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1. Introduction

When latent variates appear non-additively in a structural function the e¤ect of a
ceteris paribus change in an observable argument of the function can vary across
people measured as identical. Models that admit nonadditive structural functions
permit responses to policy interventions to have probability distributions. Knowledge
of the distributions of responses is important for welfare analysis and it is good
to know what conditions secure identi�cation of these distributions. This lecture
examines some aspects of this problem.

Early studies of identi�cation in econometrics dealt almost exclusively with linear
additive �error�models. The subsequent study of identi�cation in nonlinear models
was heavily focussed on additive error models until quite recently1 and only within
the last ten years has there has been extensive study of identi�cation in nonadditive
error models. This lecture examines some of these recent results, concentrating on
models which admit no more sources of stochastic variation than there are observable
stochastic outcomes. Models with this property are interesting because they are
direct generalisations of additive error models and of the classical linear simultaneous
equations models associated with the work of the Cowles Commission, and because
the addition of relatively weak nonparametric restrictions results in models which
identify complete structural functions or speci�c local features of them.

Nonparametric restrictions are interesting because they are consonant with the
information content of economic theory. Even if parametric or semi parametric re-
strictions are imposed when estimation and inference are done, it is good to know
nonparametric identi�cation conditions because they tell us what core elements of
the model are essential for identi�cation and which are in principle falsi�able. If
just-identifying conditions can be found then we know what must be believed if the
result of econometric analysis is to be given economic meaning.

�I thank Lars Nesheim and Whitney Newey for helpful comments. I am grateful for generous
support from the Leverhulme Trust through their funding of the Centre for Microdata Methods and
Practice and the research project "Evidence, Inference and Enquiry".

1See for example the review in Blundell and Powell (2003).
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Nonadditive error models permit covariates to in�uence many aspects of the distri-
butions of outcomes. Koenker (2005), motivating the study of estimation of quantile
regression functions, argues persuasively for consideration of models more general
than the classical location shift, additive error model, that took centre stage in the
early history of econometrics. Models for discrete outcomes have a natural expression
in terms of nonadditive structural functions as do many microeconometric models for
continuous outcomes, for example the following model for durations with heterogene-
ity.

Example 1. In the analysis of a continuous duration, Y1, with distribution function
FY1jX conditional on X, it is common to use a proportionate hazard model in which
the hazard function:

h(y; x) � �ry log(1� FY1jX(yjx))
is restricted to have the multiplicatively separable form �(y)g(x). With U1jX �
Unif(0; 1) values of Y1 with conditional distribution function FY1jX are generated by:

Y1 = �
�1(� log(1� U1)=g(X))

in which the structural function is generally non-additive. Here ��1 is the inverse
of the integrated hazard function: �(y) �

R y
0
�(s)ds. Classical censoring nests the

function ��1 inside a step function. In the mixed, or heterogeneous, proportionate
hazard model the hazard function conditional on X and unobserved U2 is speci�ed
as multiplicatively separable: �(y)g(x)U2 and there is the structural equation:

Y1 = �
�1(�U�12 log(1� U1)=g(X))

in which, note, there is e¤ectively just one stochastic term: V � U�12 log(1 � U1).
Endogeneity can be introduced by allowing U2 and elements of X to be jointly de-
pendent.

Imbens and Newey (2003) provide examples of economic contexts in which non-
additive structural functions arise naturally and are an essential feature of an eco-
nomic problem if endogeneity is to be present. Card (2001) provides a parametric
example.

As set out below, identi�cation conditions in non-additive models are rather nat-
ural extensions of those employed in additive models involving, on the one hand,
conditions on the sensitivity of structural functions to variation in certain variables
and, on the other, restrictions on the dependence of those variables and the latent
variables. Local quantile independence conditions are helpful in identifying certain
local features of structural functions. Full independence is commonly imposed in
order to identify complete structural functions.
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The precise form of the independence condition employed has signi�cant impli-
cations for the way in which identi�cation is achieved, by which I mean the way
in which information about a structural function is carried in the distribution of
outcomes about which data is informative. That in turn has implications for the
challenges to be faced when developing estimators and conducting inference.

In the context of identi�cation of a single structural function involving two jointly
dependent outcomes the two contrasting cases considered here involve an indepen-
dence restriction involving (i) a single latent variable and (ii) two latent variables.
The latter conveys more information, is more tolerant of limitations in the support of
instruments, facilitates identi�cation of local structural features when global features
may not be identi�able and motivates more benign estimation and inference. How-
ever these bene�ts come at the cost of a more restrictive model whose conditions are
di¢ cult to justify in some economic problems.

Sections 2 and 3 consider identi�cation of nonadditive structural functions under
the two types of condition. Section 4 concludes.

2. Marginal independence

In the �rst class of models considered the structural function delivering the value of
an outcome Y1 involves a single latent random variable.

Y1 = h(Y2; X; U1)

The function h is restricted to be strictly monotonic in U1 and is normalised increas-
ing. There are covariates, X, whose appearance in h will be subject to exclusion-type
restrictions that limit the sensitivity of h to variations in X. The variable Y2 is an
observed outcome which may be jointly dependent with U1 and thus �endogenous�.

The latent variable, U1, and X are restricted to be independently distributed.
The independence condition can be weakened to � -quantile independence, that is
that q� � QU1jX(� jx) be independent of x for some value of � . Then there can be
identi�cation of h(Y2; X; q� ). In all cases of econometric interest U1 will be contin-
uously distributed and the strict monotonicity condition on h then implies that Y1
given X is continuously distributed.

This is in the family of models studied in Chernozhukov and Hansen (2005), and is
essentially the model studied in Chernozhukov, Imbens and Newey (2004). Matzkin
(2003) studies the special case in which Y2 is �exogenous�, independent of U1.
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There is, using the independence condition at the �rst step, and the monotonicity
restriction at the second, for all x:

� = P [U1 � q� jX = x]

= P [h(Y2; X; U1) � h(Y2; X; q� )jX = x]

= P [Y1 � h(Y2; X; q� )jX = x]:

So the function h(Y2; X; q� ) is such that the moment condition:

EY1Y2jX [1[Y1 � h(Y2; x; q� )]� � jx] = 0 (1)

is satis�ed for all x.

The structural function h(�; �; q� ) satis�es (1) for all x in the support of X. It is
identi�ed if there are restrictions on the structural function, h, the joint distribution
of U1 and Y2 given X and the support of X su¢ cient to ensure that no function
distinct from h satis�es this condition for all x. Chernozhukov, Imbens and Newey
(2004) show that with a joint normality restriction there is an identi�cation condition
like the classical rank condition. In the absence of some parametric restrictions it is
di¢ cult to �nd primitive identi�cation conditions which can be entirely motivated by
economic considerations.

Figure 1 illustrates the situation. It shows contours of a joint distribution of Y1
and Y2, conditional on X, at three values of X: fx1; x2; x3g. The joint distribution
does vary with X and there is an exclusion restriction so that the structural function
h(�; x; q� ), marked hh, is una¤ected by variation in X across x 2 fx1; x2; x3g. The
value q� is the � -quantile of U1 given X which is restricted to be invariant with
respect to x 2 fx1; x2; x3g and the result is that at each value of x there is the same
probability mass (�) falling below the structural function. In the case illustrated here
� = 0:5. If the structural function h is the only function which has that property
then h is identi�ed.

Clearly there could be many functions with this property, and so no identi�ca-
tion of h, if there were, as illustrated, only three values of X at which the various
conditions hold. It is evident that identi�cation of h (in the absence of parametric
restrictions) is critically dependent on the nature of the support of X which must be
at least as rich as the support of the endogenous Y2. If Y2 is binary then binary X
may su¢ ce for identi�cation and if X has richer support there can be nonparamet-
ric overidenti�cation. If Y2 is continuous then X must be continuous if h is to be
identi�ed.

The role in identi�cation of the support of instruments is easily appreciated in
the case in which there is discrete Y2 2 fy12; : : : ; yM2 g and discrete X 2 fx1; : : : ; xJ ]
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Figure 1: Contours of a joint density function of Y1 and Y2 conditional on X at 3
values of X. The line marked hh is the structural function h(Y2; X; q� ), not varying
across X 2 fx1; x2; x3g, drawn with q� = 0:5.
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and X does not feature in h. The values of h at the M points of support of Y2 and
at U1 = q� are denoted by �

m
� � h(ym2 ; q� ), m 2 f1; : : : ;Mg.

The J values of X yield equations which are nonlinear in the terms �m�
MX
m=1

G(�m� ; y
m
2 jxj) = � j 2 f1; : : : ; Jg (2)

where G is a conditional probability distribution - probability mass function de�ned
as follows.

G(a; bjx) � P [Y1 � a \ Y2 = bjX = x]

The M values of the �m� �s do satisfy (2) because those values are instrumental in
determining the function G. However without further restriction there can be other
solutions to these nonlinear simultaneous equations and the �m� �s will not be identi�ed.
Without further restriction there must be as many equations as unknowns and so the
requirement that the support of X is at least as rich as the support of discrete Y2.
The J equations must be distinct which requires that X does have in�uence on
the distribution of Y2 given X. Conditions like the classical instrumental variables
inclusion and exclusion restrictions are necessary. Chernozhukov and Hansen (2005)
give a rank condition su¢ cient for local identi�cation.

When X has sparse support relative to Y2 and P [Y2 = ym2 jx] 2 (0; 1) for all x
then no value of h is point identi�ed. Parametric restrictions on h can lead to point
identi�cation in this case. When Y2 is continuous there is generally point identi�cation
of the structural function nowhere unless instruments have continuous variation.

In the additive error model Y1 = h(Y2; X) + U1 with the conditional expectation
restriction: E[U1jX = x] = 0 the moment condition corresponding to (1) is

EY1Y2jX [Y1 � h(Y2; x; q� )jx] = 0
which reduces to

EY1jX [Y1jx]� EY2jX [h(Y2; x)]jx] = 0
and to linear equations in the values of h when Y2 is discrete, a case studied in
Das (2005) and Florens and Malavolti (2003). When Y2 is continuous the structural
function h is the solution to an integral equation which constitutes an ill posed linear
inverse problem and leads to challenging problems in estimation and inference studied
in, for example, Darolles, Florens and Renault (2003), Florens (2003), Blundell and
Powell (2003), Hall and Horowitz (2005).

In the non-additive case with continuous Y2 the structural function h is a solution
to the integral equation Z 1

�1
G(h(y2; x; q� ); y2jx)dy2 = � (3)
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which constitutes an ill posed nonlinear inverse problem with signi�cant challenges
for estimation and inference studied in Chernozhukov, Imbens and Newey (2004),
Chernozhukov and Hong (2003) and Chernozhukov and Hansen (2005).

The inverse problem (3) is nonlinear because of the use of quantile independence
conditions and arises in the additive error case as well if a quantile independence
rather than a mean independence condition is employed. In the additive error model
there is, with quantile independence:Z 1

�1
G(h(y2; x) + q� ; y2jx)dy2 = �

and there can be overidenti�cation because h(y2; x)may be identi�ed up to an additive
constant at any value of � .

3. Joint independence

In the second class of models considered here the structural function delivering the
value of an outcome Y1 involves one or two latent random variables.

Y1 = h(Y2; X; U1; U2)

The function h is restricted to be monotonic in U1 and is normalised increasing. There
are covariates, X, whose appearance in h will be subject to exclusion-type restrictions
and the variable Y2 is an observed outcome which may be jointly dependent with U1
and thus �endogenous�.

In this model the latent variable U2 is the sole source of stochastic variation in Y2
given X and there is the equation

Y2 = g(X;U2)

with g strictly monotonic in U2, normalised increasing. If U2 is speci�ed as uniformly
distributed on [0; 1] independent of X then g(X;U2) = QY2jX(U2jX). In all cases of
econometric interest the latent variables are continuously distributed and the strict
monotonicity restriction on g means that Y2 is continuously distributed givenX which
is not required by the model of Section 2. However in this model Y1 can have a discrete
distribution which is not permitted in the model of Section 2.

For global identi�cation of h the latent variables, (U1; U2) and X are restricted
to be independently distributed. Note this is more general than the pair of marginal
independence conditions: U1 ? X and U2 ? X.2 This can be substantially weakened

2The notation A ? B indicates that the random variables A and B are statistically independent.
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to a local quantile independence condition with QU1jU2X(� 1j� 2; x) = a(� 1; � 2) a func-
tion constant with respect to variation in x for some � 1 and � 2.3 Then there can be
identi�cation of h when U1 = a(� 1; � 2) and U2 = � 2. This is similar to the model
studied by Imbens and Newey (2003) and Chesher (2003a).

3.1. Continuous Y2. An argument leading to identi�cation in the continuous Y2
case is as follows. Holding U2 = � 2 and setting U1 equal to its � 1-quantile given
U2 = � 2, there is, in view of the monotonicity restriction on h and the equivariance
property of quantiles, the following conditional quantile of Y1 given U2 and X.

QY1jU2X(� 1j� 2; x) = h(g(x; � 2); x; a(� 1; � 2); � 2)

Because of the strict monotonicity restriction on g, which ensures a one-to-one corre-
spondence between U2 and Y2 given X, there is the conditional quantile of Y1 given
Y2 and X:

QY1jY2X(� 1jQY2jX(� 2jx); x) = h(y2; x; a(� 1; � 2); � 2) (4)

where on the right hand side: y2 � QY2jX(� 2jx). This identi�es the value of the
structural function at the indicated arguments of h. Note that this step involving a
change in conditioning (from U2 to Y2) could not be taken if Y2 were discrete, a case
returned to shortly.

Now suppose that h is insensitive through its X-argument to a movement in
X from x0 to x00, which is in the nature of an exclusion restriction. De�ne y02 �
QY2jX(� 2jx0) and y002 � QY2jX(� 2jx00). Then for x� 2 fx0; x00g

QY1jY2X(� 1jQY2jX(� 2jx0); x0) = h(y02; x
�; a(� 1; � 2); � 2)

QY1jY2X(� 1jQY2jX(� 2jx00); x00) = h(y002 ; x
�; a(� 1; � 2); � 2)

and the di¤erence in the iterated conditional quantiles

QY1jY2X(� 1jQY2jX(� 2jx0); x0)�QY1jY2X(� 1jQY2jX(� 2jx00); x00) (5)

identi�es the partial di¤erence of the structural function

h(y02; x
�; a(� 1; � 2); � 2)� h(y002 ; x�; a(� 1; � 2); � 2) (6)

and so the ceteris paribus e¤ect on h of a change in Y2 from y02 to y
00
2 .

Under the iterated covariation condition considered here there is identi�cation
of values delivered by the structural function however limited the support of X.
However the locations at which identi�cation can be achieved is critically dependent

3There is QU1jX(�2jx) = �2 by virtue of the de�nition of U2.
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on the support of X and on the dependence of the distribution of Y2 on X.4 When
this dependence is weak it may only be possible to identify the structural function
over a very limited range of values of Y2. In this case parametric restrictions have
substantial identifying power allowing extrapolation away from the locations at which
nonparametric identi�cation can be achieved.

Figure 2 illustrates the situation. In the upper and lower parts of Figure 2 values
of Y2 are measured along the horizontal axes. The vertical axis in the upper part
of Figure 2 measures values of Y1. In the lower part of Figure 2 the vertical axis
measures values of the distribution function of Y2 given X.
In the upper part of Figure 2 the three dashed curves marked q1, q2, q3 are

conditional � 1-quantiles of Y1 given Y2 = y2 and X = x drawn for some value of � 1 as
functions of y2 for x 2 fx1; x2; x3g. In the upper picture the solid curve (marked hh)
is the structural function h(y2; x; U1; U2) drawn as a function of y2 with U1 = a(� 1; � 2)
and U2 = � 2 for the same value � 1 that determines the dashed conditional quantile
functions and for � 2 = 0:5. There is an an exclusion-type restriction so that the
structural function remains �xed as x varies across fx1; x2; x3g.
The three curves in the lower part of Figure 2 are conditional distribution (viewed

another way, quantile) functions of Y2 given X for x 2 fx1; x2; x3g - the same values
that generate the conditional quantile functions of Y1 shown in the upper part of
the picture. The median (� 2 = 0:5) values of Y2 given X 2 fx1; x2; x3g are marked
o¤ on the horizontal axes and, in consequence of equation (4), it is at these values
that the iterated conditional quantile functions of Y1 given Y2 and X intersect with
the structural function in the upper part of Figure 2 which as noted has been drawn
for the case � 2 = 0:5. Di¤erences of values of Y1 at these intersections, as given in
equation (5), identify partial di¤erences of the structural function as given in equation
(6). The number of feasible comparisons is clearly constrained by the support of X.

When X varies continuously there is the possibility of identi�cation of derivatives
of the structural function. In (5) and (6) divide by �x � x0 � x00 (X is now assumed
scalar), consider �x! 0 and suppose the required derivatives exist. From (5) there
is, noting that x a¤ects QY1jY2X through its X argument and via QY2jX though its Y2
argument:

ry2QY1jY2X(� 1jy2; x)jy2=QY2jX(�2jx)rxQY2jX(� 2jx) +rxQY1jY2X(� 1jy2; x)jy2=QY2jX(�2jx)

and from (6) there is, on using y2 � QY2jX(� 2jx) and assuming that h does not vary
with x:

ry2h(y2; x
�; a(� 1; � 2); � 2)jy2=QY2jX(�2jx)rxQY2jX(� 2jx)

4Identi�cation of partial di¤erences using discrete instruments is discussed in Chesher (2002a).
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Figure 2: Identi�cation of partial di¤erences. Upper graph - q1, q2, q3 are conditional
� 1-quantiles of Y1 given Y2 and X at x 2 fx1; x2; x3g and hh is the structural function
h(y2; x; a(� 1; � 2); � 2). Lower graph - conditional quantiles of Y2 given X = x for
x 2 fx1; x2; x3g with conditional medians displayed.

τ 2 = 0.5

P[Y2 ≤ y 2 | X] = τ 2
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and so the following correspondence identifying the y2-derivative of h.

ry2h(y2; x
�; a(� 1; � 2); � 2)jy2=QY2jX(�2jx) =

ry2QY1jY2X(� 1jy2; x)jy2=QY2jX(�2jx) +
rxQY1jY2X(� 1jy2; x)jy2=QY2jX(�2jx)

rxQY2jX(� 2jx)
Imbens and Newey (2003) propose a two step estimation procedure for estimat-

ing h by nonparametric quantile regression of Y1 on X and a �rst step estimate of
the conditional distribution function of Y2 given X, the latter serving as a control
variate. Ma and Koenker (2004) and Lee (2004) consider control variate estimation
procedures under parametric and semiparametric restrictions. Chesher (2003a) sug-
gests estimating derivatives and di¤erences of h by plugging unrestricted estimates
of the quantile regressions of Y1 on Y2 and X and of Y2 on X into expressions like
that given above. Ma and Koenker (2004) study a weighted average version of this
estimator in a semiparametric model.

3.2. Discrete Y2. The joint independence model is useful when X is discrete
because, unlike the marginal independence model, it can identify the ceteris paribus
e¤ect of continuous Y2 on h. This advantage apparently vanishes once Y2 is discrete.

The di¢ culty is that when Y2 is discrete the conditional independence model
does not point identify the structural function without further restriction. This is so
however rich the support of discrete Y2. The reason is that holding discrete Y2 at a
particular quantile does not hold U2 at a quantile of its distribution. In Figure 2 the
quantile functions in the lower graph are step functions when Y2 is discrete and so
there is a range of values of U2 associated with any particular conditional quantile of
Y2. With U2 uniformly distributed on (0; 1), when Y2 = ym2 and X = x the value of
U2 must lie in the interval (FY2jX(y

m�1
2 jx); FY2jX(ym2 jx)] which, note, may be narrow

when Y2 has many points of support.

If the dependence of U1 on U2 can be restricted then this interval restriction on
U2 can imply an interval restriction on the quantiles of the distribution of Y1 given
Y2 and X and interval identi�cation of the structural function.

The e¤ect of restricting the conditional quantile function of U1 given U2 to be
a monotonic function of U2 is studied in Chesher (2005a). The case in which U2
does not appear in h in its own right is considered here. If there exist values of X,
~xm � fxm�1; xmg such that

FY2jX [y
m
2 jxm] � � 2 � FY2jX [ym�12 jxm�1] (7)
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thenQY1jY2X(� 1jym2 ; xm) andQY1jY2X(� 1jym2 ; xm�1) bound the value of h(ym2 ; x; a(� 1; � 2))
where x 2 ~xm. It is necessary that h is insensitive to changes in x within ~xm. Specif-
ically, with:

qL(ym2 ; ~xm) � min
�
QY1jY2X(� 1jym2 ; xm�1); QY1jY2X(� 1jym2 ; xm)

�
qU(ym2 ; ~xm) � max

�
QY1jY2X(� 1jym2 ; xm�1); QY1jY2X(� 1jym2 ; xm)

�
there is the bound:

qL(ym2 ; ~xm) � h1(ym2 ; x; a(� 1; � 2)) � qU(ym2 ; ~xm):

A bound on the ceteris paribus e¤ect of changing Y2 from ym2 to y
n is available if for

the same value � 2 there exist ~xn � fxn�1; xng such that

FY2jX [y
n
2 jxn] � � 2 � FY2jX [yn�12 jxn�1] (8)

and there is then the following bound.

qL(ym2 ; ~xm)� qU(yn2 ; ~xn)

� h1(ym2 ; x; a(� 1; � 2))� h1(yn2 ; x; a(� 1; � 2)) �
qU(ym2 ; ~xm)� qL(yn2 ; ~xn)

where x 2 ~xmn � ~xm[ ~xn and h is restricted to be insensitive to variations in x within
~xmn.

Even when X has limited support relative to Y2 intervals like this can provide
information about the ceteris paribus e¤ect of Y2 on h if the e¤ect of X on the
distribution of Y2 is strong enough. However if the e¤ect of X on the distribution of
Y2 is weak it may not be possible to �nd values of X such that inequalities like (7)
and (8) hold. In this case parametric restrictions may hold the key to identi�cation.
Chesher (2005a) discusses this in the context of the returns-to-schooling study of
Angrist and Krueger (1991).5

These results for discrete Y2 are not useful when Y2 is binary because in that case
the inequalities (7) and (8) cannot be satis�ed for any � 2 within the unit interval.
However when Y1 is continuous the marginal independence model can identify h
when Y2 is binary if X has at least two points of support. This is the leading case
considered in Chernozhukov and Hansen (2005). Vytlacil and Shaikh (2005) considers
semiparametric models with set identifying power when both Y1 and Y2 are binary.

5Chesher (2004) considers interval identi�cation in additive error discrete endogenous variable
models.
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4. Discussion

Structural functions in which latent variables appear non-additively are of interest
because they permit responses to policy interventions to have stochastic variation
amongst people measured as identical. Knowing about the distributions of responses
is important for welfare analysis and it is good to know what conditions must hold if
these distributions are to be identi�ed.

The focus here has been on models in which the same number of sources of sto-
chastic variation is the same as the number of observed stochastic outcomes. These
models are non-additive extensions of the classic Cowles Commission simultaneous
equations models and the conditions under which they identify a structural function
are quite similar. There are two types of condition.

1. Conditions which limit the sensitivity of a structural function to variation in cer-
tain covariates, and require those covariates to have impact on the conditional
distribution of endogenous variables.

2. Conditions on the degree of dependence permitted between latent variates and
covariates. In non-additive models strong independence conditions are required
though a kind of local independence (e.g. median independence) can su¢ ce for
identi�cation of local features of structural functions.

The precise nature of the independence condition has a substantial e¤ect on the
way in which identi�cation is achieved, and consequences for estimation and inference.
Models employing marginal independence and conditional independence restrictions
have been considered.

In the marginal independence (MI) model

Y1 = h(Y2; X; U1) U1 ? X

there can be exact identi�cation of h only if the support of X is as rich as the support
of Y2. The variable Y1 must be continuous. The variable Y2 may be continuous or
discrete. When Y2 is discrete the values of the structural function at the points of
support of Y2 are the solution to sets of nonlinear simultaneous equations. When
Y2 is continuous the structural function at each value of U1 is the solution to an
integral equation. This is an �ill posed inverse problem�. One consequence is that
an identifying model has to include completeness conditions ruling out certain joint
distributions of outcomes. Another consequence is that estimation and inference are
relatively di¢ cult. Without further restriction h is point identi�ed either everywhere
or nowhere.
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Adding an equation for Y2
Y2 = g(X;U2)

with U2 ? X, and replacing the condition U1 ? X by the condition U1 ? XjU2
implying (U1; U2) ? X gives a joint independence (JI) model.

In this model there can be point identi�cation of features of h when X has sparse
support relative to Y2. The variable Y1 can be continuous or discrete. The variable Y2
must be continuous. However if it is discrete then there can be interval identi�cation
of features of h if the dependence of U1 on U2 is restricted. The value of h at any set
of values of its arguments is an explicit functional of quantile regressions associated
with the joint distribution of Y1 and Y2 given X. There is no ill posed inverse problem
and estimation and inference are relatively simple. The latent variable U2 can appear
as an argument of h.

The joint independence condition implies the marginal independence conditions:
U1 ? X and U2 ? X. It is a stronger restriction and so can have greater identifying
power. In the continuous endogenous variable case it removes the requirement for
a completeness condition. However it does not necessarily have greater identifying
power for the structural function.

Chesher (2004) considers additive error models with a discrete endogenous vari-
able and alternative marginal and joint independence conditions. When covariates
have rich support the stronger joint independence condition enables identi�cation of
features of the joint distribution of the latent variables but has no additional iden-
tifying power for the structural function. When the joint independence condition
overidenti�es the structural function there is the possibility of detecting failure of the
condition, for example by comparing the IV type estimators which marginal indepen-
dence motivates with control function estimators which joint independence motivates.

In view of the advantages that come with the joint independence condition it is
worth asking whether for the purpose of single equation identi�cation a simultaneous
equations model

Y1 = h(Y2; X; U1) (9a)

Y2 = g(Y1; X; U2) (9b)

with the joint independence condition (U1; U2) ? X can be expressed as

Y1 = h(Y2; X; U1) (10a)

Y2 = s(X;V ) (10b)

with (U1; V ) ? X. This can be done when h and g are linear but not in general.
There is always a representation of (9) like (10) that satis�es marginal independence:
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U1 ? X, V ? X because there is the representation Y2 = QY2jX(V jX) where V jX �
Unif(0; 1), but without further restriction joint independence: (U1; V ) ? X does not
hold.

The triangular form of the equations together with the joint independence con-
dition is a substantive restriction entailing an essential recursiveness in the determi-
nation of the outcomes that can be aligned with an iterated decomposition of the
joint distribution of outcomes given covariates. Recursiveness could arise because
outcomes are ordered in time as in the classical returns-to-schooling models where
wage determination occurs after schooling choice and in other cases in which a causal
mechanism is postulated. Koenker (2005) describes the non-additive triangular form
as an extension of the recursive causal chain models discussed in Strotz and Wold
(1960).

The non-triangular form (9) with joint independence was studied in Roehrig
(1988). The identi�cation conditions given there have been called into question by
Benkhard and Berry (2004). Matzkin (2005) proposes alternative identi�cation con-
ditions for the structural functions.

Up to this point the focus has been on models in which there are the same number
of sources of stochastic variation as there are stochastic outcomes. This restriction
on the dimensionality of the stochastic variation driving the data generating process
is important. In the triangular model with joint independence the values of the
latent variables can be held �xed by holding outcomes at quantiles of conditional
distributions of outcomes given covariates. When there are more sources of stochastic
variation than outcomes, this tight control of latent variates is not possible without
further restriction.

One option in this circumstance is to seek to identify some average structural
function a possibility that has generated a large literature not addressed here at all.6

Another option is to impose restrictions which reduce the number of e¤ective sources
of variation. The mixed proportionate hazard model sketched in Section 1 is an
example of this in action.7 This sort of reduction occurs in linear but not nonlinear
measurement error models. A further option is entertain restrictions which leave some
structural features constant with respect to certain sources of random variation, for
example by imposing index restrictions and not admitting stochastic variation within
indexes.8

6See Blundell and Powell (2003) for an account of recemt work on estimation of Average Structural
Functions. Heckman and Vytlacil (2005) give a synthesis of work in the treatment e¤ects literature.

7This example is worked through in more detail in Chesher (2002b).
8This is considered in Chesher (2005b) and related joint work with Whitney Newey and Frank

Vella.



Identification of non-additive structural functions 16

Many signi�cant challenges remain in many latent variable cases when none of
these options is attractive. Typically these must be addressed on a case by case basis
as has been done in, for example, the notable contributions of Schennach (2004a,
2004b) to nonparametric identi�cation in nonlinear measurement error models and
Altonji and Matzkin (2005) to nonparametric identi�cation in panel data models.

References

Altonji, Joseph and Rosa L. Matzkin (2005): �Cross Section and Panel Data
Estimators for Nonseparable Models with Endogenous Regressors,� Econometrica,
73, 1053-1102.
Angrist, Joshua, D., and Alan B. Krueger (1991): �Does compulsory school-
ing attendance a¤ect schooling and earnings?�Quarterly Journal of Economics, 106,
979 - 1014.
Benkhard, C. Lanier and Steven Berry (2004): �On the Nonparametric Iden-
ti�cation of Nonlinear Simultaneous Models: Comment on B. Brown (1983) and
Roehrig (1988),�Cowles Foundation Discussion Paper 1482.
Blundell, Richard and James L. Powell. (2003): �Endogeneity in Non-
parametric and Semiparametric Regression Models,�in Advances in Economics and
Econometrics, Theory and Applications, Volume II, edited by Mathias Dewatripont,
Lars Peter Hansen and Steven Turnovsky, Cambridge: Cambridge University Press.
Card, David (2001): �Estimating the returns to schooling: Progress on some per-
sistent econometric problems,�Econometrica, 69, 1127-1160.
Chernozhukov, Victor And Christian Hansen (2001): �Inference on the In-
strumental Quantile Regression Process for Structural and Treatment E¤ect Models,�
forthcoming Journal of Econometrics.
Chernozhukov, Victor And Christian Hansen (2005): �An IV Model of
Quantile Treatment E¤ects,�Econometrica, 73, 245-261.
Chernozhukov, Victor And Han Hong (2003): �An MCMC Approach to Clas-
sical Estimation,�Journal of Econometrics, 115, 293-346.
Chernozhukov, Victor, Guido W. Imbens and Whitney K. Newey (2004):
�Instrumental Variable Identi�cation and Estimation of Nonseparable Models via
Quantile Conditions,�forthcoming in Journal of Econometrics.
Chesher, Andrew (2002a): �Instrumental Values,�Centre for Microdata Methods
and Practice Working Paper CWP 17/02, revised paper forthcoming in Journal of
Econometrics.
Chesher, Andrew (2002b): �Semiparametric Identi�cation in Duration Models,�
Centre for Microdata Methods and Practice Working Paper CWP 20/02.



Identification of non-additive structural functions 17

Chesher, Andrew (2003a): �Identi�cation in Nonseparable Models,�Economet-
rica, 71, 1405-1441.
Chesher, Andrew (2005a): �Nonparametric identi�cation under discrete varia-
tion,�Econometrica, 73, 1525-1550.
Chesher, Andrew (2004): �Identi�cation in Additive Error Models with Discrete
Endogenous Variables,�Centre for Microdata Methods and Practice Working Paper
CWP 11/04.
Chesher, Andrew (2005b): �Identi�cation with Excess Heterogeneity,�Centre for
Microdata Methods and Practice Working Paper CWP 19/05.
Darolles, S., Jean-Pierre Florens and Eric Renault, (2003): �Nonpara-
metric instrumental regression,�manuscript.
Das, M. (2005): �Instrumental Variables Estimation of Nonparametric Models with
Discrete Endogenous Variables,�Journal of Econometrics, 124, 335-361.
Florens, Jean-Pierre. (2003): �Inverse Problems and Structural Econometrics:
The Example of Instrumental Variables,�in Advances in Economics and Economet-
rics, Theory and Applications, Volume II, edited by Mathias Dewatripont, Lars Peter
Hansen and Steven Turnovsky, Cambridge: Cambridge University Press.
Florens, Jean-Pierre and Laetitia Malavolti (2003): �Instrumental Re-
gression with Discrete Variables,� presented at the 2003 European Meeting of the
Econometric Society, Stockholm.2
Hall, Peter and Joel L. Horowitz (2005): �Nonparametric Methods for Infer-
ence in the Presence of Instrumental variables,�Annals of Statistics, 33, 2904-2929.
Heckman, James J., and Edward Vytlacil (2005): �Structural Equations,
Treatment E¤ects, and Econometric Policy Evaluation,�Econometrica, 73, 669-738.
Imbens, Guido W., and Whitney K. Newey (2003): �Identi�cation and esti-
mation of triangular simultaneous equations models without additivity,�Manuscript,
paper presented at the 14th EC2 Meeting, cemmap, London, December 12th - 13th
2003.
Koenker, Roger (2005): Quantile Regression. Econometric Society Monograph
Series, Cambridge: Cambridge University Press.
Lee, Sokbae (2004): �Endogeneity in Quantile Regression Models: a Control Func-
tion Approach,�Centre for Microdata Methods and Practice Working Paper 08/04.
Ma, Lingjae and R.W. Koenker (2004): �Quantile Regression Methods for Re-
cursive Structural Equation Models,� Centre for Microdata Methods and Practice
Working Paper 01/04, revised paper forthcoming in Journal of Econometrics.
Matzkin, Rosa L. (2005): �Nonparametric Simultaneous Equations,�manuscript.
Matzkin, Rosa L. (2003): �Nonparametric Estimation of Nonadditive Random
Functions,�Econometrica, 71, 1339 - 1376.
Newey, Whitney K., and James L. Powell (2003): �Instrumental Variables
Estimation for Nonparametric Models,�Econometrica, 71, 1565 - 1578.



Identification of non-additive structural functions 18

Newey, Whitney K., James L. Powell, and F. Vella (1999): �Nonparametric
Estimation of Triangular Simultaneous Equations Models,�Econometrica 67, 565-
603.
Roehrig, Charles S. (1988): �Conditions for identi�cation in nonparametric and
parametric models�, Econometrica 56, 433-447.
Schennach, M., Susanne (2004a): �Estimation of Nonlinear Models with Mea-
surement Error,�Econometrica, 72, 33-75.
Schennach, M., Susanne (2004b): �Instrumental Variable Estimation of Nonlin-
ear Errors-in-Variables Models,�manuscript.
Strotz, Robert H., and Herman O.A. Wold (1960): �Recursive vs Nonrecur-
sive Systems: An Attempt at Synthesis (Part 1 of a Triptych on Causal Systems),�
Econometrica, 28, 417-463.
Vytlacil, Edward and Azeem M. Shaikh (2005): �Threshold Crossing Models
and Bounds on Treatment E¤ects: A Nonparametric Analysis,�manuscript.


