted as a mixture of conditional distributions of
Y given X and η. The second approach to identification and estimation exploits the fact that
in some cases these mixtures can be disentangled, often requiring additional assumptions. The
leading case here is the binary case where a weak monotonicity condition is sufficient to identify
the local average treatment effect (Imbens and Angrist, 1994). In both cases it is important
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that η is a scalar with h(z, η) (weakly) monotone in η. The first step in analyzing these cases is
to note that one need not condition on η itself. It may be sufficient to condition on a function
of η in order to eliminate endogeneity of the covariate. Especially when η is continuous and X

takes on only few values this may simplify the problem considerably. I will call this function
the type of a unit. It will be denoted by Ti = T (ηi) for unit i. By conditioning on the type of
a unit the endogeneity of the regressor can be eliminated. Formally,

Definition 2.1 The type of a unit is a function T (η) such that

ε ⊥ X
∣∣∣ T (η).

Let T be the set of values that T takes on. If X and Z are discrete there are choices for the
type function T that take on only a finite number of values even if η is continuous. With either
Z or X continuous there may be an uncountable infinite number of types, with in the worst
case T (η) = η. The type of a unit has some similarities to the notion of the balancing score
in settings with unconfoundedness or selection on observables (e.g., Rosenbaum and Rubin,
1983). Like the propensity score the definition of a type is not unique. Under the independence
assumption the unobserved component η satisfies this definition and so does any strictly mono-
tone transformation of η. It is useful to look for the choice of type that has the least variation,
the same way in the treatment evaluation literature we look for the balancing score that is the
coarsest function among all possible balancing scores. In the program evaluation setting with
selection on observables the solution is the propensity score. Here the optimal (coarsest) choice
of the type function is any function that is constant on sets of values of η that for all z lead to
the same value of X :

T (η) = T (η′) if h(z, η) = h(z, η′) ∀ z ∈ Z.

This implies that we can write the choice equation in terms of the type as Xi = h̃(Zi, Ti).
Much of the identification discussion in this paper will therefore focus on identification of

β(x, t) = E[Y |X = x, T = t], (2.6)

the conditional expectation of the outcome given the regressor of interest and the type, on
the joint support of (X, T ). Because conditional on the type the regressor is exogenous, this
conditional expectation has a causal interpretation as a function of x. The main issue in
identification will be whether one can either infer (and estimate) the type directly and estimate
β(x, t) by regressing Y on X and the estimated type T̂ , or indirectly infer β(x, t) for some values
of x and some types from the joint distribution of (Z, X, Y ). There will also be some discussion
relating the function β(x, t) to policy parameters. Here the limits on the identification stemming
from the restriction of the identification to the joint support of (X, T ) will be important. Many
policy questions will involve values of β(x, t) outside the support of (X, T ). Such questions are
only partially identified under the assumptions considered in the current discussion. To obtain
point identification the researcher has to extrapolate β(x, t) from the joint support of (X, T )
to other areas. This may be more credible in some cases (e.g., if β(x, t) is flat in t and the
additional values of β(x, t) required involve extrapolation only over t) than in others.
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I will consider a couple of assumptions beyond the independence assumption that involve
monotonicity of some form. The role of monotonicity assumptions in identification has recently
been stressed by Imbens and Angrist (1994), Matzkin (2003), Altonji and Matzkin (2005), Athey
and Imbens (2006), Chernozhukov and Hansen (2005), Chesher (2003), Imbens and Newey
(2002) and others. First, I consider two monotonicity assumptions on the choice equation.
These assumptions are closely related to separability conditions (e.g., Goldman and Uzawa,
1964; Pinkse, 2001).

Assumption 2.2 (Weak Monotonicity in the Instrument)

If h(z, η) > h(z′, η) for some (z, z′, η), then h(z, η′) ≥ h(z′, η′) for all η′.

The second monotonicity condition concerns monotonicity in the unobserved component of the
choice function.

Assumption 2.3 (Weak Monotonicity in the Unobserved Component)

If h(z, η) > h(z, η′) for some (z, η, η′), then h(z′, η) ≥ h(z′, η′) for all z′.

Sufficient, but not necessary, for the second monotonicity assumption is that η is a scalar and
that h(z, η) is nondecreasing in η. The two monotonicity assumptions are substantively very
different, although closely related in some cases. Both can aid in identifying the average causal
effect of changes in the covariate. Neither is directly testable.

I will also consider strict monotonicity versions of both assumptions.

Assumption 2.4 (Strict Monotonicity in the Instrument)

If h(z, η) > h(z′, η) for some (z, z′, η), then h(z, η′) > h(z′, η′) for all η′.

Assumption 2.5 (Strict Monotonicity in the Unobserved Component)

If h(z, η) > h(z, η′) for some (z, η, η′), then h(z′, η) > h(z′, η′) for all z′.

The strict monotonicity assumptions are particularly restrictive in settings with discrete choices
where they restrict the number of support points for the instrument or the unobserved compo-
nent to be equal to the number of values that the choice can take on. Additivity of the choice
equation in the instruments and the unobserved component directly implies 2.4 and 2.5, but
the combination of these two assumptions is still much weaker than additive separability.

These monotonicity assumptions 2.3 and 2.5 are much less plausible in settings where the
endogeneity arises from equilibrium conditions. As equation (2.5) shows, with non-additive
demand and supply functions the reduced form for the price is generally a nonseparable function
of the two unobserved components.

3 Two Economic Examples and Some Policies of Interest

In this section I discuss two economic examples where the type of triangular systems studied
in the current paper can arise. In both examples an economic agent faces a decision with
the payoff depending partly on the production function that is the primary object of interest
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in our analysis. In the first example the agent faces a binary decision. In the second exam-
ple the decision is a continuous one. There are two critical features of the examples. First,
the payoff function of the agents differs from the production function that the econometrician
is interested in. This difference generates exogenous variation in the regressor. Second, the
production function is non-additive in the unobserved component. It is the unobserved hetero-
geneity in returns that follows from this non-additivity that leads agents with identical values
of observed characteristics to respond differently to the same incentives. This important role of
non-additivity is highlighted by Athey and Stern (1998) in their discussion of complementarity.
Again, it is important to note that the role of non-additivity in these models is different from
that in supply and demand models. In supply and demand models endogeneity of prices arises
from equilibrium conditions. It requires neither nonlinearity nor nonadditivity. In the current
setting endogeneity arises in a way similar to the endogeneity in the binary selection models
developed by Heckman (1978).

I will also discuss some estimands that may be of interest in these settings and how they
relate to the model specified in equations (2.1) and (2.2). Traditionally researchers have focused
on estimation of the function g(x, ε) itself. This can be unwieldy when the regressor takes on
a large number of values. The estimands I consider here fall into two categories. The first
category consists of summary measures of the effect of the endogenous regressor on the outcome
of interest. These include average differences or average derivatives, for the population as a
whole or for subpopulations. The second set consists of the effects of specific policies that change
the incentives for individuals in choosing the value of the potentially endogenous regressor.

3.1 Two Economic Examples

Example 1: (Job Training Program)

Suppose an individual faces a decision whether or not to enroll in a job training program. Life-
time discounted earnings y is a function of participation in the program x ∈ {0, 1} and ability
ε: y = g(x, ε). Ability ε is not under the control of the individual, and not observed directly
by either the individual or the econometrician. The individual chooses whether to participate
by maximizing expected life-time discounted earnings minus costs associated with entering the
program conditional on her information set. This information set includes a noisy signal of
ability, denoted by η, and a cost shifter z. The signal for ability could be a predictor such
as prior labor market history. The cost of entering the program depends on an observed cost
shifter z such as the availability of training facilities nearby. Although I do not explicitly allow
for this, the costs could also depend on the signal η, if merit-based financial aid is available.
Hence utility is

U(x, z, ε) = g(x, ε)− c(x, z),

and the optimal choice satisfies

X = argmaxx∈{0,1}E
[
U(x, Z, ε)|η,Z

]
= argmaxx∈{0,1}

[
E
[
g(x, ε)|η,Z

]
− c(x, Z)

]
.

=
{

1 if E[g(1, ε)|η,Z]− c(1, z) ≥ E[g(0, ε)|η,Z]− c(0, z)
0 otherwise.
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Thus, X = h(Z, η), so that equations (2.1) and (2.2) are satisfied.
Let us return to the two crucial features of the set up. The first point concerns the im-

portance of the distinction between the payoff function of the individual (U(x, z, ε) = g(x, ε)−
c(x, z)) and the production function that is the focus of the researcher (g(x, z)). Suppose the
individual were interested in maximizing g(x, ε) without subtracting the cost c(x, z). In that
case Z would not be a valid instrument since it would not affect the choice. On the other
hand, if the researcher is interested in the causal effect of X on the objective function of the
individual, U(x, z, ε), then Z is not a valid instrument because it cannot be excluded from the
objective function. Validity of an instrument requires it to shift the objective function without
entering the production function.

The second point is the non-additivity of the production function in its unobserved compo-
nent. If the production function g(x, ε) were additive in ε, the participation decision would be
the solution to maxxg(x)−c(x, Z). In that case the optimal solution X = h(Z, η) would not de-
pend on the signal for ability η. As a result all individuals with the same level of the instrument
Z would make the same choice and the instrument and regressor would be perfectly correlated.
In order to generate individual variation in the endogenous regressor conditional on the instru-
ment it is essential to have unobserved heterogeneity in the returns, that is, nonaddivitity of
the production function in the unobserved component.

Consider now the assumptions introduced in Section 2. The independence assumption could
be plausible in this case if there is individual-level variation in the costs associated with attend-
ing the training program that are unrelated to individual characteristics that affect earnings.
This may be plausible if the costs are determined by decisions taken by different agents. For ex-
ample, the costs could be determined by location decisions taken by administrative units. The
monotonicity conditions can both be plausible in this example. Suppose the costs are monotone
in the instrument. This implies that the choice function is monotone in Z. Das (2001) discusses
a number of examples where monotonicity of the choice function in the unobserved component
is implied by conditions on the economic primitives using monotone comparative statics results
(e.g., Milgrom and Shannon, 1994; Athey, 2002).

One could generalize this model to allow for multi-valued X , e.g., education. In that case
this model is closely related to the models for educational choices such as those used by Card
(2001). See also Das (2001) for a discussion of a similar model. �

Example 2: (Production Function)

This is a non-additive extension of the classical problem in the estimation of production func-
tions, e.g., Mundlak (1963). Consider a production function that depends on three inputs. The
first input is observable to both the firm and the econometrician, and is variable in the short
run (e.g., labor). It will be denoted by x. The second input is observed only by the firm and
is fixed in the short run (e.g., capital or management). It will be denoted by η. Finally, the
third input is unobserved by the econometrician and unknown to the firm at the time the labor
input is chosen, e.g., weather. It will be denoted by ν: thus y = g(x, η, ν). Note that now the
unobserved component in the outcome equation, ε, consists of two elements, η and ν.

The level of the input x is chosen optimally by the firm to maximize expected profits. At
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the time the level of the input is chosen the firm knows the form of the production function, the
level of the capital input η and the value of a cost shifter for the labor input, e.g., an indicator
of the cost of labor inputs. This cost shifter is denoted by z. Profits are the difference between
production times price (normalized to equal one), and costs, which depend on the level of the
input and the observed cost shifter z:

π(x, z, η, ν) = g(x, η, ν)− c(x, z),

so that the firm solves the problem

X = argmaxxE
[
π(x, Z, η, ν)|η,Z

]
= argmaxx

[
E
[
g(x, η, ν)|η

]
− c(x, Z)

]
.

Thus, X = h(Z, η), so that equations (2.1) and (2.2) are satisfied.
Again, it is crucial that there is a difference between the payoff function for the agent and

the production function that is the object of interest for the researcher, and that the production
function is nonadditive in the unobserved component. If, for example, g(x, η, ν) were additive
in η, the optimal level of the input would be the solution to maxxg(x, ν)− c(x, Z). In that case
the optimal solution X = h(Z, η) would not depend on η and all firms with the same level of
the instrument Z would choose the same level of the labor input irrespective of the amount of
capital. �

3.2 Policies of Interest

Next I want to discuss some specific policies that may be of interest and how they relate to
the model specified in equations (2.1) and (2.2). Traditionally researchers have focused on
identification and estimation of the production function g(x, ε) itself. There is two concerns
with this focus. First, it may not be enough. Evaluation of specific policies often requires
knowledge of the joint distribution of X and ε in addition to knowledge of g(x, ε). Second, it
may be too much. Identification of the entire function g(x, ε) can require very strong support
conditions. To avoid the second problem researchers have often reported summary statistics
of the production function. A leading example of such a summary statistic in the binary
regressor case is the difference in the average value of the function at the two values of the
regressor, in that setting referred to as the average treatment effect, E[g(1, ε)−g(0, ε)]. Another
approach is to report average derivatives (e.g., Powell, Stock, Stoker, 1989). Such statistics are
very useful ways of summarizing the typical (e.g., some average) effect of the regressor even
though they rarely correspond to the effect of a policy that may actually be considered for
implementation. Such policies typically involve changing the incentives for individuals to make
particular choices. Only as a limit does this involve mandating a specific level of the choice
variable for all individuals. In general policies changing the incentives require researchers to
estimate both the outcome equation and the choice equation. Since the choice behavior of an
individual or unit is wholly determined by the value of the instrument and the type of the unit,
these policy effects can often be expressed in terms of two objects, first the expected production
function given the agent type,

β(x, t) = E[g(x, ε)|T ],
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and second the joint distribution of the type and regressor, fXT (x, t).
Here I want to mention briefly three examples of parameters that may be of interest to

report in such an analysis. The first two are of the summary statistic type, and the last one
corresponds to a more specific policy. Blundell and Powell (2003) focus on the identification
and estimation of what they label the average structural function (ASF, see also Chamberlain,
(1983)), the average of the structural function g(x, ε) over the marginal distribution of ε,

µ(x) =
∫

g(x, ε)Fε(dε). (3.7)

This is an attractive way of summarizing the effect of the regressor, although it does not
correspond to a particularly policy. By iterated expectations the average structural function
can also be characterized in terms of the conditional average response function:

µ(x) =
∫

β(x, t)FT (dt).

A second summary measure corresponds to increasing for all units the value of the input
by a small amount. In the continuous regressor case the per-unit effect of such a change on
average output is

E
[
∂g

∂x
(X, ε)

]
=

∫ ∫
∂g

∂x
(x, ε)Fε|X(dε|x)FX(dx) = E

[
∂β

∂x
(X, T )

]
, (3.8)

where the last equality holds by changing the order of differentiation and integration. This
average derivative parameter is analogous to the average derivatives studied in Powell, Stock
and Stoker (1989) in the context of exogenous regressors. Note that this average derivative is
generally not equal to the average derivative of the average structural function,

E
[
∂µ

∂x
(X)

]
=

∫ ∫
∂g

∂x
(x, ε)Fε(dε)FX(dx),

where the derivative of the production function is averaged over the product of the marginal
distributions of ε and X rather than over their joint distribution. Equality holds if X and ε

are independent (Fε|X(ε|x) = Fε(ε), and thus X is exogenous), or if the derivative is constant
(e.g., in the linear model).

An example of a more specific policy is the implementation of a ceiling on the value of
the input at x. This changes the optimization problem of the firm in the production function
example (Example 2) to

X = argmaxx≤xE [π(x, Z, η, ν)|η,Z] = argmaxx≤x̄ [E [g(x, η, ν)|η]− c(x, Z)] .

Those firms who in the absence of this restriction would choose a value for the input that is
outside the limit now choose the limit x̄ (under some conditions on the production and cost
functions), and those firms whose optimal choice is within the limit are not affected by the
policy, so that under these conditions the new input is `(X) = min(X, x̄), and the resulting
average production is

E [g(`(X), η, ν)] = E [β(`(X), T )] . (3.9)
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One example of such a policy would arise if the input is causing pollution, and the government
is interested in restricting its use. Another example of such a policy is the compulsory schooling
age, with the government interested in the effect such a policy would have on average earnings.

More generally one may be interested in policies that change the incentives in a way that
leads all agents who currently make the choice X to make the same new choice `(X). The
average outcome that is the result from such a policy has the form E[g(`(X), η, ν)]. Note that
even in the context of standard additive linear simultaneous equations models knowledge of
the regression coefficients and knowledge of the function `(X) would not be sufficient for the
evaluation of such policies–unless X is exogenous this would also require knowledge of the joint
distribution of (X, η), not just the effect of a unit increase in X on Y .

The identification of the average effects of policies of this type can be difficult compared to
(3.8) partly because the policy does not correspond to a marginal change: for some individuals
the value under the new policy can be substantively far away from the value in the current
environment. It can therefore be useful to define a local version of such a policy. Consider a
parametrization of the policy by a parameter γ, so that under the new policy the value of the
regressor for an individual whose current value is x is `(x, γ), with `(x, 0) = x corresponding to
the current environment. Assuming `(x, γ) is sufficiently smooth, we can focus on

E
[
∂g

∂γ
(`(X, γ), η, ν)

]∣∣∣∣
γ=0

= E
[
∂β

∂γ
(`(X, γ), T )

]∣∣∣∣
γ=0

, (3.10)

the average effect of a marginal change in the incentives. For example, one may be interested
in the effect of a new tax on the quantity traded in a particular market. Rather than attempt
to estimate the effect of the new tax at its proposed level, it may be more credible to estimate
the derivative of the quantity traded with respect to the new tax, evaluated at the current level
of the tax.

4 A Binary Endogenous Regressor: Local Average Treatment

Effects

In this section I discuss the case with a binary endogenous regressor. First I focus on the case
where the instrument is also binary. Next I will consider the case with Z multi-valued or even
continuous. This section relies heavily on the discussion in Imbens and Angrist (1994) and
Angrist, Imbens and Rubin (1996).

4.1 A Binary Instrument

With both the regressor and instrument binary the four types can fully describe the set of
responses to all levels of the instrument, irrespective of the cardinality of η. It is useful to list
them explicitly:

Ti =





(0, 0) (never − taker) if h(0, ηi) = h(1, ηi) = 0,

(0, 1) (complier) if h(0, ηi) = 0, h(1, ηi) = 1,
(1, 0) (defier) if h(0, ηi) = 1, h(1, ηi) = 0,
(1, 1) (always− taker) if h(0, ηi) = h(1, ηi) = 1.
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The labels nevertaker, complier, defier and alwaystaker (Angrist, Imbens and Rubin, 1996)
refer to the setting of a randomized experiment with noncompliance, where the instrument is
the (random) assignment to the treatment and the endogenous regressor is an indicator for the
actual receipt of the treatment. Compliers are in that case individuals who (always) comply
with their assignment, that is, take the treatment if assigned to it and not take it if assigned
to the control group.

In this case we cannot infer the type of a unit from the observed variables of Yi, Xi, and
Zi. To see this, consider Table 1. Each pair of observed values (Z, X) is consistent with two of

Table 1: Type by Observed Variables

Zi

0 1

Xi = h(Zi, ηi) 0 Nevertaker/Complier Nevertaker/Defier

1 Alwaystaker/Defier Alwaystaker/Complier

the four types.
This changes if one is willing to assume monotonicity. This can be done in two ways,

monotonicity in the observed (Assumption 2.2) or monotonicity in the unobserved component
(Assumption 2.3) of the choice function. In the case with Z and X binary these two assumptions
are both equivalent to ruling out the presence of both compliers and defiers, and it is therefore
sometimes referred to as the “no-defiance” assumption (Balke and Pearl, 1994; Pearl, 2000).
Suppose Assumption 2.2 holds and h(z, η) is non-decreasing in z. Then if h(0, η) = 1, it must be
that h(1, η) = 1 because h(1, η) ≥ h(0, η). Hence there can be no defiers. (Similarly, if h(z, η)
is non-increasing in z the presence of compliers would be ruled out.) Now suppose Assumption
2.3 holds. Suppose that there is a complier with η0 such that h(0, η0) = 0 and h(1, η0) = 1.
Now consider an individual with η1 > η0. Then h(1, η1) = 1 because h(1, η1) ≥ h(1, η0) = 1.
For an individual with η1 < η0 it must be that h(0, η1) = 0 because h(0, η1) ≤ h(0, η0) = 0.
Hence no individual can be a defier. So, again the assumption is equivalent to ruling out the
presence of either compliers or defiers. Vytlacil (2000), discussing the relation between this
model and the selection type models developed by Heckman (e.g., Heckman, 1978; Heckman
and Robb, 1984), shows that this assumption is also equivalent to the existence of an additive
latent index representation of the choice function, h(z, η) = 1{m(z) + η ≥ 0}. Note that
monotonicity is not a testable assumption based on the joint distribution of (Zi, Xi). Obviously,
if we specified the assumption as requiring that h(z, η) is nondecreasing in z, there would a
testable implication, but simply requiring monotonicity does not impose any restrictions on
the distribution of (Zi, Xi). It does impose some fairly weak conditions on the conditional
distribution of Yi given (Zi, Xi) that stem from the mixture implications of the model. See
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Imbens and Rubin (1997) and Balke and Pearl (1994).
Monotonicity is not sufficient to identify the type of an individual given the value of Z and

X . Although it rules out the presence of defiers, it does not eliminate all mixtures. Table 3
shows the additional information from the monotonicity assumption. Consider individuals with

Table 2: Type by Observed Variables

Zi

0 1

Xi = h(Zi, ηi) 0 Nevertaker/Complier Nevertaker

1 Alwaystaker Alwaystaker/Complier

(Zi, Xi) = (1, 0). Because of monotonicity such individuals can only be nevertakers. However,
consider now individuals with (Zi, Xi) = (0, 0). Such individuals can be either compliers or
alwaystakers. We cannot infer the type of such individuals from the observed data alone. Hence
a control function approach (Blundell and Powell, 2003; Heckman and Robb, 1984; Imbens and
Newey, 2002) is not feasible. Even though we cannot identify the type of some units, we can
indirectly adjust for differences in types. Imbens and Angrist (1994) show how the mixtures
can be decomposed to obtain the average difference between g(1, ε) and g(0, ε) for compliers,
that is units with η such that h(1, η) = 1 and h(0, η) = 0. More generally, we can identify the
outcome distributions for units in this subpopulation.

The intuition is as follows. The first step is to see that we can infer the population propor-
tions of the three remaining subpopulations, nevertakers, alwaystakers and compliers (using the
fact that the monotonicity assumption rules out the presence of defiers). Call these population
shares Pt, for t = (0, 0), (0, 1), (1, 1). Consider the subpopulation with Zi = 0. Within this
subpopulation we observe Xi = 1 only for alwaystakers. Hence the conditional probability of
Xi = 1 given Zi = 0 is equal to the population share of alwaystakers: P(1,1) = Pr(X = 1|Z = 0).
Similarly, in the subpopulation with Zi = 1 we observe Xi = 0 only for nevertakers. Hence the
population share of nevertakers is equal to the conditional probability of Xi = 0 given Zi = 1:
P(0,0) = Pr(X = 0|Z = 1). The population share of compliers is then obtained by subtracting
the population shares of nevertakers and alwaystakers from one. The second step uses the
distribution of Y given (Z, X). We can infer the distribution of Yi|Xi = 0, Ti = (0, 0) from the
subpopulation with (Zi, Xi) = (1, 0) since all these individuals are known to be nevertakers.
Then we use the distribution of Yi|Zi = 0, Xi = 0. This is a mixture of the distribution of
Yi|Xi = 0, Ti = (0, 0) and the distribution of Yi|Xi = 0, Ti = (0, 1), with mixture probabilities
equal to the relative population shares. Since we already inferred the population shares of the
nevertakers and compliers as well as the distribution of Yi|Xi = 0, Ti = (0, 0), we can obtain
the conditional distribution of Yi|Xi = 0, Ti = (0, 1). Similarly we can infer the conditional
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distribution of Yi|Xi = 1, Ti = (0, 1). The average difference between these two conditional dis-
tributions is the Local Average Treatment Effect or LATE introduced by Imbens and Angrist
(1994):

τLATE = E[g(1, ε)− g(0, ε)|h(0, η) = 0, h(1, η) = 1].

This implies that in this setting we can under the independence and monotonicity assump-
tions identify the conditional average response function β(x, t) on the joint support of (X, T ).
However, because this support is not the Cartesian product of the support of X and the sup-
port of T we cannot necessarily identify the effects of all policies of interest. Specifically,
(X, T ) = (0, (1, 1)) and (X, T ) = (1, (0, 0)) are not in the joint support of (X, T ). As a conse-
quence, we cannot identify the average effect of the regressor E[(g(1, ε)− g(0, ε)], the average
of β(x, t) over the distribution of T at all values of x, nor can we generally identify the average
effect for those with X = 1, the average effect for the treated.

4.2 A Multi-valued Instrument

Now suppose the instrument Zi takes on values in a set Z. This improves our ability to identify
the causal effects of interest by providing us with additional information to infer the type of a
unit. Compared to the examples with a binary instrument one can think of the multiple instru-
ment case as arising in two ways. First, it could be that incentives are allocated more finely.
Specifically, in terms of the first example in Section 3 a binary instrument could correspond
to participation costs of Z = 10 and Z = 20. A multi-valued instrument could correspond to
Z ∈ {10, 12.5, 15, 17.5, 20}. Alternatively we can add more extreme values of the incentives,
e.g., Z ∈ {0, 10, 20, 30}. This will have different implications for the identification results. With
the former we will be able to make finer distinctions between different types of compliers, and
estimate the extent of variation in the effect of the regressor for these subpopulations. With
the latter, we will be able to expand the subpopulation of compliers and obtain estimates for
more representative subpopulations.

First consider the case with finite set of value, or Z = {z1, . . . , zK}. The type of a unit now
consists of the set of values Ti = (Xi(z0), . . . , Xi(zK)). Without the monotonicity assumption
there are now 2K different types. Monotonicity in η reduces this to K + 1 different types, all
of the form Ti = (0, . . . , 0, 1, . . .1), characterized by a unique value of the instrument where the
type switches from h(z, η) = 0 to h(z, η) = 1 (this transition can occur after Z = zK , leading
to the 1 in the K + 1 types). The second form of monotonicity in the instrument (Assumption
2.2) is again equivalent to monotonicity in η. To see this, suppose that monotonicity in z holds,
and that there is a η0 and z < z′ such that h(z, η0) = 0 and h(z′, η0) = 1. To show that
monotonicity in η holds one just needs to show that there are no η1 such that h(z, η1) = 1 and
h(z′, η1) = 1. This follows directly from monotonicity in z. The assertion in the other direction
is trivial.

Let us consider the case with a three-valued instrument under monotonicity. In that case we
have four types, Ti ∈ {(0, 0, 0), (0, 0, 1), (0, 1, 1), (1, 1, 1)}. A simple extension of the argument
for the binary instrument case shows that one can infer the population shares for the four
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Table 3: Type by Observed Variables

Zi

z1 z2 z3

Xi 0 (0,0,0),(0,0,1),(0,1,1) (0,0,0),(0,0,1) (0,0,0)

1 (1,1,1) (0,1,1),(1,1,1) (0,0,1),(0,1,1),(1,1,1)

types. Using that we can infer the distribution of Y (0) for the types (0, 0, 0), (0, 0, 1), and
(0, 1, 1), and the distribution of Y (1) for the types (0, 0, 1), (0, 1, 1), and (1, 1, 1). Hence we can
infer the causal effects for the two types (0, 0, 1) and (0, 1, 1). Both are compliers in the sense
that with sufficient incentives they are willing to switch from X = 0 to X = 1. These two
types of compliers differ in the amount of incentives required to participate. Another way of
understanding this case with a binary regressor and a multi-valued instrument is as a set of local
average treatment effects. Suppose we focus on the subpopulation with Z ∈ {z, z′}. Within
this subpopulation the basic assumption (independence and monotonicity in the unobserved
component) are satisfied if they are satisfied in the overall population. Hence we can estimate
the local average treatment effect for this pair of instrument values,

E[g(1, ε)− g(0, ε)|h(z, η) = 0, h(z′, η) = 1].

This holds for all pairs (z, z′), and thus this argument implies that we can estimate the local
average treatment effect for any of the K × (K − 1)/2 pairs of instrument values,

τLATE
z,z′ = E[g(1, ε)− g(0, ε)|h(z, η) = 0, h(z′, η) = 1].

These K × (K − 1)/2 local average treatment effects are closely related since there are only
K − 1 different types of compliers. The remaining local average treatment effects can all be
written as linear combinations of the K − 1 basic ones. One of the most interesting of these
local average treatment effects is the one corresponding to the largest set of compliers. This
corresponds to the pair of instrument values with the largest effect on the regressor, (z1, zK) if
the instrument values are ordered to satisfy monotonicity.

Having a multi-valued instrument helps in two ways if one maintains the independence
and monotonicity assumptions. It allows us to estimate separate causal effects for different
subpopulations, thus giving the researcher information to assess the amount of heterogeneity
in the treatment effect. Second, if the multiple values reflect stronger incentives to participate
or not in the activity, they will increase the size of the subpopulation for which we can identify
causal effects. With a large number of values for the instrument there are more complier types.
One interesting limit is the case with a scalar continuous instrument. If h(z, η) is monotone in
both z and η, and right continuous in z, we can define the limit of the local average treatment
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effect as

E[g(1, ε)− g(0, ε)|h(z, η) = 1, lim
v↑z

h(v, η) = 0],

the average treatment effect for units who change regressor value when the instrument equals
z. In the context of additive latent index models with h(z, η) = 1{m(z) + η ≥ 0} this is equal
to E[g(1, ε)− g(0, ε)|η = −m(z)]. Heckman and Vytlacil (2001) refer to this limit of the local
average treatment effect as the marginal treatment effect.

5 A Continuous Endogenous Regressor

5.1 A Scalar Unobserved Component

In this section I will discuss the case with a continuous endogenous regressor. The discussion
will lean heavily on the work by Imbens and Newey (2002). Initially I will use Assumption 2.5,
the strict version of the monotonicity-in-the-unobserved-component assumption: In the binary
case (as well as in the general discrete case) strict monotonicity is extremely restrictive. In the
binary case strict monotonicity in combination with the independence assumption would imply
that η can take on only two values, and thus one can immediately identify the type of a unit
because it is perfectly correlated with the endogenous regressor. Conditional on the type there
is no variation in the value of the endogenous regressor and so one cannot learn about the effect
of the endogenous regressor for any type. In the continuous regressor case this is very different,
and strict monotonicity has no testable implications. However, this obviously does not mean
that substantively strict monotonicity is not a strong assumption.

In addition to the assumptions discussed in Section 2 I will make a smoothness assumption:

Assumption 5.1 (Continuity)

h(z, η) is continuous in η and z.

In the continuous X case the type of a unit is a one-to-one function of the unobserved
component η. A convenient normalization of the distribution of the type is to fix it to be
uniform on the interval [0, 1]. In that case one can identify for each individual the type T (η)
given the strict monotonicity assumption as a function of the value of the instrument and the
value of the regressor as:

Ti = FX |Z(Xi|Zi).

One can then use the inferred value of Ti to identify the conditional expectation of Y given X

and T :

β(X, T ) = E[Y |X, T ].

This identifies β(x, t) for all values of x and t in their joint support. However, this support may
be very limited. Suppose that the instrument is binary, Z ∈ {0, 1}. In that case the argument
still works, but now for each value of T there are only two values of X that can be observed,
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namely h(0, η(T )) and h(1, η(T )). Hence for each type T we can infer the difference between
E[g(x, ε)|T ] at x = x0 = h(0, η(T )) and x = x1 = h(1, η(T )). These values x0 and x1 where we
can evaluate this expectation generally differ by type T , so the set of identified effects is very
limited.

As the range of values of the instrument increases, there are for each type more and more
values of the conditional regression function that can be inferred from the data. In the limit
with Z continuous we can infer the value of E[Y |X, T ] over an interval of regressor values. This
may be sufficient for some policy questions, but for others there may not be sufficient variation
in the instrument. For example, it may be that the instrument generates for each type of
agent variation in the endogenous regressor over a different interval, making identification of
the population average effect difficult.

If there is sufficient overlap in the joint distribution of X and T one can identify the marginal
effect of X on Y by integrating β(x, t) back over T . Given that the marginal distribution of T

is uniform the average structural function can be written as

µ(x) =
∫

t
β(x, t)dt.

Typically the support conditions that allow for identification of the average structural function
are strong, and conditions for identification of local effects, either local in the sense of referring
to a subpopulation as in the local average treatment effect, or local in the sense of moving
agents only marginally away from their current choices, may be more plausible.

5.2 Multiple Unobserved Components in the Choice Equation

Throughout most of the discussion I have assumed that the unobserved component in the
choice equation (2.2) can be summarized by the type of a unit, with ordering on the set of
types that corresponds to an ordering on h(z, t) for all z. Here I want to discuss some of
the issues that arise when there are multiple unobserved components so that ηi is a vector
and no such ordering need exist. In that case neither the LATE approach nor the generalized
control function approach work. In that case it is still true that conditional on the vector ηi

the regressor Xi is independent of the residual in the outcome equation εi. Hence, conditioning
on η would still eliminate the endogeneity problem. However, even in the case with continuous
instruments and regressors one can no longer infer the value of the (vector of) residuals. This
can be illustrated in a simple example with a bivariate η.

Suppose

X = h(Z, η1, η2) = η1 + η2 · Z,

with Z ≥ 0. Suppose also that η1 and η2 are independent of each other and normally distributed
with mean zero and unit variance. Finally, suppose that

ε|η1, η2 ∼ N (η1 + η2, 1),

and

Yi = α ·Xi + εi.
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Now consider following the Imbens-Newey generalized control function strategy of calculating
the generalized residual ν = FX |Z(X |Z). The conditional distribution of X |Z is normal with
mean zero and variance 1 + Z2. Hence the generalized residual is

νi = FX |Z(Xi|Zi) = Φ


 Xi√

1 + Z2
i


 .

Note that by construction ν ⊥ Z, and by assumption ε ⊥ Z. However, it is not necessarily true
that (ε, ν) ⊥ Z. Rather than work with this residual itself it is easier to work with a strictly

monotone transformation, νi = Xi/
√

1 + Z2
i . Now consider the conditional expectation of Y

given X and ν. Previously conditioning on η removed the dependence between ε and X . Here
this is not the case. To see thsi, consider the conditional expectation of Y given X = x0 and
ν = ν0. Since Z and X are one-to-one given ν, this conditional expectation is identical to the
conditional expectation of Y given Z = z0 =

√
x2

0/ν2
0 − 1 and ν = ν0:

E[Y |X = x0, ν = ν0] = αx0 + E[ε|X = x0, ν = ν0] = αx0 + E[ε|Z = z0, ν = ν0]

= αx0 + E[η1 + η2|Z = z0, X/
√

1 + Z2 = ν0]

= αx0 + E[η1 + η2|Z = z0, (η1 + η2Z)/
√

1 + Z2 = ν0].

Now evaluate this expectation at (z0 = 0, ν0, x0 = ν0):

E[Y |X = ν0, ν = ν0] = αν0 + E[η1 + η2|Z = z0, η1 = ν0] = ν0 · (1 + α).

Next evaluate this expectation at (z0 = 1, ν0, x0 =
√

2ν0):

E[Y |X =
√

2ν0, ν = ν0] = α
√

2ν0 + E[η1 + η2|Z = z0, (η1 + η2)/
√

2 = ν0] = ν0 ·
√

2 · (1+ α).

Hence the expectation depends on X given ν, and therefore X is not exogenous conditional on
ν.

There are two points to this example. First, it shows that the assumption of a scalar
unobserved component in the choice equation that enters in a monotone way is very informative.
The part of the literature that avoids specification of the choice equation potentially ignores this
information if this assumption is plausible. The second point is that often economic theory has
much to say about the choice equation. In many cases motivation for endogeneity comes from a
specific economic model that articulates the optimization problem that the agents solve as well
as specifies the components that lead to the correlation between the unobserved components
in the two equations. This includes the examples in Section 3. In that case it seems useful to
explore the full identifying power from the theoretical model. Even if theoretical considerations
do not determine the exact functional form of the choice equation, it may suggest that it
is monotone. Consider for example the two examples in Section 3. In the first case ability
is the unobserved component of the outcome equation, and the signal concerning this is the
unobserved component in the choice equation. It appears plausible that the choice decision is
monotone in this signal.
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6 A Discrete Endogenous Regressor and Discrete Instruments

In this section I will focus on the case where both Z and X are discrete. For concreteness I
will assume that Z = {0, . . . , M} and X = {0, . . . , L}. The discrete case is remarkably different
from both the binary and continuous cases. Neither the strategy of inferring the value of η

and estimating β(x, η) directly, as was effective in the continuous regressor case in Section 5,
nor the strategy of undoing the mixture of outcome distributions by type as was useful in the
binary regressor case analyzed in Section 4 works for this setting in general. To gain insight
into, and illustrate some of the difficulties of, these issues, I largely focus on the case where the
endogenous regressor takes on three values, X = {0, 1, 2}. Initially I consider the case with a
binary instrument with Z = {0, 1}, and then I will look at the case with a multi-valued and
continuous instrument.

Without any monotonicity or separability restrictions the number of distinct types in the
case with a binary instrument and three-valued regressor, that is the number of distinct pairs
(h(0, η), h(1, η)) is nine: Ti ∈ {(0, 0), (0, 1), (0, 2), (1, 0), . . . , (2, 2)}. For some types there is
a single outcome distribution under the independence or exclusion restriction. For example,
for the type Ti = (0, 0), there is only fY |X,T (y|x = 0, t = (0, 0)). For others there are two
outcome distributions, e.g., for type Ti = (0, 1) there are fY |X,T (y|x = 0, t = (0, 1)) and
fY |X,T (y|x = 1, t = (0, 1)). This leads to a total number of outcome distributions by regressor
x and type t, fY |X,T (y|x, t), equal to 15. Given that one only observes data in 6 cells defined
by observed values of (Zi, Xi), fY |X,Z(y|x, z), it is clear that one cannot identify all potential
outcome distributions. In the binary regressor/binary instrument case the same problem arose.
Without monotonicity there were six outcome distributions fY |X,T (y|x, t) (two each for defiers
and compliers, and one each for nevertakers and alwaystakers) and four outcome distributions,
fY |X,Z(y|x, z). In that binary regressor case monotonicity ruled out the presence of defiers,
reducing the number of outcome distributions by type and regressor fY |X,T (y|x, t) to four.
With the four outcome distributions by regressor and instrument fY |X,Z(y|x, z) this led to
exact identification. In the discrete regressor case it is also useful to consider some restrictions
on the number of types.

In the discrete case, as in the binary case, strict monotonicity is extremely restrictive. I
therefore return to the weak monotonicity assumption in the unobserved component (Assump-
tion 2.3). This rules out the presence of some types, but there are multiple sets of five types
that satisfy this monotonicity assumption. Three of them are {(0, 0), (0, 1), (1, 1), (1, 2), (2, 2)},
{(0, 0), (0, 1), (0, 2), (1, 2), (2, 2)}, and {(0, 0), (0, 1), (1, 1), (2, 1), (2, 2)}. Also requiring weak
monotonicity in the instrument (Assumption 2.2) rules out the third of these sets.

To further reduce the sets of different types it may be useful to consider a smoothness
assumption. In the discrete regressor case it is not meaningful to assume continuity of the choice
function. Instead we assume that changing the instrument by the smallest amount possible does
not lead to a jump in the response larger than the smallest jump possible. We formulate this
assumption as follows: In the setting with Z = {0, 1, . . . , M} and X = {0, 1, . . . , L}, this requires
that |h(z, η)− h(z+ 1, η)| ≤ 1. In the continuous case this assumption is implied by continuity.
In the binary case it is automatically satisfied as there can be no jumps larger than size one
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in the endogenous regressor. This is potentially a restrictive assumption and it may not be
reasonable in all settings. In the three-valued regressor and binary instrument case this implies
that we rule out the type T = (0, 2) where an individual changes the value of the regressor by
two units in response to a one unit increase in the instrument.

The three assumptions combined lead to the following set of five different types:

Ti ∈ {(0, 0), (0, 1), (1, 1), (1, 2), (2, 2)}.

From the joint distribution of (X, Z) we can infer the population shares of each of these types.
For example,

Pr(T = (0, 0)) = Pr(X = 0|Z = 1),

and

Pr(T = (0, 1)) = Pr(X = 0|Z = 0)− Pr(X = 0|Z = 1).

Similarly one can identify Pr(T = (2, 2)) and Pr(T = (1, 2)) so that Pr(T = (1, 1)) can be
derived from the fact that the population shares add up to unity.

For these five types there are a total of seven outcome distributions, f(y(0)|T = (0, 0)),
f(y(0)|T = (0, 1)), f(y(1)|T = (0, 1)), f(y(1)|T = (1, 1)), f(y(1)|T = (1, 2)), f(y(2)|T = (1, 2))
and f(y(2)|T = (2, 2)). We observe data in six cells, so we cannot identify all seven distributions.
Table 4 illustrates this. It is clear that we can infer the distributions f(y(0)|T = (0, 0)) (from

Table 4: Type by Observed Variables

Zi

0 1

Xi 0 (0,0),(0,1) (0,0)

1 (1,1),(1,2) (0,1),(1,1)

2 (2,2) (1,2),(2,2)

the (Z, X) = (1, 0) cell), f(y(0)|T = (0, 1)) (from the (Z, X) = (0, 0) and (Z, X) = (1, 0) cells),
f(y(2)|T = (2, 2)) (from the (Z, X) = (0, 2) cell), f(y(2)|T = (1, 2)) (from the (Z, X) = (0, 2)
and (Z, X) = (1, 2) cells). However, we cannot infer the distributions of f(y(1)|T = (0, 1)),
f(y(1)|T = (1, 1)), and f(y(1)|T = (1, 2)) from the (Z, X) = (0, 1) and (Z, X) = (1, 1) cells.
These cells give us some restrictions on these distributions in the form of mixtures with known
mixture probabilities, but not point-identification.

As a result we cannot infer the average causal effect of the regressor for any level or for any
subpopulation under these assumptions in this simple case. Now let us consider what happens
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if there are three values for the instrument as well. Without restrictions there are 27 different
types t = (x0, x1, x2), for x0, x1, x2,∈ {0, 1, 2}. Assuming that h(x, η) is monotone in both z

and x, and making the smoothness assumption |h(z, η) − h(z + 1, η)| ≤ 1 this is reduced to
seven types:

T ∈ {(0, 0, 0), (0, 0, 1), (0, 1, 1), (1, 1, 1), (1, 1, 2), (1, 2, 2), (2, 2, 2)}.

This leads to 11 different outcome distributions. There are only 9 cells to estimate these
outcome distributions from so as before it will in general still not be possible to estimate the
distribution of Y (1) for any of the types T ∈ {(0, 0, 1), (0, 1, 1), (1, 1, 1), (1, 1, 2), (1, 2, 2)}.

There are a number of approaches to deal with this problem. First, in the spirit of the work
by Manski (1990, 2003), one can focus on identifying bounds for the parameters of interest.
Chesher (2005) follows this approach and obtains intervals estimates for quantiles of the pro-
duction function at specific values for the endogenous regressor. Second, following Angrist and
Imbens (1995) one can identify weighted average of unit increases in the regressor. Here the
weights are partly determined by the joint distribution of the regressor and the instrument and
not under the control of the researcher. Thus, one cannot simply estimate the expected value
of, say, E[g(X, ε)− g(X − 1, ε)] over the sample distribution of X .

6.1 Bounds on the Conditional Average Response Function

One approach to identification in the case with endogenous regressors is to focus on bounds.
With endogenous regressors we cannot determine the exact type of a unit. However, we can
determine a range of types consistent with the observed values of the choice and instrument.
Hence we can analyze the problem as one with a mismeasured regressor. See Manski and Tamer
(2002).

To see how such an approach could work, note that under the assumption of monotonicity
in the unobserved component one can normalize η as uniform on the interval [0, 1]. Under the
smoothness assumption and the monotonicity assumption we can estimate the probabilities of
each of the types. Hence we can identify each type with a range of values of η. Now take a partic-
ular observation with values (Zi, Xi). This implies that the value of η is between FX |Z(Xi−1|Zi)
and FX |Z(Xi|Zi). Hence we identify η up to the interval [FX |Z(Xi − 1|Zi), FX |Z(Xi|Zi)]. If we
were to observe η we could regress Y on X and η because conditional on η X is exogenous. Now
we can do the same with the provision that η is observed only to lie in an interval, fitting the
Manski-Tamer framework. This would lead to an identified region for the regression function
E[Y |x, η].

This approach is more likely to be useful when the endogenous regressor and the instrument
take on a large number of values. In that case the type can be measured accurately and the
bounds are likely to be tight. In the limit one gets to the continuous endogenous regressor case
where the type can be measured without error.

6.2 Identification of Weighted Average Causal Effects

Angrist and Imbens (1995) follow a different approach. They show that under the independence
assumption the standard IV estimand, the ratio of average effects of the instrument on the
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outcome and on the endogenous regressor,

βIV (z0, z1) =
E[Y |Z = z1] − E[Y |Z = z0]
E[X |Z = z1] − E[X |Z = z0]

,

can be written as a weighted average of unit-level increases in the regressor, with the weights
depending on the level of the regressor and the subpopulation:

βIV =
L∑

l=1

∑

t|h(z1 ,t)≥l,h(z0,t)<l

λl ·E[g(l, ε)− g(l− 1, ε)|T = t],

with

λl =
Pr(h(z1, T ) ≥ l > h(z0, T ))∑L

m=1 Pr(h(z1, T ) ≥ m > h(z0, T ))
,

so that
∑

l λl = 1. If the effect of a unit increase in the regressor is the same for all individuals
and the same accross all levels of the treatment,

g(x, ε)− g(x− 1, ε) = β0,

than βIV = β0.
Angrist and Imbens show that although the weights λl,t add up to unity, some of them can

be negative. They then show that if h(z, η) is monotone in z, the weights will be nonnegative.
Formally, if h(z, η) is nondecreasing in z, then λx,t ≥ 0.

In this approach one is not limited to a particular pair of instrument values (z0, z1). For
each pair one can estimate the corresponding βIV

z0 ,z1
, each with its own set of weights. One can

then combine these βIV
z0 ,z1

using any set of weights to get

βIV
ω =

∑

z<z′

ω(z, z′)βIV (z, z′).

The weights ω(z, z′) can be chosen to make βIV
ω as close as possible to the policy parameters of

interest. The variation in the weighted local average treatment effects by different choices for
the weights also give some indication regarding the variation in the effect of the regressor by
individual and level of the regressor. Although such effects may not be representative for large
policy changes, they may be relevant for predicting the effects of small policy changes where
individuals remain close to their currently optimal level of the regressor.

7 Conclusion

In this discussion I have described some of the identification issues arising in two-equation
triangular simultaneous equations systems with endogenous variables. I have discussed the dif-
ferences between the binary regressor case and the case with a continuous endogenous regressor.
Both cases have been analyzed extensively and the requirements for identification are well un-
derstood at this point. Somewhat surprisingly the case with a discrete endogenous regressor is
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much more difficult than either the discrete or binary case. Although one can identify weighted
average effects, it is difficult to identify the average effect of specific changes in the regressor for
either the entire population or even for specific subpopulations unless one has instruments that
take on a wider range of values than what is typically seen in practice. The identification results
highlight the role of monotonicity in various forms, either strict as in the case with a continuous
regressor, or weak monotonicity conditions of the type that underlie the local average treatment
effect for the binary regressor case.
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