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Abstract. This paper studies models for discrete outcomes which permit
explanatory variables to be endogenous. Interesting models for discrete outcomes
that admit endogeneity necessarily involve a structural function which is non-
additive function of a latent variate. In the essentially single equation models
considered here this latent variate is restricted to be locally independent of in-
struments but the models are silent about the nature of dependence between the
latent variate and the endogenous variable and the role of the instrument in this
relationship. These IV models which, when the outcome is continuous, can have
point identifying power, have only set identifying power when the outcome is dis-
crete. Identi�cation regions shrink as the support of a discrete outcome grows.
The paper extends the analysis of structural quantile functions with endogenous
arguments to cases in which there are discrete outcomes, cases which have so far
been excluded from consideration. The results point to a neglected consequence
of interval censoring and grouping, namely the loss of point identifying power
that can result when endogeneity is present.

Keywords: Partial identi�cation, Nonparametric methods, Nonadditive
models, Discrete distributions, Ordered probit, Poisson regression, Binomial re-
gression.

1. Introduction

This paper studies models for discrete outcomes which permit explanatory variables
to be endogenous. Outcomes can be binary, or integer valued such as arise when
considering counts, or ordered as might be obtained when there is interval censoring
of a latent continuous outcome.

The scalar discrete outcome is determined by a structural function

Y = h(X;U)

where U is a continuously distributed, unobserved, scalar random variable and X is
an observable vector random variable. There is endogeneity in the sense that U and
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the results were presented at the Oberwolfach Workshop Semiparametric and Nonparametric Methods
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X may not be independently distributed. There are instrumental variables, a vector
random variable Z, with the property that for some � 2 (0; 1) and all z

Pr[U � � jZ = z] = � (1)

which is in the nature of a local (to �) independence or exclusion restriction. The
value, � , on the right hand side of (1) is a normalization. The function h is restricted
to be weakly monotonic (normalized non-decreasing) in its �nal argument, U .

This paper considers identi�cation of the function h(x; �). If h were strictly in-
creasing in U then Y would be continuously distributed and the model is the basis
for the identifying models developed in Chernozhukov and Hansen (2005) and Cher-
nozhukov, Imbens and Newey (2007). It is helpful to brie�y consider this continuous
outcome case and this is the subject of Section 2.

Since a discrete outcome can be very close to continuous if it has many densely
packed points of support it seems plausible that there is an identi�cation result for
the discrete outcome case. The contribution of this paper is the development of
identi�cation results for this case, a case excluded from consideration in the papers
just cited.

The identifying power of the model when Y is discrete is the subject of Section
3. Under weak nonparametric restrictions there is only partial identi�cation of the
structural function h when the outcome it delivers is discrete. As points of support of
Y become more dense the sets within which a structural function is identi�ed shrink,
approaching point identi�cation results for the continuous Y case under suitable
conditions.

The key to analysis of the continuous outcome case is, as shown in Chernozhukov
and Hansen (2005), the following condition implied by the model set out above.

for all z: Pr[Y � h(X; �)jZ = z] = �

Under some additional conditions this leads to point identi�cation of the function
h(�; �).

It is shown in Section 3 that when Y is discrete the model implies that h(�; �)
simultaneously satis�es two sets of inequalities, as follows.1

for all z: Pr[Y � h(X; �)jZ = z] � �

for all z: Pr[Y < h(X; �)jZ = z] < �

This leads to set identi�cation of the structural function h(�; �) and can place tight
bounds on admissible structural functions when Y has many densely packed points
of support.

Succinct general characterization of identifying sets developed in this paper seems
di¢ cult so the results are illustrated via examples in Section 4. Ordered probit and
covariate dependent Poisson and binomial and binary logit models with endogeneity
are studied in the examples.

1The 2001 working paper version of Chernozhukov and Hansen (2005) gives a derivation of these
inequalities. The paper does not consider their role in the partial identifcation of structural functions.
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The results of this paper shed light on the impact of endogeneity in situations
where outcomes are by their nature discrete, for example where they are counts of
events. Classical instrumental variables attacks fail because the restrictions of the
IV model do not lead to point identi�cation when outcomes are discrete. There are
many econometric applications of models for discrete outcomes - see for example the
compendious survey in Cameron and Trivedi (1998) - but there is little attention to
endogeneity issues except in fully parametric speci�cations. There are a few papers
which take an instrumental variables approach to endogeneity in parametric count
data models basing identi�cation on moment conditions - see the discussion in Section
11.3.2 of Cameron and Trivedi (1988), Mullahy (1997) and Windmeijer and Santos
Silva (1997). These GMM based approaches do not take full account of the discrete
nature of the outcome.

Progress can be made using a control function approach but this requires stronger
restrictions and has the drawback that there is not point identi�cation when endoge-
nous arguments of structural functions are discrete. Chesher (2003) and Imbens and
Newey (2003) study control function approaches to identi�cation in non-additive error
models with a discrete or continuous outcome and continuous endogenous arguments
in the structural function. Chesher (2005) obtains set identi�cation results in the
case in which the endogenous arguments are discrete.

Roehrig (1988), Benkard and Berry (2006) and Matzkin (2005) study nonparamet-
ric identi�cation in non-additive error simultaneous equation models without control
function type restrictions but only for cases in which the outcomes are continuous.
This paper studies the discrete outcome case in a �single equation�setting.

The results of the paper are informative about the e¤ect of interval censoring and
grouping on the identifying power of models.2 The examples in Section 4 are striking
in this regard. Quite small amounts of discretization due to interval censoring can
result in signi�cant degradation in the identifying power of models. This is useful
information for designers of survey instruments who have control over the amount of
interval censoring banded responses induce.

2. Continuous outcomes

Consider the model comprising the following restrictions which lie at the core of the
models for continuous outcomes Y considered by Chernozhukov and Hansen (2005)
and Chernozhukov, Imbens and Newey (2007).

C1. Y = h(X;U) with U continuously distributed and h strictly monotonic (nor-
malized increasing) in its last argument.

C2. For some � 2 (0; 1) there exists Z such that for all z Pr[U � � jZ = z] = � .
2Manski and Tamer (2002) develop partial identi�cation results for regression functions when there

is interval censoring. This paper di¤ers in that it is concerned with identi�cation of discretely varying
structural functions rather than the continuously varying counterparts associated with uncensored
latent variates and it focuses on identi�cation in the presence of endogeneity.
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Let C denote the model comprising restrictions C1 and C2. The identifying power
of this model is now brie�y reviewed. To this end de�ne a(� ; x; z) as follows:

a(� ; x; z) � Pr[U � � jX = x;Z = z] (2)

and note that by virtue of Restriction C1 there is, for all z:Z
a(� ; x; z)fXjZ(xjz)dx = � (3)

where fXjZ is the conditional density of X given Z and integration is de�nite over
the support of X which may vary with the value of Z.3

Since h is strictly increasing in U , applying the function h(x; �) to both sides of
the inequality in (2) gives

Pr[h(X;U) � h(X; �)jX = x;Z = z] = a(� ; x; z)

and because Y = h(X;U) there is

Pr[Y � h(X; �)jX = x; Z = z] = a(� ; x; z)

and �nally by virtue of (3), for all z, on taking expectations with respect to X given
Z = z:

Pr[Y � h(X; �)jZ = z] = � . (4)

This argument fails at the �rst step if h is not strictly increasing in U .
Without further restriction there are many functions satisfying (4). Certain ad-

ditional restrictions result in a model that identi�es the function h. In the absence
of parametric restrictions these include a requirement that the support of Z be at
least as rich as the support of X and that the distribution of Y and X conditional
on Z has su¢ cient variation with Z. These necessary conditions are implied by a
completeness condition for local (in the sense of Rothenberg (1970)) identi�cation
given in Chernozhukov, Imbens and Newey (2007). When these conditions do not
hold in full there can be informative partial identi�cation of the function h(�; �) in
the sense that the condition (4) along with other maintained conditions limit h(�; ) to
some class of functions. The results of this paper for the discrete outcome case are
of precisely this nature.

When Z = X, that is when Restriction C2 above holds with �Z = z�replaced by
�X = x�(there is local-to-� independence of U and X ) there is for all x

Pr[Y � h(x; �)jX = x] = � (5)

and h(x; �) is the � -quantile regression function of Y given X = x and h is therefore
identi�ed (Matzkin (2003)). When Y is discrete the conditional � -quantile function
of Y given X = x also identi�es h(x; �).4 However when Y is discrete and Z 6= X
neither equation (4) nor equation (5) hold and the identi�ability of h under a weak
restriction like C2 is unclear. The discrete Y case is explored now.

3And similarly if X is discrete.
4 In this discrete Y case h is normalized to be caglad for variation in U .
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3. Discrete outcomes

3.1. A model for discrete outcomes. The model C is now amended to permit
Y to be discrete. There is the following model: D.

D1. Y = h(X;U) with U continuously distributed and h is weakly monotonic (nor-
malized caglad, non-decreasing) in its last argument with as codomain the as-
cending sequence fymgMm=1 which is independent of X. M may be unbounded.

D2. For some � 2 (0; 1) there exists Z such that for all z: Pr[U � � jZ = z] = � .

It is now shown that under the restrictions of the model D the structural function
h(�; �) satis�es two inequalities as follows.

for all z: Pr[Y � h(X; �)jZ = z] � � (6)

for all z: Pr[Y < h(X; �)jZ = z] < � (7)

First note that under the Restriction D1 the function h(x; u) can be characterized
by functions fpm(x)gMm=0 as follows:

for m 2 f1; : : : ;Mg: h(x; u) = ym if pm�1(x) < u � pm(x)

with, for all x, p0(x) � 0 and pM (x) � 1.
Now consider the inequality (6). Conditioning on X = x and Z = z there is, for

all x and z the inequality

Pr[Y � h(X; �)jX = x; Z = z] � a(� ; x; z) (8)

and on taking expectations with respect to X given Z = z on the left and right hand
sides of (8) and using (3) there is, for all z the inequality (6).

The argument leading to the inequality (8) takes the following steps. 1[�] denotes
the indicator function equal to 1 if its argument is true and 0 otherwise.

Pr[Y � h(X; �)jX = x;Z = z] = Pr[h(X;U) � h(X; �)jX = x;Z = z]

=
MX
m=1

1[h(x; �) = ym] Pr[h(X;U) � h(X; pm(x))jX = x;Z = z]

=
MX
m=1

1[h(x; �) = ym] Pr[U � pm(x)jX = x;Z = z]

=

MX
m=1

1[h(x; �) = ym]a(pm(x); x; z)

� a(� ; x; z)

The second and �nal lines follow because h(x; �) = ym if and only if � 2 (pm�1(x); pm(x)].
Now consider the inequality (7). Conditioning on X = x and Z = z there is, for

all x and z, the inequality

Pr[Y < h(X; �)jX = x; Z = z] < a(� ; x; z) (9)
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and on taking expectations with respect to X given Z = z on the left and right hand
sides of (9) and using (3) there is, for all z the inequality (7). The argument leading
to the inequality (9) takes the following steps.

Pr[Y < h(X; �)jX = x;Z = z] =
MX
m=1

1[h(x; �) = ym] Pr[h(X;U) < h(x; pm(x))jX = x;Z = z]

=

MX
m=2

1[h(x; �) = ym] Pr[h(X;U) � h(x; pm�1(x))jX = x;Z = z]

=

MX
m=2

1[h(x; �) = ym] Pr[U � pm�1(x)jX = x;Z = z]

=

MX
m=2

1[h(x; �) = ym]a(pm�1(x); x; z)

< a(� ; x; z)

3.2. Set identi�cation. By construction, the function, say h0(x; u), which, to-
gether with the distribution of (U;X) given Z, say F 0UXjZ , generates the distribution
of (Y;X) given Z de�ning the probabilities in (6) and (7) satis�es the inequalities (6)
and (7) when u = � .

If there are other functions which, for a value of � of interest, satisfy (6) and (7)
for all z in the support of Z then the model D may not point identify h0(�; �). The
discreteness of the outcome Y leads one to expect that such functions exist. Because
Y is discrete it is not possible to identify F 0U jXZ . Because Y is discrete there may be a

structural function h1 and a distribution F 1UXjZ which do not violate the restrictions
of the model or the bounding inequalities and which combine to give the distribution,
F 0Y XjZ say, that is produced by h0 and F

0
UXjZ .

A distribution of (Y;X) given Z, F 0Y XjZ , the support of Z and the inequalities (6)

and (7) calculated using F 0Y XjZ in general de�ne a set of functions which the inequal-
ities (6) and (7) implied by the model D does not rule inadmissible as generators of
F 0Y XjZ . In this sense the model D can have set identifying power for the structural
function h(�; �). There seems to be no additional information conveyed in the model
D which can reduce the extent of this set. Section 4 gives examples of particular
classes of structure for which the model has set identifying power.

Faced with a particular distribution F 0Y XjZ and support of Z one can enumerate
or otherwise characterize the set of potential structural functions that satisfy the
inequalities (6) and (7). One can examine how additional restrictions can reduce the
extent of the identi�cation set implied by the model.

Armed with an estimate F̂Y XjZ and perhaps some additional restrictions, one can
attempt various sorts of inference about the structural function, for example testing
hypotheses about particular aspects of the data generating structural function. There
are challenging problems here.

The distance between the functions on the left hand sides of (6) and (7) is �� (z),



Endogeneity and Discrete Outcomes 7

the probability that Y falls on the � - structural function conditional on Z = z.

�� (z) � Pr[Y = h(X; �)jZ = z]

=

Z
(a(pm(x); x; z)� a(pm�1(x); x; z)) fXjZ(xjz)dx

As the support of Y grows more dense then, if a continuous limit is approached, the
maximal probability mass (conditional on X and Z ) on any point of support of Y ,
and so �� (z), will converge to zero and the upper and lower bounds will come to
coincide.

Even when the bounds coincide there can remain a set of structural functions
admitted by the model. This is always the case when Z has no variation at all and
more generally when the support of Z is less rich than the support of X.

The next Section illustrates using as vehicles: an ordered probit model, a Poisson
regression model and a binomial regression model, in each case with an endogenous
explanatory variable.

4. Illustrations

Particular structures obtained from a generic model, set out below, are considered.
For particular completely speci�ed structures admitted by this model the nature of
the set of structural functions admitted by the inequalities (6) and (7) is explored.
This is done by considering structural functions which are candidates for inclusion
in the identi�cation set and admitting those which do not lead to violations of the
inequalities (6) and (7) for any value of the instrument z. The e¤ects on the identi�ed
set of structural functions of varying amounts of discreteness and of the strength and
support of instruments are examined.

4.1. A generic model. Here is the model used to generate the structures used
in the illustrative examples. ��1 is the standard normal quantile function.

Y = h(X;U) U 2 (0; 1) W � ��1(U)

for m 2 f1; : : : ;Mg: h(x; u) = ym if pm�1(x) < u � pm(x) (10)

p0(x) � 0 pM (x) � 1

X = �0 + �1Z + V�
W
V

�
jZ = z � N

��
0
0

�
;

�
1 �wv
�wv �vv

��
(11)

fymgMm=1 is an ascending sequence.
The model embodies the restrictions of the model D, in particular U and Z

are independently distributed. The model additionally speci�es a particular type of
dependence5 amongst U , X and Z using a simple joint Gaussian distribution for a
transformation of U and V = X � �0 � �1Z.

5This is of course essential because the model will be used to produce particular structures in the
context of which the identifying power of variants of the model D will be studied.
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The structural function of this model at u = � is h(x; �), obtained by setting
u = � in (10). In all the cases considered here each function pm(x) is a strictly
monotonic decreasing function of scalar x and so h(x; �) can be expressed as

for m 2 f1; : : : ;Mg: h(x; �) = ym if sm�1(�) < x � sm(�) (12)

where the functions sm(x) are inverse functions such that for all m 2 f1; : : : ;M � 1g,
sm(pm(x)) = x for all x, and for all � , s0(�) � �1, sM (�) � 1.

De�ne the conditional variance: �2wjv � 1��
2
wv=�vv. The distributions of X given

Z and of Y given X and Z are as follows.

XjZ = z � N (�0 + �1z; �vv) (13)

Pr[Y � ymjX = x;Z = z] = �

�
1

�wjv

�
��1 (pm(x))�

�wv
�vv

(x� �0 � �1z)
��

(14)

The latent variable U is marginally distributed Unif(0; 1). It is distributed indepen-
dently of X if and only if �wv is zero in which case Y is independent of Z given X
and there is the following simpli�cation.

Pr[Y � ymjX = x] = pm(x)

Cases in which fpm(x)gMm=1 are cumulative probabilities for covariate dependent
ordered probit (including binary probit), Poisson and binomial (including binary
logit) distributions are considered here.

In this triangular model (U; V ) and Z are independently distributed. That restric-
tion could be relaxed while retaining the Gaussian structure and the independence of
U and Z and of V and Z by allowing �wv to vary with z in the conditional distribution
(11).6

In the examples considered here �wv is constant for variations in z and the model
is in the class of nonadditive error, triangular models considered in Chesher (2003)
and Imbens and Newey (2003) for which point identi�cation is possible with discrete
or continuous Y without imposing the parametric restrictions of the model above,
as long as X is continuous, as it is here. Inspecting (13) and (14) it is clear that
with parametric restrictions a �control function� argument can be used to develop
identi�cation conditions.7

The examples set out below are built on particular structures that are admitted
by this triangular model. However, in the analysis, the identifying power of particular
cases of the less restrictive model D, set out at the start of Section 3.1, is considered.
The only independence restriction maintained in this model is that U and Z are
independently distributed. The model whose identifying power is studied is silent
about the nature of any dependencies between U and X and between X and Z.

6 I am grateful to Lars Nesheim for this insight. Models with �wv constant or varying with z are
all in the class admitted by the model D of Section 3.1.

7Smith and Blundell (1986) use this sort of argument in a parametric Gaussian simultaneous
equation tobit model. See Newey, Powell and Vella (1999) for a control function approach in non-
parametric additive error models.



Endogeneity and Discrete Outcomes 9

The candidate structural functions considered here are restricted to be weakly
monotonic and nondecreasing in x, hp(x; �), de�ned as follows.

for m 2 f1; : : : ;Mg: hp(x; �) = ym if s
p
m�1(�) < x � spm(�)

The structures used in the examples are all members of familiar parametric families.
The candidate structural functions are generated by varying the values of these para-
meters which in the cases considered guarantees weak monotonicity of the cumulative
probabilities pm(x) for variations in x.

For each value, z, of the instrument considered, the probabilities in the inequalities
(6) and (7) for a particular candidate structural function hp(x; �) are calculated for
the particular structure of interest (which determines particular distributions of X
given Z and of Y given X and Z) as follows.8

Pr[Y � hp(X; �)jZ = z] =
MX
m=1

Z spm(�)

spm�1(�)
�

�
1

�wjv

�
��1(pm(x))�

�wv
�vv

(x� �0 � �1z)
��

1

�
1=2
vv

�

 
1

�
1=2
vv

(x� �0 � �1z)
!
dx

Pr[Y < hp(X; �)jZ = z] =
MX
m=2

Z spm(�)

spm�1(�)
�

�
1

�wjv

�
��1(pm�1(x))�

�wv
�vv

(x� �0 � �1z)
��

1

�
1=2
vv

�

 
1

�
1=2
vv

(x� �0 � �1z)
!
dx

In the integrands of the second expression, pm�1(x) appears because the calculation
is of the probability that Y falls on points of support lying immediately below and not
on the structural function. There is no integration over the lowest interval because
the probability Y falls below its lowest point of support is zero.

The value of z is varied and it is determined whether

Pr[Y � hp(X; �)jZ = z] � �

and
Pr[Y < hp(X; �)jZ = z] < �

hold for all z in the support of Z. The candidate structural functions which, for
the structure chosen do not violate these inequalities for any z in the support of Z
constitute the set of structural functions identi�ed by the model under consideration
for the particular structure chosen.

8Numerical integration is done using the function integrate provided in R (Ihaka and Gentleman
(1996)).
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Table 1: Parameter values for the ordered probit model

Parameter �0 �1 �2 �0 �1 �wv �vv

Value 0 1 1 0 2 0:6 1

4.2. Ordered probit.

De�nitions. In the ordered probit version of the model of Section 4.1 the cu-
mulative probabilities (with exogenous X) are:

pm(x) = �

�
1

�2
(Tm � �0 � �1x)

�
, m 2 f1; : : : ;Mg (15)

where � is the standard normal distribution function, �2 > 0, and fTmgMm=1 are
constants with TM � 1. These probabilities can arise by interval censoring of a
latent Y �

Y � = �0 + �1X + �2U

with U independent of X and distributed N(0; 1) and for m 2 f1; : : : ;Mg:

Y = ym for Tm�1 < Y � � Tm

with T0 � �1.
The functions fsm(�)gM�1

m=1 de�ning the structural function h(x; �) are as follows
in the case in which �1 > 0.

sm(�) =
1

�1

�
Tm � �0 � �2��1(�)

�
, m 2 f1; : : : ;M � 1g (16)

Particular structures are obtained by choosing particular numerical values for the
parameters:

� � fM;�0; �1; �2; �0;�1; �wv; �vvg

and the identifying power of the following model OP is studied.

OP1. Y = h(X;U) with, for m 2 f1; : : : ;Mg:

h(x; u) = ym for pm�1(x) < u � pm(x)

with pm(x) de�ned as in (15), a2 > 0 and fTmgMm=0 known constants, T0 � �1,
TM � 1.

OP2. U distributed independently of Z, Unif(0; 1).

This model embodies the restrictions of the model D and some additional para-
metric restrictions.
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Bounding inequalities. Figure 1 shows the bounding conditional probabilities
calculated using the parameter values shown in Table 1 and using the structural
function h(x; �) implied by those parameter values. The four panes show the variation
in the probabilities as the value of the instrument z varies. The value of � is 0:5
in the left hand panes and 0:8 in the right hand panes. Because the structural
function employed in the calculations is the structural function for the speci�ed value
of � implied by the parameter values in Table 1 (which determine the probability
distribution used in calculating the probabilities) the bounding probabilities always
fall either side of the speci�ed value of � .

In the upper panes Y has M = 10 points of support and in the lower panes
M = 30 (left) andM = 100 (right). The values of T1; : : : ; TM�1 are equally spaced in
[�10; 10]. Increasing the number of points of support has a dramatic e¤ect, bringing
the bounds tightly onto the chosen value of � .

The e¤ect of the value of z on the probabilities in (6) and (7) is small in Figure
1. This occurs because of the large range, [�10; 10], over which the thresholds, Tm,
are spaced relative to the range of variation used for z, [�2; 2]. These choices were
made to facilitate demonstration of the impact of reduction in discretization on the
bounding probabilities. It can be shown that in this endogenous ordered probit model

lim
z!1

Pr[Y � h(X; 0:5)jZ = z] = lim
z!�1

Pr[Y � h(X; 0:5)jZ = z] = 1

lim
z!1

Pr[Y < h(X; 0:5)jZ = z] = lim
z!�1

Pr[Y < h(X; 0:5)jZ = z] = 0

so in all these cases for values of z su¢ ciently large in magnitude the upper and lower
bounding probabilities become close to respectively 1 and 0.

Candidate structural functions. Now candidate structural functions that
di¤er from the structural function associated with the distribution of (Y;X) given Z
employed in the probability calculations are considered. For each case the bounding
probabilities (6) and (7) are calculated as functions of the instrument z. For this
exercise the degree of discretization is chosen to be quite substantial with just 4
points of support and 3 �nite thresholds f�2; 0;+2g.

In the �rst set of cases the structure generating the joint distribution of (Y;X)
given Z has the parameter values shown in Table 1. The values of X at which the
� = 0:5 structural function changes are shown in the �rst row of Table 2.9

Alternative candidate structural functions are obtained by using the expression
(16) with �0 = 0, �2 = 1 and � = 0:5 and with �1 varying in f1:0; 1:4; 1:8; 2:2g. The
values of X at which these structural functions change (that is the values of spm(0:5))
are shown in Table 2.

9To be clear, the � = 0:5 structural function is as follows.

h(x; 0:5) = y1 �1 < x � �2
h(x; 0:5) = y2 �2 < x � 0
h(x; 0:5) = y3 0 < x � +2
h(x; 0:5) = y4 +2 < x � +1
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Table 2: Threshold values of putative structural functions in the ordered probit model

x1 x2 x3

�1 = 1:0 �2:00 0 2:00

�1 = 1:4 �1:43 0 1:43

�1 = 1:8 �1:11 0 1:11

a1 = 2:2 �0:91 0 0:91

The results of the probability calculations are shown in Figure 3. When a1 = 1:0
this candidate structural function is the structural function for the structure de�ned
in Table 1. As a1 moves away from 1:0 the upper and lower conditional probabilities
move towards the line � = 0:5 but never cross it. None of these structural functions
is identi�ably distinct from the structural function, say h0(�; 0:5), corresponding to
the parameter values in Table 1 with � = 0:5. However, considering pane (d), the
candidate structural function for this case (a1 = 2:2) is identi�ably distinct from
h0(�; �) for � deviating by quite small amounts from 0:5:

Now consider the impact of increasing the strength of the instrument. Note that
varying the value of �1 has no e¤ect in this regard unless the support of Z is held
�xed over some �nite interval because changing the value of �1 just has the e¤ect
of redenominating the unit of measurement of Z. The strength of the instrument is
increased by reducing �vv which reduces the noise in the relationship between X and
Z. The results in Figure 4 are obtained with �vv reduced from its Table 1 value of
1:0 to 0:6, which corresponds to an increase in the R2 for the linear regression of X
on Z from 0:36 to 0:6. Now the structural function obtained with �1 = 2:2 can be
ruled inadmissible as a � = 0:5 structural quantile function and there is no value of
� which for which this function is admissible as a structural function for the joint
distribution of (Y;X) given Z employed in these calculations.

Finally consider the e¤ect of increasing the number of points of support of Y .
The results in Figure 5 are obtained using 7 points of support with �nite thresholds
at the following values:

f�2:0;�1:2;�0:4; 0:0;+0:4;+1:2;+2:0g

and with �vv reset to its Table 1 value of 1:0 as in Figure 3. With the �ner discretiza-
tion the structural functions obtained with �1 = 1:8 and �1 = 2:2 can be both ruled
inadmissible as � = 0:5 structural quantile functions, indeed as structural functions
for any value of � .

Identi�cation sets. Any particular structure, with structural function say h0,
implies a joint distribution of (Y;X) given Z, F 0Y XjZ . With knowledge of F

0
Y XjZ one

can ask, what candidate structural functions, satisfying particular restrictions (e.g.
monotonicity, or perhaps more speci�c parametric restrictions), are observationally
indistinguishable from h0 in the sense that the inequalities (6) and (7) are not violated
for any value of the instrument z at some particular value of � .

Consider the particular triangular ordered probit structure with the parameter
values set out in Table 1 (except as stated below), the model OP and candidate
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structural functions hp(�; 0:5) obtained by varying candidate values of �0 and �1 in
(16).10 Figure 6 shows combinations of values of �0 and �1 which generate structural
functions for which the bounding probabilities (6) and (7) fall either side of � = 0:5
for all values of z are observationally indistinguishable from �0 = 0 and �1 = 1.
Values within the outer region in Figure 6 are for the case in which �vv = 1:0 when
the instrument Z is rather weak.11 The inner region is the identi�cation set when
�vv = 0:6 so the instrument is stronger. Strengthening the instrument substantially
reduces the extent of the identi�cation set.

4.3. Poisson regression.

De�nitions. In the Poisson version of the model of Section 4.1 the functions
de�ning the structural function are:

pm(x) = exp(��(x))
m�1X
y=0

�(x)y

y!
m 2 f1; 2; : : : g (17)

and the Poisson parameter �(x) is parameterized as follows.

�(x) = exp(�0 + �1x) (18)

The outcome Y is given by Y = h(X;U) where

h(x; u) = m� 1 for pm�1(x) < u � pm(x); m 2 f1; 2; : : : g (19)

with p0(x) � 0. When U and X are independently distributed and U � Unif(0; 1)
then Y has a conditional Poisson distribution given X with point probabilities:

Pr[Y = yjX = x] = exp(��(x))�(x)
y

y!
; y 2 f0; 1; 2; : : : g:

The rest of the model is as in Section 4.1 with U = ��1(W ) and V = X��0��1Z
jointly normally distributed independently of Z. Particular structures are obtained
by choosing particular numerical values for the parameters:

� � f�0; �1; �0;�1; �wv; �vvg

and the identifying power of the following model P is studied.

P1. Y = h(X;U) with, the function h de�ned in (17), (18) and (19).

P2. U distributed independently of Z, Unif(0; 1).

This model embodies the restrictions of the model D and some additional para-
metric restrictions.
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Table 3: Parameter values for the Poisson model

Parameter �0 �1 �0 �1 �wv �vv �

Value 0 1 0 1:0 0:6 1 0:5

Bounding inequalities. Figure 7 shows the bounding conditional probabili-
ties, (6) and (7), as functions of the value of the instrument z, calculated using the
parameter values shown in Table 3 and using the structural function h(x; �) implied
by those parameter values.12 The case with � = 0:5 is shown. The functions lie either
side of � = 0:5, as they must, but as z becomes large they approach � = 0:5 very
closely.

This happens because at large values of the instrument and at the parameter
values considered here the endogenous X typically takes large values resulting in
large values of the Poisson parameter �(x) = exp(�0 + �1x). When �(x) is large the
variance of Y is large and probability mass is spread across many points of support.
In this situation the impact of discreteness is very small. Conversely when z is small
X tends to take small values and the Poisson parameter is close to zero. In that
situation the distribution of Y is concentrated on just a few points of support close
to zero and the impact of discreteness is very substantial.

Candidate structural functions. These e¤ects are evident when candidate
structural functions are considered. Figure 8 show the bounding probabilities, (6)
and (7), calculated using the parameter values shown in Table 3 as functions of the
value of the instrument: in pane (a) for �1 = 1:0 (reproducing Figure 7 but over
a smaller range of values of z), and in panes (b) - (d) for �1 2 f0:95; 1:05; 1:10g.
At large values of z even these small deviations from the value of �1 (1:0) which
determines the probabilities used in the calculation lead to violation of the inequality
constraints.

The IV model has almost point identifying power when the dependence of X on
the instrument and the support of the instrument are such that large values of the
Poisson �parameter�are achieved but not otherwise. If a few small values of Y are
all that is typically observed, perhaps because the instrument has limited support,
then the IV model may have little identifying power.

4.4. Binomial regression.

De�nitions. In the binomial version of the model of Section 4.1 the functions
de�ning the structural function are:

pm(x) =
m�1X
y=0

�
N

y

�

(x)y (1� 
(x))N�y m 2 f1; 2; : : : ;Mg (20)

10The value of �2 is irrelevant because � = 0:5 and ��1(0:5) = 0.
11The slight irregularities along the edges of the identi�cation sets are artefacts of the plotting

procedure which utilizes values of a logical variable on a 100� 100 grid.
12Numerical integration is done using the integrate function in R (Ihaka and Gentleman (1996)).

Values of X at which structural functions break are calculated using the uniroot and ppois functions
in R. Summations are truncated when the proportionate change in the total on adding an additional
segment is smaller than 10�6.



Endogeneity and Discrete Outcomes 15

Table 4: Parameter values for the binomial model

Parameter �0 �1 �0 �1 �wv �vv �

Value 0 1 0 1:0 0:6 1 0:5

with M = N + 1 and the binomial parameter 
(x) is parameterized as follows.


(x) � exp(�0 + �1x)

1 + exp(�0 + �1x)
(21)

The outcome Y is given by Y = h(X;U) where

h(x; u) = m� 1 for pm�1(x) < u � pm(x); m 2 f1; 2; : : : ;Mg (22)

with p0(x) � 0. When U and X are independently distributed and U � Unif(0; 1)
then Y has a conditional binomial distribution given X with point probabilities:

Pr[Y = yjX = x] =

�
N

y

�

(x)y (1� 
(x))N�y ; y 2 f0; 1; 2; : : : ; Ng:

When N = 1 this is a standard parametric binary logit model.
The rest of the model is as in Section 4.1 with U = ��1(W ) and V = X��0��1Z

jointly normally distributed independently of Z. Particular structures are obtained
by choosing particular numerical values for the parameters:

� � fN;�0; �1; �0;�1; �wv; �vvg

and the identifying power of the following model B is studied.

B1. Y = h(X;U) with, the function h de�ned in (20), (21) and (22).

B2. U distributed independently of Z, Unif(0; 1).

This model embodies the restrictions of the model D and some additional para-
metric restrictions.

Bounding inequalities. Figure 9 shows the bounding conditional probabili-
ties, (6) and (7), as functions of the value of the instrument z, calculated using the
parameter values shown in Table 4 and using the structural function h(x; �) implied
by those parameter values.13 The case with � = 0:5 is shown. The four panes show the
bounding probabilities for N 2 f1; 3; 6; 10g. The functions lie either side of � = 0:5,
as they must and as the number of points of support increases the bounds come to
sit tighter on � = 0:5.

13Calculations are done using the integrate, uniroot and pbinom functions of R 2.3.1.
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Candidate structural functions. In Figure 10 the parameter values in Table
4 still de�ne the probability distribution used to calculate the bounding conditional
probabilities but the structural function is what is obtained in this binomial model
with �0 = 0:5 rather than the value 0:0 in Table 4.14 The e¤ect is to shift both
bounding probabilities upwards and for N = 6 and N = 10 the � = 0:5 line is crossed
indicating that in these cases this candidate structural function is identi�ably distinct
from the Table 4 � = 0:5 structural function.

A similar exercise is reported in Figure 11, this time using a candidate structural
function with �0 = 0 but �1 = 0:5 rather than the Table 4 value of 1:0. Again for
N su¢ ciently large the candidate � = 0:5 structural function is identi�ably distinct
from that de�ned by the parameter values in Table 4.

The binary case. When N = 1 the outcome Y is binary and when X is
exogenous (�wv = 0) it has a binary logit distribution conditional on X.

It is evident from Figures 9, 10 and 11 that at the parameter values considered
so far the bounding probabilities are far apart in this binary case so that there is
a large class of candidate structural functions admitted by the model. The key to
reducing the size of the identi�ed set lies in strengthening the instrument by reducing
the value of �vv.

Figure 12 shows the e¤ect of varying �vv in the binary case. In every pane except
pane (d) the bounding probabilities are for a � = 0:5 structural function calculated
using the structural function implied by the parameter values in Table 4 except for
the value of �vv which is varied and the value of �wv which is adjusted to keep the
correlation between W and V constant.

Pane (a) reproduces the case with �vv = 1 and �wv = 0:6 already displayed in the
same pane in Figure 9 but with the di¤erence that the instrument is adjusted over
the narrower range [�2; 2]. Pane (b) shows the situation with �vv = 0:1. The bounds
come more tightly onto � = 0:5 and much more so in pane (c) in which �vv = 0:01.
The upper bounding probability is minimised at a di¤erent value of z than the lower
bounding probability is maximised. This has to occur because in this binary case
the probability that Y lies on the � = 0:5 structural function conditional on Z = z
(which is the distance between the bounding probability functions at Z = z) cannot
fall below 0:5.

In pane (d) the bounding probabilities are calculated for the case �vv = 0:1 using

14Here are the expressions for the bounding probabilities for a candidate � = 0:5 stuctural function

p(x) � exp(a0 + a1x)

1 + exp(a0 + a1x)

when N = 1 and parameter values are as shown in Table 4.

Pr[Y � hp(X; �)jZ = z] =
Z �a0=a1

�1
�

�
1

0:8

�
��1(

1

1 + exp(x)
)� 0:36 (x� 2z)

��
� ((x� 2z)) dx+

Z 1

�a0=a1
� ((x� 2z)) dx

Pr[Y < hp(X; �)jZ = z] =
Z 1

�a0=a1
�

�
1

0:8

�
��1(

1

1 + exp(x)
)� :36 (x� 2z)

��
� ((x� 2z)) dx

Note that when a0 is equal to 0 these expressions are not sensitive to variations in a1. This feature
is peculiar to the � = 0:5 case with N = 1.
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the structural function implied by a binary logit model with �0 = 1 and �1 = 1
rather than the values respectively 0 and 1 that de�ne the probabilities used in the
calculation. With the strong instrument implied by �vv = 0:1 this structural function
can be ruled out as inadmissible. The dashed lines in pane (d) show the bounding
probabilities for this case when �vv = 1. With the weaker instrument the structural
function for the case with �0 = 1 and �1 = 1 cannot be ruled inadmissible given the
information conveyed in the distribution of Y and X given Z generated with �0 = 0
and �1 = 1.

Identi�cation sets. Consider the particular binomial structure with the pa-
rameter values set out in Table 4, and possible observationally indistinguishable
alternative structural functions hp(�; 0:5) under the model B obtained by varying
candidate values of �0 and �1. Figure 13 shows combinations of values of candidate
values of �0 and �1 which are observationally indistinguishable from �0 = 0 and
�1 = 1.15 Values within the outer region are observationally indistinguishable when
N = 4. Values within the inner regions are observationally indistinguishable when
N = 6 and N = 12. Reductions in discreteness substantially reduce the extent of the
identi�cation set.

5. Concluding remarks

1. The simple examples of the previous Section are useful for exploring the impli-
cations of the results of this paper. However they have the disadvantage that
because their genesis is in simple parametric models they distract from the fact
that the results of the paper apply in the absence of parametric restrictions.

2. Several simplifying assumptions could be relaxed. For example extension to
many endogenous variables and introduction of exogenous covariates in the
structural function is straightforward.

3. When Y is discrete the model Y = h(X;U) with h non-decreasing in U and for
some � and all z Pr[U � � jZ = z] = � , may only set identify the function h(�; �).
The following pair of inequalities which simultaneously hold for all z de�ne the
class of structural functions that are concordant with a joint distribution of
(Y;X) given Z.

Pr[Y � h(X; �)jZ = z] � �
Pr[Y < h(X; �)jZ = z] < �

Given such a joint distribution and information about the support of Z it may
be feasible to enumerate or otherwise characterize this class of functions. An
estimate of the joint distribution of (Y;X) given Z can be used to produce an
analogue estimator of this class of functions. Informative empirical analysis
will require further restrictions, for example �smoothness� restrictions limit-
ing the number of turning points in the structural function as X varies. In

15The irregularities along the edges of the identi�cation sets are artefacts of the plotting procedure
which utilizes values of a logical variable on a 100� 100 grid.
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the examples studied here a monotonicity restriction has been imposed. Fur-
ther analysis of these characterization problems and associated estimation and
inference questions is left for future research.

4. The calculations presented here suggest that when discreteness of outcomes
is a signi�cant feature the identifying power of IV models can be low unless
instruments are very strong, that is very highly correlated with the endoge-
nous variable. The marginal value of the additional restrictions embodied in
triangular, causal chain, models is very high in this circumstance but whether
those restrictions are plausible is a matter for case by case consideration in the
economic or other context of the application.

5. In some situations investigators have control over the amount of discreteness
present in observed outcomes. For example survey designers can choose to illicit
banded responses and choose the particular banding to employ. The results of
this paper reveal the impact of these choices on the ability to identify interesting
structural features.

6. This paper has studied the modelling of, and impact of, endogeneity in micro-
econometric models with discrete outcomes. On the occasion of the Festschrift
Conference for Tony Lancaster it is apposite to remark that Lancaster (1985)
studied16 these issues in the context of labour market outcomes, namely un-
employment durations and achieved and reservation wages. That paper was
unusual for its time in its focus on the extent to which parametric models17

used in this �eld possess nonparametric identifying power for particular inter-
esting structural elements.
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Figure 1: Endogenous ordered probit structure. Conditional probabilities given Z = z
that Y falls at or below the � structural function (upper line) and strictly below the
� structural function (lower line) for � 2 f0:5; 0:8g.
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Figure 2: Endogeonous ordered probit structure. Conditional probabilities given
Z = z that Y falls at or below (upper line) or strictly below (lower line) a candidate
� = 0:5 structural function obtained by moving the value of the slope parameter �1
away from 1:0.
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Figure 4: Endogeonous ordered probit structure with stronger instrument (�vv = 0:6)
Conditional probabilities given Z = z that Y falls at or below (upper line) or strictly
below (lower line) a candidate � = 0:5 structural function obtained by moving the
value of the slope parameter �1 away from 1:0.
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Figure 5: Endogeonous ordered probit structure with reduced discretization (7 points
of support) Conditional probabilities given Z = z that Y falls at or below (upper
line) or stictly below (lower line) a candidate � = 0:5 structural function obtained by
moving the value of the slope parameter �1 away from 1:0.

­6 ­4 ­2 0 2 4 6

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

(a) α1 = 1.0

Value of the instrument: z

P
ro

ba
bi

lit
y 

co
nd

iti
on

al
 o

n 
z

­6 ­4 ­2 0 2 4 6

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

(b) α1 = 1.4

Value of the instrument: z

P
ro

ba
bi

lit
y 

co
nd

iti
on

al
 o

n 
z

­6 ­4 ­2 0 2 4 6

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

(c) α1 = 1.8

Value of the instrument: z

P
ro

ba
bi

lit
y 

co
nd

iti
on

al
 o

n 
z

­6 ­4 ­2 0 2 4 6

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

(d) α1 = 2.2

Value of the instrument: z

P
ro

ba
bi

lit
y 

co
nd

iti
on

al
 o

n 
z



Endogeneity and Discrete Outcomes 24

Figure 6: Sets of candidate values of �0 and �1 in a � = 0:5 structural function which
are observationally indistinguishable from the values, �0 = 0 and �1 = 1 (�lled circle),
for an ordered probit structure as de�ned in Table 1. �vv is the variance of X given
Z. Higher values corresponding to a weaker instrument.

­1.5 ­1.0 ­0.5 0.0 0.5 1.0 1.5

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

α0

α
1

σvv = 1.0

σvv = 0.6



Endogeneity and Discrete Outcomes 25

Figure 7: Bounding probabilities for the � = 0:5 structural function of the Poisson
model with parameter values shown in Table 3.

­2 ­1 0 1 2 3 4 5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Value of the instrument: z

P
ro

ba
bi

lit
y 

co
nd

iti
on

al
 o

n 
z



Endogeneity and Discrete Outcomes 26

Figure 8: Bounding probabilities for a � = 0:5 structural function in the Poisson
model as the value of �1 is moved away from the value �1 = 1 in the stucture
generating the distributions used in the calculations.
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Figure 9: Bounding probabilities for the � = 0:5 structural function of the binomial
model with parameter values shown in Table 4. N is the number of binomial trials
and Y 2 f0; 1; 2; : : : ; Ng.
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Figure 10: Bounding probabilities calculated for a candidate � = 0:5 structural func-
tion of the binomial model with �0 = 0:5 and �1 = 1:0 when probability distributions
are de�ned by the parameter values shown in Table 4. N is the number of binomial
trials and Y 2 f0; 1; 2; : : : ; Ng.
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Figure 11: Bounding probabilities calculated for a candidate � = 0:5 structural func-
tion of the binomial model with �0 = 0 and �1 = 0:5 when probability distributions
are de�ned by the parameter values shown in Table 4. N is the number of binomial
trials and Y 2 f0; 1; 2; : : : ; Ng.

­4 ­2 0 2 4

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

N = 1

Value of the instrument: z

Pr
ob

ab
ili

ty
 c

on
di

tio
na

l o
n 

z

­4 ­2 0 2 4

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

N = 3

Value of the instrument: z

Pr
ob

ab
ili

ty
 c

on
di

tio
na

l o
n 

z

­4 ­2 0 2 4

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

N = 6

Value of the instrument: z

Pr
ob

ab
ili

ty
 c

on
di

tio
na

l o
n 

z

­4 ­2 0 2 4

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

N = 10

Value of the instrument: z

Pr
ob

ab
ili

ty
 c

on
di

tio
na

l o
n 

z



Endogeneity and Discrete Outcomes 30

Figure 12: Bounding probabilities for the � = 0:5 structural function of the binomial
model with N = 1 and parameter values shown in Table 4 except for �vv and �wv
which vary to demonstrate the e¤ect of increasing the strength of the instrument.
In panes (a) - (c) the structural function used to construct the bounding functions
is the one implied by those parameter values. In pane (d) the structural function is
the � = 0:5 structural function for a structure with �0 = 1 rather than �0 = 0. The
dashed lines in pane (d) are for the case �vv = 1 and the solid lines are for the case
�vv = 0:1.
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Figure 13: Sets of candidate values of �0 and �1 in a � = 0:5 structural function
which are observationally indistinguishable from the values, �0 = 0 and �1 = 1
(�lled circle), for a binomial structure as de�ned in Table 4. N is the number of
binomial trials.
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