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Abstract

This paper proposes a data-dependent, semi-parametric method for estimating
panel data models with grouped specific parameters when group membership is not
known. We first create a set of “pseudo” threshold variables based on time series
estimation of the individual specific parameters. We then use these variables to strat-
ify individuals. The problem of parameter heterogeneity is turned into estimation
of a panel threshold model in which the threshold variables are themselves being es-
timated. The framework can accommodate fixed effects as well as cross-sectionally
heterogeneous variances. We show that individuals can be consistently sorted into
groups distinguished by parameter heterogeneity when N and T' are large. We also
extend the K-means algorithm to panel data regressions with fixed effects. Results
with the pseudo threshold approach are compared.
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1 Introduction

This paper considers estimation of panel data models with fixed effects when some of
the units in the panel share common parameters and can be grouped (or clustered), but
that group membership is not known to the econometrician. Our approach is to turn the
problem into one of estimating threshold regressions, but that the threshold variable is
itself being estimated. We refer to this as a ‘pseudo’ threshold approach.

Our analysis is motivated by the fact that the data that are commonly used in economic
analysis are heterogeneous in multiple dimensions. While pooled estimation is convenient
and the convergence rate is increasing in the number of cross-section units, pooling is in-
efficient when there is parameter heterogeneity, even though consistent estimation of the
population mean of the parameters can still be possible. Evidence of parameter hetero-
geneity is not uncommon. For example, Hsiao and Tahmiscioglu (1997) find heterogeneity
in the parameters of equations that describe investment dynamics and observed that such
differences cannot be explained by commonly considered firm characteristics. Using the
Penn World Table (PTW) data, Lee, Pesaran, and Smith (1997) rejected the hypotheses
that the rate of technological growth and the rate of convergence of per capita output
to the steady state level are the same across countries. On the other hand, assuming
complete parameter heterogeneity is also inefficient as the problem reduces to time series
estimation on a unit by unit basis which does not take advantage of the panel structure of
the data at all. Partitioning of the data into groups is thus an immediate approach that
permits pooling and yet still accommodates the heterogeneous nature of the panel. The
main obstacle is how to form clusters when group membership is not known.

The most common approach is to form clusters using a priori information that can
come from economic theory or simply by intuition. For example, age and occupation are
often used to split a sample of household data. In some analysis, households are considered
liquidity constrained if their wealth exceeds a certain level. In firm level analysis, units are
grouped by their capital intensity. In cross-country analysis, groups are sometimes formed
depending on whether a country is a member of the OECD. Spatial information can also
provide a meaningful one-dimensional criterion for clustering. However, in regressions
with multiple covariates including the examples above, there may be several logical ways
to partition the sample, and in such cases, how to actually split the sample is no longer
clear-cut. Even if it is feasible to cluster the data by observed variables as guided by
intuition or theory, the resulting clusters need not be optimal from a statistical point of
view. This is not to mention that sometimes we may not have prior information about
the group structure at all.

We handle the problem of identifying unknown group structure by estimating a panel
threshold model. Goldfeld and Quandt (1973) were the first to use threshold variables, also

referred to as transition variables, to form clusters. They considered a model in which the



clusters are determined by a linear function of several transition variables. They proposed
a so-called D-method within the maximum likelihood framework to enable estimation of
the parameters in the transition function. The D method assumes deterministic switching
of regimes, and stands in contrast to the so-called A-method in which units are assigned
to regimes in a random manner. A more popular idea, also due to Goldfeld and Quandt
(1973), is to partition a data set based on a known threshold variable taking on an un-
known threshold value. Threshold autoregressive models, structure break models of Bai
(1997), the suddenly changing autoregressive model of Tyssedal and Tjgstheim (1988),
are variations of this idea in a time series context. Hansen (1999) extended time series
threshold regressions to non-dynamic panel regressions. The coefficients are allowed to
vary not only across individuals, but also over time for a given individual. However, the
regimes or groups in Hansen’s analysis are clustered according to some pre-specified ob-
served variable. While the final model restricts the parameters to be the same within
groups, group membership can change over time.

Our analysis differs from a conventional threshold or breakpoint problem in that we do
not use observed covariates to split the sample. Instead, we exploit the fact that when T
is large, the unit-specific parameters can be consistently estimated. From these estimated
coeflicients, we form threshold variables to partition the sample. Our analysis proceeds
in three steps. First, we obtain time series estimates of the response coefficients for every
unit. Standardizing the individual parameter estimates yields a set of “pseudo” threshold
variables. Second, the threshold value is estimated by fixed-effects estimation, conditional
on the pseudo variables. Third, the model is re-estimated by groups. Thus, units within a
group have homogeneous parameters but the parameters are heterogeneous across groups.
We also provide a test for the null hypothesis that the panel is homogeneous. A non-
rejection of the hypothesis then supports pooling the entire panel to further improve
efficiency of the estimates.

Our pseudo-threshold analysis has several advantages. First, it is entirely data depen-
dent and does not require selection of a transition variable(s) in advance. It is a model
rather than a graphical based approach and formal statistical statements can be made
about the estimated groups. Second, the method is valid even in the presence of fixed
effects, and it can be modified to accommodate the downward bias that is often found
in dynamic panels. Third, the method also allows us to control for cross-sectionally het-
erogeneous variances. As we will see, we can distinguish cluster-specific slope coefficients
that are different in the order T-1/2+2 0 < A < 1/2.

A widely popular tool in cluster analysis is the K-means method. While in theory, the
algorithm may converge to a local optimum and the method can also be computationally
demanding, it tends to have good finite sample properties. We extend the K-means method
to panel regressions with fixed effects. The method, which is also non-parametric, is

compared to the pseudo threshold approach. Simulations show that the two methods



have rather similar performances. As an application, we apply our methods to study
economic growth across counters. As is well documented, the heterogeneity in country
growth rates is not easily explained by observable country-specific characteristics. See, for
example, Durlauf, Kourtellos, and Tan (2005). We use the proposed method to estimate
the clusters. The results indicate that some countries in the low growth club have high
per capita income, or belong to the OECD. On the other hand, some countries in the
high growth club do not belong to the OECD and are not located in what are generally
thought to be high growth regions. Splitting the data by geographical location, OECD
membership, the level of income do not seem to produce clusters that are statistically
optimal.

The remainder of this paper is organized as follows. After some preliminaries, Section 3
considers how to form clusters when a perfect indicator of group membership is observed.
In Section 4, a feasible approach that replaces the latent indicator by two estimated
indicators will be considered. A test for homogeneity is introduced. The analysis is
extended to the case of multiple regressors in Section 5. The relation of our method
to the K-means algorithm will be discussed in Section 6. Simulations and an empirical

application are presented in Section 7.

2 Preliminaries

Several methods have been proposed to deal with parameter heterogeneity. Of the non-
Bayesian options, one approach is to parametrize the coefficients as a function of individual
characteristics, see for example, Alvarez, Browning, and Ejrnaes (2002). Although easy
to implement, the approach is sensitive to the functional form used. One can also non-
parametrically use a random coefficient model to allow for variations in the coefficients.!
This approach provides efficient estimates for the average effect of y on z, but is uninfor-
mative about the response at a more disaggregated level, which is sometimes an object of
interest. We consider a hybrid model that is less restrictive than assuming homogeneous
parameters but puts more structure than a model that allows complete parameter het-
erogeneity. Specifically, we allow the parameters to be homogeneous within groups but
heterogeneous across groups, which is a form of model based clustering.

Model based clustering has been used in the statistics literature to partition a set of
data, z;,i = 1,... N, into K groups.? The approach is motivated by the idea that a set of
data with a group structure can be thought of as generated by a mixture of distributions
such that an observation drawn from sub-population k& has density fx(,zi,|0k). If ¢; is

the identifying label, i.e. ¢; = k if unit ¢ belongs to group k, then one can maximize the

!See, for example, Swamy (1970) and Hsiao and Pesaran (2004).
2See, for example, Fraley and Raftery (2002), Hall, Muller, and Wang (2006), and Chiou and Li (2006).



likelihood

N T
L(z;0,9) = [T I fa (wa: )
i=11t=1
with respect to . In practice, the EM algorithm is often used for estimation; the identifier
¢; 1s treated as an unknown and set according to the empirical probability of the group to
which unit ¢ belongs. The method can be cumbersome if N is large because we need to
consider up to 2V possible combinations to find the maximum (or minimum).

The idea of model-based clustering is further extended by Sun (2005) to estimation of
panel models with unknown group structure. The likelihood is maximized using a modified
EM algorithm with the restriction that the units in a cluster share the common parameters.
Consistency and asymptotic normality of the maximum likelihood estimator are proved
under the assumption that N is large and T is fixed. Sun (2005) used a logit regression to
infer which group unit ¢ belongs, and then applied weighted least squares to estimate the
group parameters. The analysis heavily depends on the parametric assumptions made.
Recently, Judrez and Steel (2006) proposed a Bayesian method to cluster units in panel
data. Their analysis, however, is based on two strong assumptions: (1) the errors are
cross-sectionally homogeneous and are independently drawn from a ¢-distribution, and (2)
the individual-specific fixed effects are normally distributed.

Likelihood based clustering methods tend to split the sample according to the estimated
probability of which group a unit belongs. We now present a semi-parametric method that
is not likelihood based, is computationally less demanding, and can consistently estimate
the partitions in a sense to be made precise. We assume that we have a balanced panel
of data with observations on N cross-section units over T time periods. There are G
regressors and K clusters, and to introduce the main idea, we start with the simple case
of G =1and K = 2. Let N; and Ny denote the number of individuals in clusters I; and

Iy, respectively. The data are assumed to be generated as
Git = i+ BiZa+én €~ (0,07) (1)

where «; denotes the individual fixed-effect, Z;; is an exogenous variable. The coefficient
for the two clusters are denoted By and Bs. That is, 8; = By if i € I; and §6; = B>
if ¢ € Ir. Without loss of generality, assume that B; < By. The case of homogeneous
parameters obtains if By = Bs, and the case of complete heterogeneity obtains when there
are N clusters each consisting of only one unit.

Suppose we can find a variable g; which, along with a set of cut-off parameter values
I'Y, will lead to perfect information about I; and I» in the sense that i € I; if ¢; < fyo for
any 7° € ' and i € I, otherwise. Then (1) can be written as

Jit = a; + Bl (q; <4°) + Baiul(qi > 7°) + éir. (2)



We can also consider a threshold representation of the model
Ji = i+ Biig+én if ¢ <A’
= i+ Body+éy  if g >0
Hansen (1999) considered threshold panel regression models where the sample is split
according to whether ¢;; is less than some ~. In his analysis, ¢;; is an observed variable
that is often one of the Z;;, and it is time varying. Unit ¢ can be in one group in period ¢
if ¢;; > ~° but is in another group in period ¢ + 1 if ¢;;+1 < 7°. In contrast, our threshold
variable ¢; is not observed, and group structure does not change over time. Because of
these differences, we call ¢; a ‘pseudo threshold variable’ and ~ the ‘pseudo threshold
parameter’ to distinguish it from the usual definitions used in the threshold literature.
If ¢; and T'? were both known, estimates of B; and Bs can be obtained using a threshold,
or split-sample, regression, once we control for the fixed effects such as by letting z; =
Zit — 2; where Z; = % Zthl Zit, and Z can be ¥, Ty, Or €. Defining z;; as Zjp — Zjr—1 18

also possible. We can rewrite the model as
Yit = Biay1(i € I) + Bixyl(i € Iz) + ey, (3)

Split sample regressions can then be performed using (y;:, z;) as data. Observations with
¢ <~ for any 4% € I'? can be pooled to estimate B;, while observations with ¢; > 7° can
be pooled to estimate By. The problem, however, is that neither g; nor I'y is observed.
We first discuss how to estimate v assuming ¢; is known. We then consider two possible
choices of ¢;.

We will be concerned with both individual and pooled estimates of ;. For each ¢,
let BZ be the least squares estimate of 3; obtained from a regression of y;; on x;. Define
62 = LT | &2, where & = iy — &; — 7B

To obtain a pooled estimate of 3;, we use the fixed effect model:

Uit = ; + BTj + €44. (4)
The pooled least squares estimator is

B S S i — ) (F — F) S S Sy

w N T . — i N T .
Dimt 2ot 0il @it — T4)? Dlict 2o 0T
The unweighted fixed effect estimator obtains when é; = 1. The weighted fixed-effects

estimator obtains when §; = 1/62. It can be rewritten as

2 al A ZT 1 5,
B, = E KiBi, Ki = =L
N T 5.2
i—1 Doim1 2= 0T

This estimator was used in Swamy (1970) to test for parameter homogeneity in large T
small N panel data models. It has recently been extended by Pesaran and Yamagata
(2007) and Lin (2006) to allow both N and T to be large.

The following assumptions will be used throughout.



Assumption A
1. ej is cross-sectionally independent and uncorrelated with (1, 85 for all i’s and t’s.
2. 62/o2 =1+ 0,(T71).
3. For each i, let Ty = Ty — % Zle Tit-

(a) Qi = + Z;‘FZI z?, is finite and positive. The second moments of Qfl are finite
with Q; 2 Q; > 0.
()Q] NZ'LEI Q/U >OandQ]—>Q]>0aS(]\7T)—>ool]01ntly7

(c¢) the pooled matrix Q@ = (NT')~ Zi\il z? converges in probability to a positive
and finite @ as (N, T') approaches infinity;

4. For j =1,2, Nj/N >0and Ni/N -7 with0 <7 <1;
5. % Zthl Tit€it 4N (0,02Q;) is cross-sectionally independent.
6. for each i, (T — 1)~ !ele; has finite second moments.

Lemma 1 Suppose Assumption A holds. Then B; = B; + O (T*1/2). Let B, = wBq +

(1 — w)Ba, where w =m € (0,1) if 6; = 1, and w = phmzzelli’ if &; = 1/62. Then
i=19;

B, = B, + O,((NT)~'/?).

The regression model (4) is mis-specified if the slope parameters are cross-sectionally

heterogeneous. However, B, is VNT consistent for the population mean, B,,,.

3 Estimation of v when ¢; is Observed

When g¢; is known but I'? is not observed, a v € I'’ can be estimated as follows. Order the
observations by ¢;. For a given v € I = [¢min, Gmaz), let By (7) and Bg(y) denote the least
squares estimator of By and Bs using observations with ¢; < v and ¢; >  respectively.
Then

= arg min Snr(7),

Ye [qmin anaa:]

where the weighted sum of squared residuals with weights J; is defined as

Snr(r) = Zzaz(yn—& Nl <) - Ba)ed (> )

i=1 t=1
T
= Z Z(SZ yzt_Bl xzt + Z 25 yzt_BQ )xzt) .
ilg; <y t=1 i|gi >y t=1



Since ¢; can be used to order the data, this means that if ¢; is less than some trial
value of v and the i-th unit is classified into group 1, any unit j with ¢; < ¢; will also be
classified in the group. Using ¢; to split the unordered sample at some = is isomorphic
to splitting the ordered sample at some observation ¢* that has ¢;« = . Therefore, even
though there are 2V possible groupings of the data, we only need to consider at most
N — 1 possible values of ~.

Let Nji(v) be the number of units that belong to group j but are classified into group
k when the sample is partitioned at . Notice that when K = 2 too many units are put
in group 1, say, ie Nai(y) > 0, it will also be the case that Nja(y) = 0. Thus, one of
the missclassified set is always empty. A unit misclassified into Group 1 will contribute
a larger squared error than if the unit was put into group 2 since Bs is closer to 32(7)
than B;(v). Minimizing Sy7(v) should then yield a 7 that also minimizes the number of

misclassified units.

Theorem 1 Let ¥ = argmin,cr Sy7(7). Suppose the data are generated by (1). Let Njyj,
be number of units in group j being mis-classified into group k and let Ny = max;jxy, Njg.
Then (i) for fized By — By = O(1), Ny = O(\/g), and (ii) for By — By = ¢T—(1/2=48),
0<A<1/2,0<c< o0, Ny=0C).

If the trial value of v is too low, By will be calculated with some observations from
group 1 and will not be consistent for B,. Similarly, at too high a value of v, B; will
be calculated with observations from group 2, and hence not consistent for B;. We only
need to consider where to position v in relation to the N ordered observations of ¢;,
denoted gp;. There will be a 4 that minimizes the size of the mis-classified set. In fact,
any ¥ € [q[+], q[i*]+1), Where i* is such that -] = 7, will yield the same classification.
For fixed By — By = O(1), Theorem 1 implies that the maximum mis-classification rate
is Ng/N = O(ﬁ) If By — By is in the T~(1/2=2) neighborhood of zero, the mis-
classification rate is Ng/N = O(ﬁ). Thus the misclassification rate tends to zero as
N, T — oo jointly.

Given 7, the two groups can be estimated as I1 (%) = {i|¢; <7} and I(¥) = {i|¢; >
7}. The miss-classified units are then in the set I;(¥) = {i : i ¢ (I;(3) N L;(y°))} for
Jk =1,2 and j # k. Once group membership is consistently estimated, units within a
group can be pooled to yield more efficient cluster-specific parameters. Consistency and
asymptotic normality of B and Bs can be established treating 4 as though it was known.
Note that likelihood based cluster analysis yields a probability that unit ¢ belongs to a
group. Markov switching and threshold models also share the same conceptual difference.
In our analysis, group membership is known once we can find an appropriate ¢;. We now
propose two /T consistent estimators of ¢; with these properties. The first one does not
account for sampling uncertainty. The second estimator does, and can be more appropriate

when there is substantial dispersion in the error variances.



4 A Two-Step Pseudo Threshold Approach

In practice, ¢; is not observed. We propose to replace ¢; by some ¢; that has the same
information as ¢; in the sense that §; < v when ¢; < vy as T — oo. All variables indexed

by i are assumed to be ordered once g; is estimated. Then

y=arg min  Snr(7,9), (5)
YE[Gmin dmaz

where

T
Snr(v,4) = > Silyi — Bi()za)® + Y 25 (Yir — Ba(7)ir)”. (6)

ilg;<vy t=1 iG>y t=1

The two groups are then estimated as
I ={ilg <4} and I ={ilg >4}

We now propose two estimate of g;.

A Non-normalized §; Consider defining ¢; = 3; — B,,. It is easy to see that

o Bi—B1—(1—w)(By—By) foriely
= Bi — By + w(By — By) for i € I.

Now ; — By = 0if i € I and By # Bj by assumption. Thus, ¢; = —(1 —w)(B2 — B1) <0
if i € I. On the other hand, ¢; = w(By — By) > 0 if i € I. The pseudo variable ¢; along
with 4 = 0 completely summarizes group membership. In fact, any 7% € [0, By — B1)
will also identify group membership, not just ¥° = 0. Although £; is not known, BZ is VT
consistent for 3;, which can be estimated using the time series observation on unit 7 only.
Since BZ is VT consistent for 3;, it follows that ¢; = ¢; + Op(T_l/ 2) where §; = BZ — B,
and ¢; = B; — B,. Importantly, ¢; = B; — B, like @i, is negative when ¢ € I;, and is
positive when i € I5. Note also that B, is common across i. Thus ¢; = (; along with
any 7° € T” = [By, Bs) will also identify group membership. The classification can also
be obtained without estimation of B,,. We now consider an alternative §¢; that will make

explicit use of B,.

A Normalized ¢; Letting ¢; = BZ is natural, but this ignores the sampling uncertainty

of 3;. When there is heterogeneity in error variances, ie. o2

varies across i, (3; can provide
rather inaccurate information of clustering. We therefore consider a standardized pseudo
threshold variable in view of this concern. This variable is defined as

ﬁ(/éz - Bw)

G; = 7; where 7 =——ruw—-+, (7)



Q; is defined in Assumption A with Q; — @Q; > 0 as T — oco. By standardizing the
deviation between the individual estimate of 3; and an estimate of B,,, we account for
the sampling variability arising from time series estimation of 3; as well as fixed-effect
estimation of B,,,.

The ability of this pseudo threshold in identifying the clusters can be seen as follows.
Let g; = 7; be the analog of ¢; = 7; when B,,, 0; and @); are observed. Using the definition

of B, ¢q; can be expressed as:

T(B;i—B T(1—w)(Ba—B -
\/;(gfl/;) — X o—ig)f(l/é Dt op(1), forie€ I,

) (8)
T(3,—B VTw(Ba—B ~
\/;(5.*1/22) + :22.*21/2 D 4 op(1), for i € I.

T, =

It can be seen that as N, T — oo jointly,

—/T(1—w)(B2—B1)

UiQ;l/Q

V/Tw(Ba—B1)
UiQ;l/Q

+z+o0p(1), foriely
T =
Z + 2+ 0p(1), for i € I,

where z ~ N(0,1) is a standard normal random variable. This implies that if By > Bj,
¢; will become more negative for those i € I; and more positive for those i € Is as T

increases. On the other hand, when By = By = B,
\/T <B'L - Bw)
o; Qi_l/2

T, = + Op(l) Vi.

In this case, 7; will be approximately normal with mean zero as N and 7" become large.
It is obvious that ¢; will eventually separate the sample into two groups when T is large
and By # Bs. It can also be seen that 7; will identify the clusters in which the parameters

are such that
By — By = O(Tfl/ZJrA)

for0 < A<1/2.

The above arguments assume that Bz is the only quantity in 7; that is being estimated,
which is not the case in practice. But 7; is consistent for 7; whenever Bw — B, and
Q; — Q;. Lemma A.1 in the Appendix shows that 7 = 7; + 0,(T~1/?).

In Theorem 1, we have shown that the classification error rate is O, ((N T)~/2) when
qi is known. That is, if By — By is fixed, P(Ns/N|q;) = Op((NT)~'/2). But §; only has a

convergence rate of Op(Tfl/ 2). A consequence of the two step procedure is that
P(Ns/Nlg;) = Op(max((NT)*l/Qijl/Q)) — Op(Tﬂ/Q).

The overall correct classification rate is therefore dominated by how precisely we can
estimate ¢;. Inevitably, when T is small, the classification error can be high. That the

misclassification rate decreases with T' will be confirmed in the simulations.



4.1 Testing for Homogeneity

The estimation procedure above proceeds assuming that By # Bs. We are interested in
testing two formulations of the null hypothesis of parameter homogeneity: Hé‘ 2 B =

B Vi, which can also be stated as
HO : Bl = BQ.

In standard threshold models, we can test for Hy based on the sup-Wald type test. See,
for example, Davies, 1977, Andrews and Ploberger, 1994, Hansen, 1996, Bai, 1997, and
Caner and Hansen, 2004. Briefly, for a fixed 7 € [Tmin, Tmaz|, Where gjrn) = 7, and under
the assumption of homoskedasticity, the Wald statistic for testing parameter homogeneity

in the two samples split at [7N] is

N N ~

W) = (Bin) - Bo) [ + @x(Bn)] (B - Ba(a))

where Bj are unbiased estimates of B; based on the split samples. The sup-Wald-type

statistic is defined as

SupW = sup W(y)
TE[Tmin,Tmaz]
However, there are three features in our cases that make the SupW test for parameter
homogeneity infeasible. First, B; and B, are estimated from two split samples ordered
by BZ By the nature that the sample is truncated, By will always be biased downward
while 32 will be upward biased even if By = By = B. For this reason, we need to obtain
estimates that are unbiased for B under the null hypothesis.

Second, in conventional threshold models, the parameter estimators in different groups
are uncorrelated because individuals are assumed to be cross-sectionally independent.
However, our grouping method is based on Bz and, therefore, under the null that By = By =
B, By and B, are correlated. To the best of our knowledge, there exists no satisfactory
method to estimate covariance between two estimators from split samples with different
sizes.

Third, in the conventional threshold models with fixed threshold variable g;, we can
randomly reshuffle the errors to find asymptotic critical values (see, for example, Caner
and Hansen 2004, p.823-824). But our ¢;’s are estimated and when the pseudo- dependent
variable y7 is randomly generated® the ordering of ¢} will be changed. Therefore, we cannot
simply apply Hansen’s method (which assumes ¢ does not change) to obtain asymptotic

critical values.

3The pseudo-dependent variable can be generated by y; = é;(m)n;, where é;(r) is the estimated error
under the unrestricted model for each 7, and n; ~ #dN (0, 1).
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Instead, we use the dispersion test proposed by Pesaran and Yamagata (2007) to detect

the parameter heterogeneity. The test is defined as

VN(S/N - K)
NS ©)

where K denotes the number of the regressors, 51‘2 is a consistent estimator of 012 based on

PY =

restricted fixed-effect estimator of B, and

(ziz}) » A

N
S = Z(@z - Bw)/ ~5 (/Bz - Bw),-
=1

0;

This test allows for cross-sectional fixed effects and heteroskedasticity and has a standard
normal distribution as N and T" go to infinity jointly in the models with strictly exogenous
regressors and normally distributed errors. It is worth noting that the SupW test in
conventional threshold model has more power against the alternative than this dispersion
test, because the asymptotic distribution of the PY test is established based on a large N
asymptotics. In our case, however, the SupW test is infeasible; but the simulation results

show that the PY test still can have satisfactory size and power.

5 Multiple Regressors and Dynamic Panels

We have shown that when there is a single regressor, either Bz or a t-type test for the
significance of §; = B, can be used to split the sample. When there are G regressors,
and only a subset of the parameters are heterogeneous across groups, a case we refer
to as partial parameter heterogeneity, we can still split the sample based on one ﬁAig,
g=1,...,G, at a time. The hypothesis of homogeneous parameter can be rejected when
the parameter homogeneity test is rejected for some g.

Suppose it is suspected that all the parameters are different between groups. The nat-
ural extension to the multiple regressor case is to use the sum of the estimated parameters
for unit ¢, or some form of joint test for the hypothesis that the parameters of each unit
equal the corresponding group mean in the population. Complete parameter homogeneity
would then imply restrictions of the form Rg;, where R is a 1 x G vector. This intuition
is generally correct, but how to define R is not so straightforward.

To see why, consider the case of two regressors, xi; and x2;. There are K = 2
clusters. Let By = (Bi1, B12)" and By = (Ba1, Ba2)' be slope parameters for Group 1 and
Group 2, respectively. Let B; = (Bil, Big)’ denote the OLS estimate of the slope parameters
for individual i and let B, = (Bwl, ng)’ be a consistent estimate of B,,. By assumption,
the slope parameters of the units in Group 1 are the same, but are different from those in
Group 2. In principle, we can take Bil — Bwl or BiQ - ng as the pseudo transition variable

to split the sample. However, intuition suggests that @1 and ,32‘2 together should provide

11



more information about group structure than using one variable alone. But how should
we combine the information? There are actually two cases to consider.

Suppose that for ji,j2,= 1,2, j1 # j2, we have Bj 1 > Bj,1 and Bj, 2 > Bj, 2. We
will refer to this as Case 1. Since both parameters are strictly larger in Group 1 than in

Group 2, a natural pseudo transition variable is
B = B + Bio-

Using arguments analogous to the previous section, one can expect B:r to completely
separate those ¢ € I; from those ¢ € Iy when T is large. However, this method does
not always work. For example if (B;1, Bi2) = (0.8,1) and (Bi1, Bi2) = (1,0.8), we have
Bi1 + Bia = Bsoy + Bgo . The sum of the coefficients is no longer a sufficient statistic for
group membership even though we can still split the sample using Big — ng alone, g =1
or 2.

Notice that By + Bi2 = Boi + Bop happens when Bj, 1 > Bj,, but Bj,, < Bj,2,
J1,J2,= 1,2, j1 # jo. We will refer to this as Case 2. That is, when the ranking of the
parameter between groups depend on which parameter is being compared. To resolve this

problem, consider the transition variable
B = Bi1 — Bia-

Notice that if Bj, o < Bj, 2, then —Bj, o > —Bj, 2. Thus, it can again be seen that ﬁ[
will separate those i € I; from those ¢ € I3 when T is large.

Evidently, how to split the data depends on the case under consideration. But can the
data tell us which case will being analyzed? Fortunately, the answer is yes because there
are notable differences between the two cases. Under Case 1, Bil —éwl and B@Q _sz should
have the same sign. Under Case 2, these quantities should have the opposite signs. The
signs of the paired coefficients are thus informative about which case should be considered.
This suggests the following. Calculate the Goodman-Kruskal’s statistic, defined as

N A~ A~ ~ A~
p= N1 Z Bi1 — B Bi2 — Bu2
1181 — Buil | | |Bi2 — Bual

It is a symmetric and non-parametric measure of association between pairs of concordant

data (with the same sign) and discordant data (with opposite sign). Then define

Ro{ @Y if i >0
“\a,-1)  ifyp<o.

Given R, our proposed non-normalized pseudo threshold variable is

a4 = 4:(Bi) = RB;. (10)
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The normalized threshold variable is then

¢ = qi(fi) = R(ﬁ:ﬁw) : (11)
(Rvar(8;) R')

Minimization of the weighted or unweighted sum of squared errors gives estimates of ~y
from which the sample can be grouped.

The analysis can easily be extended to the case of G regressors. Let Bz = (@1, cee Big)’
denote the least squares estimator for the it" individual and ]§w = (Bwl, .. ,ng)/ denote

the weighted fixed-effects estimator under the restriction of parameter homogeneity..
1. Forg=1,...,G,i=1,...,N, calculate ¢;4; which can be Biq or Tig;
2. Let W = arg maxg:{l,...,G} ||‘jg|’2> where (jg = (qA1g7 qAZga cee 7qANg)/;

3. Let

N A A
Vo = N1 Z ﬂig - ng
! ‘@'g - ng’

BiW - BwW
|Biw — Bow |

i
Create a 1 x G vector R, where the g'* position is 1 if g > 0 and -1, otherwise;

4. The pseudo threshold variable for a model with G regressors is

Gi=RpB;  or ¢ = G ) . (12)

——

(Rvar((;)R')

6 K Means Clustering

As our work is a form of cluster analysis, it is useful to also review related methods. The
aim of cluster analysis is to classify a set of data into groups. To fix ideas, suppose we
observe y;+, i =1,...,N,t=1,...,T, and there are no covariates. Suppose there are two
groups in the data. Let I; and I be two clusters of size N; and Ns, with N7 + Ny = N.

The simplest way to estimate group membership is plot BZ(: ¥;) and then ‘eyeball’
to see when BZ abruptly shifts from one mean to another.* Such a graphical approach is
often a useful diagnostic, but does not permit formal statistical statements to be made.
A more systematic approach is K-means clustering.” The basic algorithm consists of the
following steps: (i) initialize K points to represent the initial group mean (often referred to
as centroid in this literature); (ii) assign y;; to the group that has the closet centroid; (ii)
recalculate the positions of the K centroids when all objects have been assigned. Steps (ii)

and (iii) are then repeated until the centroids no longer change. Essentially, the algorithm

1See, for example, Henderson and Russell (2005).
®See, for example, Hartigan (1975), Abraham, Cornillion, Matzner-Lober, and Molinari (2003).
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produces K clusters by moving unit ¢ to a different group to minimize the sum of squared
deviations between the units and the centroids. There are many variations to the basic
algorithm. Instead of “batch” updating, which recalculates the centroids after all units
are assigned, “online” updating which recalculates the centroids as each unit is re-assigned
has also been considered. Harmonic and fuzzy means have also been used instead of simple
means. The main idea of K-means method remains that two clusters in y;; are identified
by comparing the data to the sequentially updated centroids. The clusters I; and I are

then estimated as
T T
(11, 12) = argming, , Z Z(yit —B)? + Z Z(yit — By)*.
i€l t=1 i€ly t=1

It is well known that the K-means method can be sensitive to the initial choice of the
centroids. A different choice of the initial partition can result in different final clusters.
The method is not guaranteed to find the global minimizer. In spite of these shortcomings,
the algorithm is quite popular in applied statistical work. It is therefore worthwhile
considering a modification of the K-means method to allow for covariates and fixed effects

in panel data models. Consider again the transformed fixed-effect model
Yit = lezl(l € Il) + Bgl'zl(l S IQ) + €t

where for a generic variable Z;, z; is the demeaned data. Let By and Bs be the (fixed

effect) estimator of By and By conditional on the assigned group membership. Define

T T

SS’RZ1 = Z(yzt — Bla:it)Q and S’SRZ-2 = Z(yzt - ngit)Q. (13)
t=1 t=1

The algorithm then consists of the following steps.
1. remove individual effects for each individual.
2. randomly assign individuals into two groups {11, I5}.
3. calculate fixed effects estimator (By, By) based on {11, I»}.
4. repeat (a) and (b) until no individual is changed from one group to another.

a calculate SSEg = Zthl(yit - Bjxit)z, i1=1,....,N

b if SSE} < SSE?, individual i is re-assigned to group 1; otherwise, i stays with
group 2.

¢ update {I;, I5} and recalculate the fixed effects estimator (Bj, By).

5. re-shuffle individuals unit by unit to reform new grouping {I}, I}} and calculate
(B, B). 1Y, Yier SSR]' <30, c;, SSR;, then repeat 4.(a)-(c) with (B, Bj).

14



Steps 1 to 5 are repeated several times to reduce the effects of the initial group assignment.
The algorithm can be easily adapted to allow for heterogeneous errors by defining SSR!
and SSR? as follows:

T T
SSRI™ = (yi — Biza)?/6? and  SSRZ = 3 (yie — Bawa)? /62 (14)
=1 t=1
Obviously, &ZZ can introduce extra sampling variations. It is always desirable to use the
unscaled sum of squared residuals when there is prior information that the variances are
homogeneous across units.

Like the pseudo-threshold approach, the K-means method is also non-parametric. But
there are some differences between them. The K-means algorithm makes random initial
guesses of the centroids and then evaluate if a move to a different group is desirable unit
by unit. This also makes the K-means method computationally costly when N is large
Our pseudo variable is ordered and can be thought of as using more information to decide
which units to move. To the extent that ¢; is a sufficient statistic about 3; and (; is indeed
the true classifier, a global minimizer of the sum of squared residuals of the panel threshold
model exists and is unique. The pseudo threshold approach can be easily extended from
two to more groups by first splitting the sample into two groups, and then looking for two
groups within each of the subgroups. With the K-means method, the reassignment step
when there are multiple alternatives can be computationally very costly, and convergence
can also be slow.

The K-means method also has two advantages. First, the algorithm relies only on
the pooled estimates Bg which is v/ NT consistent and does not require the individual
estimates Bz which is v/T consistent. Thus the K-means will be more precise even when
N or T is small. In contrast, the pseudo threshold approach requires both N and T to
be large. Second, the method considers every unit in the sample for a move to a different
group. This is unlike the pseudo threshold method which moves all those units with ¢;
above and below the threshold value simultaneously. The simultaneous move method is
fast, but can be inaccurate when the ordering of ¢; does not agree with ¢;, as may be
the case when the sample size is small, or when ¢; does not provide complete information
about the group structure. We can therefore expect a trade-off between precision and

speed in the different methods.

7 Simulations and Applications

We now use Monte Carlo simulations to examine the finite sample properties of the meth-
ods considered. We generate data as follows. For t = —49,...,0,..., T andi=1,..., N,

Yt = Qi+ Blfﬁitl(i € I?) + Bgf:itl(i € IS) + €t

Tir = ai(l—pi)+ piZig1 + (1 — p2)Y %0y,
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where a; ~ iid. N(1,1), p; ~ iid. U(0.05,0.95), 9;; ~ iid. N(0,02) with o2, ~
ii.d. x%(1) and independent from é;, while é; ~ N(0,02) is i.i.d. over i and t. The
first 50 observations are discarded. In the case with homoskedastic errors, we let af =1
for all 4. In the case with heterogeneous errors, we assume o? ~ i.i.d. U(0.5,2.5). We set
Bi =1 and By = 0.7 and randomly assign individuals into two groups {I?, I3} with size
N; = 2N/3 and Ny = N/3 respectively. We use M = 1000 replications, holding {19, I9},
i, pi, and o2, fixed in each repetition. This data generating process is modified from
Table 1 of Pesaran and Yamagata (2007).

For each (N,T) with N = (20,50, 100,200) and T" = (20, 50, 100, 200), we keep track
of the computation time, the root-mean-squared error of the estimates (RMSE), and the

accuracy of classification (CR). For j = 1,2, these are defined as

. 1 M A( ) 1/2
RMSE(Bj) = [M Z(Bjm _BJ)Q]
m=1
1 M 1 N 2 (m)
. m . #(m . 0
CR = Mmzlcjg() where N;;(zelj )ﬂ(zte),

where the superscript (m) denotes the estimate from the m* trial. Results are reported
in Table 1 (homoskedastic errors) and 2 (heterogeneous errors). In the tables, PS; denote
the pseudo threshold approach using Bz as a transition variables, while PS5 denote the
method using the standardized transition variable with the unweighted objective functions.
Analogously, PST and PS4 are based on the weighted objective function with 6; = 1/ (}1-2 .
The panel K-means method with and without controlling for heterogeneity in variances
are denoted K and K7, respectively. It should be mentioned that in results unreported,
ignoring the individual-specific fixed effects leads to more inaccurate estimates of the
clusters as expected.

We first turn to Table 1, which reports results for homoskedastic errors. Overall, all
methods perform quite well. The RMSEs tend to decrease as IV or T increases. Moreover,
the effect of an increase in T" on RMSE is larger than an increase in N. It is also interesting
that increasing N rarely affects the CR, but increasing 7' can improve the CR. For example,
the CR improves form around 60.5% to 82% when T increases from 20 to 200.

Because K; (K-means), PS; (using §; = Bz) and PSs (using ¢; = 7;) minimize the same
objective function, while K fl , PlH , and PHS, have the same objective function, it is not
surprising that their finite sample performances are very similar. However, there are some
subtle differences between these methods. Notably, the computation time used to calculate
K is much more than the time used in PS; and PS,. Although all three methods have
similar classification rates, the K7 has much smaller RMSE for both parameters when 7T is
very small, even though when 7" = 100 all three methods have similar RMSEs. Comparing
PSy with PSs, the PS; has a slightly lower RMSE for all combinations of (N,T'). Using

a standardized ¢; is thus useful, especially when T is small. Implementations of the
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three methods robust to heterogeneous variances yield slightly higher RMSEs as expected
because the errors here are homoskedastic. Overall, §; = BZ is dominated by ¢; = 7; and
the K-means method.

Table 2 reports the results when the errors are heterogeneous. The K-means approach
is again more time consuming. The groups are as accurately classified whether or not
heterogeneity in variances is taken into account, and all three methods have similar clas-
sification accuracy. The K has smaller RMSE when T is small, but the PS4’ is more
precise when T is large, and both dominate PS{{ . When T is very small, accounting for
heterogeneity in variances is not recommended because the data is not informative enough
to permit estimation of a?. However, with T' > 20, not taking account of heterogeneity
in the error variances is undesirable. The RMSEs of all three methods are lower when
heterogeneity is taken into account.

The design of the experiment for G = 2 is similar to above. In the case with ho-
moskedastic errors, we let o = 2 for all i. In the case with heterogeneous error variances,
we assume o7 ~ i.i.d. U(1,3). We set (Bi1, Bi2) = (0.7,1) and (Ba1, B22) = (1,1.1) and
randomly assign individuals into two groups {I{, I3} with size N; = 2N/3 and Ny = N/3
respectively. We hold {19, I9}, a;, p;, and o2, fixed in the replications. Because there are

two parameters, the RMSE is now computed as

M
1 Nl ~(m S(m
RMSE — [M Z <N [(B§1 ) _ Bi)?+ (352) _ Bu)?} +

Na [, a(m) 2, Am) 1) 177
W[(Bm — Ba1)” 4 (Byy _B22)D] .

The computation time here is roughly 1.5 times longer than what is in Table 1 and
will not be reported to conserve space. Suffice it to mention that the K-means method
remains more time consuming than the PS methods. However, as seen from Table 3, the
classification error rate is higher than when G = 1, but the K-means method is slightly
more accurate. Its C'Rs are higher than those of the PS methods by 2 — 6%. However,
with large N and T, the PS methods seem to have smaller RMSE than the K-means
methods.

Overall, the K-means method is more accurate when T is small. However, for G = 1,
the computation cost is not matched with a significant improvement in RMSE over the
pseudo threshold approach with ¢; = 7;. For G = 2, the K-means method provides
somewhat better classification at the cost of higher computation time.

Table 8 shows the empirical size and power of the PY test. The DGPs are the same
with those in Tables 1, 2, and 3, respectively. The size for each case is roughly around
the 5% nominal level except two cases in which (K,7T, N) = (2,20,100) and (K,T,N) =
(2,20,200). Clearly, when T or N increases, the PY test will have more power to detect

the alternative. In the case with only one regressor, its finite sample power is usually
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higher when errors are homoskedastic than when errors are heteroskedastic. Interestingly,

this result is reverse in the case with two regressors.

7.1 Empirical Study

The existence of “convergence clubs” has generated much research interests in the growth
literature. A groups of countries with a similar steady state and can be characterized by the
same linear model is said to form a convergence club. Most studies use observed variables
to group the countries and then estimate the group specific parameters. See Durlauf,
Kourtellos, and Tan (2005) for a survey. Some find that the quality of institutions and
ethnic fractionalization are the most important determinants of economic growth. Others
argue that the savings rate is more important, as are education-related variables. See
Barro and Sala-i-Martin (2003) for a discussion on issues relating to empirical growth
regressions.

To motivate the estimation issue when group membership is not known, consider the
model used in Lee, Pesaran, and Smith (1997) for 70 countries, taken from the PWT v6.2
for the sample 1965 to 2000.° Figure 1(a) shows the same scatterplot for countries for
Liberia, Myanmar, Somalia, and Sudan. Also, Germany is removedin different geograph-
ical regions. It is obvious that the growth ratesfrom data set due to consolidation vary
by geography, the membership of OECD (mainly in the category of Western Europe and
North America), and GDP per capita. But many countries with similar growth rates and
yet have different observed characteristics. A pattern for growth rates cannot be easily
established.

The regression model is
~ / ~
Yit = p; + git + €3 (15)

and the parameter of interest is g;. The regression can be motivated by a neoclassical
growth model as in Mankiw, Romer, and Weil (1992).” Figures 1(b)-(c) plot the distri-
bution of the non-standardized and standardized g; estimated by kernel smoothing.

We use the proposed methods to split countries into two (or more) groups. Table
5 shows that five out of six methods suggest a grouping of between 28 to 30 countries

in the low growth group with a growth rate around 0.5 percent, and between 40 and

5See Mankiw, Romer, and Weil (1992) on how to select 75 intermediate countries. However, Germany
is removed from data set due to consolidation. Due to limitation of data, we also remove Bangladesh,
Bolivia, Haiti, and Myanmar.

7Speciﬁcally, Uit = Yi¥i,e—1 + TitfBi + ¢it + ¢i + Dy + €5 where ¢; captures the country-specific effects,
D, are common time dummies, ¥;+ is the logarithm of real per capita output (2000 as base year); Z;z =
[In(8s¢), In(feie + gs + 9)], 8i¢ is the savings rate at time ¢, 715 is the rate of growth of population, g; is the
rate of technology growth, and ¢ is the rate of depreciation. If \; is rate of convergence to steady state per
capita output for country , then ~; = e . ¢; = g;(1—~;) and ¢; = 7;4:(0) + ¢4, where A;(0) denotes the
initial endowment for country i. Letting u; absorbs all the invariant parameters, with € = v;€;—1+n: +€it
gives the regression being estimated. See Lee, Pesaran, and Smith (1997) for details.
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42 countries in the high growth group with a growth rate of about 2.7 percent. From
Table 6, the methods differ primarily over the classification of eleven countries around the
threshold value. Clearly, subgroups may be formed within the two blocks of countries.
Of note is that some developed countries/OECD like New Zealand and Switzerland are
classified in the low growth group. Meanwhile, countries such as Ecuador and Syria are
geographically distinct from the major OECD countries and have relatively low average
GDP per capita. Yet, they are in the high growth group. All methods except the K-means
method that allows for heterogeneous error variance give similar clusters when the model
is re-estimated using first differences to remove the fixed effect. As seen from Table 7,
a qualitatively similar picture emerges, namely, that splitting the data by geographical
location, OECD membership, or the level of income can produce clusters of the data
that cannot be statistically optimal. It would be useful to further understand what are
the trade-offs amongst observed characteristics that make rather dissimilar countries to

belong to the same growth club.

8 Conclusion

We use time series estimates of the coefficients for each unit to form ‘pseudo threshold
variables’. These are then used to partition the panel into groups. Our model based
method is shown to consistently estimate the true number of groups identified by distinct
coefficients on the covariates. The analysis is valid for whether or not the regression error

variance is equal across units.
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Appendix

Proof of Lemma 1: We want to show that VNT |B, — (wBi + (1 —w)By)| = Op(1).
Zielj Zthl 0iTiryit
Zielj Yot dix,
By direct calculations,

Let Bj = with d; = 1 or 1/67.

VNT [B — (wB1 + (1 — w)By)
27,611 Et 1 0; iTitYit + 27,612 Et 1 0; i LitYit
N
doim1 t 106 mzt

Sien Qi Sicr Soilq imayi
— W( Jffh(;,?' eh 2oi=1 5‘t2t—wBl
> iz 0iQi Zie[l > i1 0T

er, Qi Lier, i ity
YT (?ﬁijigz ' Zzzll?ztif&m; i w)BQ>
- R (=) - (=) st ot

To prove Lemma 1 with §; = 1/62, it suffices to show that (N;T)/2(B; — B;) = O,(1).
By Assumption A,

NS 07Qi = Q7 = 0,(1).

S

T
Avar vNT-ZU;QZmiteit :A}im N_IZO';QQZ' :Qj:O(l).

= t=1 i€l

- VNT — (wB1 + (1 — w)By)

We also have

T
R I SEEREERE o *S e+ 0, (Vf)
€l t=1

i€l t=1

s Eoasol)

icl; icl;
Therefore, if vVN/T — 0,
(NjT)il/z Zie] Z? 1 61‘_2%‘1&61‘1&
N Zz 1 z
, 1/2 s
- 0 ]\21251{/12;:21@0 e + O0,(VN/T) = 0,(1).

The case with § = 1 is similar. O

(N;T)'/? (Bj - Bj) =
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Proof of Theorem 1: Let (1Y, I9) be the true group membership and let (I3, I2) denote
group membership other than (19, I§). Suppose that the DGP is

Jit = i+ Bidy+éi, asi€ I},

Uit = «; + BoZjt+ €5, as i € IS.
We will consider the general case where By — B] = cT_(l/Q_A), 0 < A< 1/2. Let
a =1/2—A. Then o = 0 corresponds to the case when By — By = ¢ # 0, ¢ does not

depend on T
For j,k = 1,2, let Nj; be the number of individuals assigned to be in group j by (11, I2)

when they truly belong to group k and let Ej denote the estimator of slope parameter for
i € I, and 3? for i € I]Q j = 1,2. Without loss of generality, we assume Ni; > No; and
let NS == HlaX{ng, Ngl}.

We first consider the case in which N1 > 0, Noy > 0. Let z;; = Z;; — Z;, where Z; can
be Jit, Zit, €it, ity and Z; = & "1 Z, Then for j,k = 1,2,

Yir = Brai + ey = Bj(I1, )z + éftj-
where ézj =ei + (B — Ej(Il, L))z We have
(éftj)z = ¢4+ (By — Bj(I, 1)) i + 2(By — B;(I1, I2)) i,

T
Snr(l,I2) = Z Z Z(éZJ)Q

J3k=12ie1nI; t=1
T

T T
- Z Z Ze?t—i—(Bk— (11, 12) 225‘7121:‘*‘2314— j(IlJz))Zwiteit
t=1

Jhk=12ier)nI; Lt=1

Thus,
T—142a 0 0 T—1+2a T k; 0 o
~ [Snr(l, I2) = Snr(I7,13)] = Z Z i) iw(l7, 1))
s jzk:172 s ZEIOOI =1
= > [prry + b2kl
jk=1,2
itk

where ¢ 1; and ¢ ; are the scaled sample moments of the misclassified units and are
defined as

T 2 T 2
T2 R R > ieront; 2t—1 Tit R N > ie1ont; 2t—1 Tit
¢1,kj - Ts N]J(B? _Bj(I17I2))2 ’ ]\;]]T +Nk](B2 _Bj(I17I2))2 . kNJkT - ?
J
T T
T2 A . D ic10ng; 2t=1 Tit€it . . D ie0ng; 2at=1 Tit€it
¢2,kj N ij(BJQ—Bj(Il,IQ)) 4 ]JVT —f—Nkj(B]E;)_Bj(Il,IQ)) L ]J\TkT
s 77 J

We want to show that for any (I1,1I2) # (I7,19), the sum of squared residuals with
mis-classified units must be strictly greater than the sum of squared residuals when all
units are correctly classified. That is,

Prob(T "2 /N, [Snr (11, I2) — Snr(17,19)] > 0) & 1
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if N1/27—=1/2+ /N, = (1), or equivalently

Prob( Z O1kj + P2,k > 0> 21
Gk=1,2,j#k
We will first show that given any (I1,I3) such that for j,k = 1,2, 37, ., ¢ax; = 0p(1) and
Zj;ék ¢1,kj - Op(l)‘
T
Define Cij = Yicrons, Soier TinYits Dig = Lierong, Soimr Tiee B = Cjj/Dyjy and
By, = Cj/Dyj. Note that for j,k = 1,2, j # k,

: _ G+ Gy Cy Dy Crj Dy,
Bj(Ii,Is) = 7 =7
Djj+ Dyj  Djj Djj+ Dyj ~ Dyj Djj + Dy
A Dij pe  Dij
33 Djj + ij kj ij + ij
. . . Dy
= B+ (B, - Bf)——
Wy J 27 Dj]+ij
. Dy .
= By+ [(Be—By) + (B = Bo) = (B} = By)| 5= + (B}~ By)
Notice that @9 x;j = P21,k + P22k, Where
T
é . ijT2a (B B) ij Zielg?mfj Zt:l LitCit
TN, "Dy + Dy Ny T
T
NijQ(X [(B B ) Djj :| Zie[gﬁlj Zt:1 Tit€it
N, 77N Di + Dy N T ’
T
5 > Dy ~ N, T? ZieIQmI- D=1 Tit€it
= @B - B —B"-‘-—B-}ij B, — B, i s
omiy = {18~ B (B = B)] 5+ (B = By) | i
T
A Dy, N Ny, T% Zie]oﬂl- thl Titlit
B, — B B*-—B~}7j B* — B. J k5
[0t - B0 — (B — )] 5o+ (B ) | < P o
T
+(BO B )ijTZO‘ Ziefgmj D ot—1 Tit€it N (BO B )NijQO‘ Zie[gﬁlj Z;gTzl Titlit
i PUTN, N;T kT PRTON N T '

To show ¢2; = 0p(1) is equivalent to showing both ¢g;; and ¢oak; are op(1). By
assumption, E(z;e;) = 0 for all i and t. We have

Nk] Z Z$1t€1t = Nij)_1/2)'

ieldn; t=1

Also, T*(By — By) = c for 0 < a < 1/2, and for j,k = 1,2, j # k, Nj = Ny; + Njj,
Dj :ij+Djj; and

Nij Dy,
Ng Djj + Dy

Ns Djj + Dy

= Op(l)a

= 0,(1).
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Thus,

T
N;i Dy 2 ieront; D=1 TitCit
P21kj = Ta(Bk—Bj)< 2 H ><T°‘ welnly £=1 T Z)

Ns Djj + Dg; Ny T
T
Nii  Djj 2 ieront; 21 TitCit
+T*(By — Bj ( J”) T k
( i) Ns Djj + Dy; Ny; T

Nj; Dy ~1/2 Nij  Dj; -1/2
— . [ S N...T TOé . I N..T Ta
(N5 ) O Ty o) e (R B ) 0, ()

= Op(N,PT7V2) = 0,(1).

To show that ¢a 1; = 0,(1), note first that

2N o3 Dy A N, T2 Ziel?mlj Zthl LitCit
iy = (BB~ (B = 3y)] 5 (B B < N,/ T
T
2 A Dy; . N T% 2ic10nt; 2t=1 Titit
+ [B*.—B —B*.—B'}7J+ B*-—B'}x J R
{ ( kj k) ( 77 .7) D]j+Dk] ( 77 ]) Ns NkJT
T
+(BO B )ijTQa Zieffmj >t—1 TitCit N (BO B )Nijm Zz‘efgmj Zthl Tt
Y J Ns ijT k k Ns Nk]T

But By, — B, = Op(NiyT)~V/?), BY; — B; = Oy((N;;T)7Y?), BY — B; = Op(((Nji +
N;jj)T)~'/?), and BY — Bj = O,(((Ny; + Np)T)~1/?). We have

R —1/27—1/24 —1/2n—1/2+4a & Dy —1/2—1/24a
¢22,kj = |:Op(Nk;j T )+Op(ij T )}(NS Djj+ij XOP(ij T )

—1/2,-1/24ar IVjj —1/2-1/24a
+ O (N /P12 )3 On(N; [2p—t/2te

_ _ o _ B N Ny Dy B - .
+ [Op(Nkj1/2T 1/2+ )+Op(ij1/2T 1/2+ )} (]\/M) % Op(Nk.jl/QT 1/2+ )
s J

+ Op(Nj—jl/zT_l/2+a)]]\<ZjOp(Nk—jUzT_l/QM)
+Op((Njj + Nyp) M2 =1/2He) Op(Nj_jl/zT*l/%a)
+ Op((Nij 4 Np) ~H21 12y Op(Nl;j1/2T_1/2+a)
= o0p(1).

Thus, Z#k G2k = Z#k $21,kj + 22,65 = 0p(1).
Next, consider Z#k ¢1,kj- Notice that ¢1 x; = @11,k + P12k, Where

D.. T2
</511,kj = ]J\jfiT (Bk—Bj)
S

Dyj 1 DyT? Dy 77
kj :| kj |:(Bk o Bj)ij ,
Djj; + ij N,T Dj; + ij
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b12kj = P1kj — P11kj

~ A s ij * b
2 2c
. . Dy; « 0 NjT™ Djj
£ _(B* . _ _ B.
+ {[(Bkj By) — (B, BJ)} D + Di; + (Bj; — Bj) + (B; ])} } N, N,T

33 T Drj
Dy ’
A A % j Pk >0
+ {[(Bkj_Bk)_(Bjj_Bj)} mﬂ jj—BJH(Bk_B’f)} } N, NyT'

If (N'/27-1/2+) /N, = o(1),

N;;T? - A0 Dj;
N - ) (18, - )+ B9 - )] (o
Ny TNjj T(Njj + Nik) 50 < Djj )
= " (TYBy, — B;)) T® B, — B; BY — B;
N ( ( k j)) TNJ'-( JJ J)+ T(ij—l-Njk)( ! ]) Tij
Cij o 1 DJ”
- 0,(1) + Op(
N, | /TN, T(Nj;+Nj) ) \TNy
Cij

2 [OnV ;1 2) 4 Oy (N + Niw) V2] 0,(T71/252) = 0,(1)

Also, we have
Dy;Dj; 1
Dj; + Dyj T'N

(Op(NG 2T 1250) 4 Oy (NG, T 124 ) = o,(1),

T°(By - B)T° [(Bi; = By) - (B, - B))]

_ ¢ DkDy;
NSTDjj—i-ij

2 { (B}, - B)) + (B) - By)}

> Dj; Njj

— O N*TT71+2C|{ — 1 ,
VR = Ol ) = 0p(1)

., . Dy;  \° Dy _ _ -
20 { [(Bkj — By) — (B}, — Bj)} B, +Jij} st’j/” = [Op(Njkl) + Op(ijl)]op(T I+2ey — o,(1),

Dj; + Dy; TN

27 (B, — By) — (B~ By)] [(By; — B) + (B - B)]

= (0p(N;") + Op(N 2Oy (NPT 1520) = (1)
Similarly,
. . Dy
(B = BT |(B}; = By) + (B — By)| 712
= ¢ [0 (N5'7) + Opl(Ni, Nig) /2] 0 (T1/2+) = 0,(1),
Dy 1

DDy 1
Djj + ij N,T

—c <Op(Nk_jl/2T_1/2+°‘) 4 OP(NJ.;”QT—V?*“)) = op(1),
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2 Dy
M 0, (NTTTTI) = (1),

T2 {(B;fj ~ Bj) + (B - Bj)} Now =

- . Dij  \* Dy _ _ 1120
% { [(Biy = Br) = (B, = B)] 5 o } N = [Op(NGZ) + Op(NHI0p(T12%) = 0y(1),

ijDjj 1
Djj —+ ij TNS

= 0N ) + 0y (N 2)] [0p(N ;%) + Op( (Nt + Nip) 7/2)| 0p(T1422) = 0,(1)

2720 [(B;j — By) — (B, — Bj)] [(Efj — Bj)+ (B - Bk)}

Together with the results above, we obtain ¢12x; = op(1). Therefore,

Y bk = D briwg +op(1)

j,k=1,2, 5 k=1,2,
Jj#k J#k
Dgl 12 Dll Dll 2 D21
= T**¢|(B:—B + |(B:— B
{[( > Pt b NPT D ba N

12 2
+[(BQ—31) D2 D12+[(Bg—31) Dz ]D22}+op(1)

Doy + D12_ N,T Doy + D1 | NT
DD DyDis 1 1
_ 02 |: 114721 224712 + 0p(1)
D1y + Doy Dog + Dy2| NJT
= M* + OP(1)7

where M* is a strictly positive number. Thus, for any (11, I2) # (19, 19), Prob(3_; ., @165+
+hog; > 0) 2 1 and thus

—14+2a
Prob < ~ [Snr(I1, I) — Syr(19, 19)] > 0) R

S

if (N1/2T*1/2+°‘)/Ns = 0(1). The result also holds when Nis > No; = 0 or Ng; > Njg = 0.
Recall that A = 1/2 — a. By the proposed method, the number of misspecified indi-

viduals, Ny, asymptotically is bounded by N1/27—1/2+e — T\@. Particularly, when a = 0,
we have A = 1/2 and By — By = ¢ > 0. In this case, the number of misspecified indi-
viduals is asymptotically bounded by N1/27-1/2 and the rate of misclassification, N, /N,
diminishes at rate N—1/27-1/2, O

Lemma A.1: Suppose the data are generated by (2) and Assumption A holds. Then,

7 =1 + O, (T7/?).

Proof of Lemma A.1: Under the assumed DGP and and Assumption A, we can write

VT(Bi—B1)  VT(1-w)(B2—Bi) + 0p(1), forie I,

~1/2 —1/2
G=T= N G | Vb B
i —Bo w(Bs— By ‘
UiQ;l/Q + UiQ;1/2 + Op(l), for ¢ € I.
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For i € I, ¢; = 7; can expressed as

VI(Bi—B,) VT[Bi —wBi — (1 - w)By

i = fO 6:0; +O0p(N7?)
VT(6; — By) VT(B; — By) -
B JQ—Wl - —w>&i¢£—1/zl +O,(N712)
T3 — B T(B, — B _ -
_ \7(51/21) -(1- w)\r(?m1> +Op(NH2) + 0y(T 7).
0;Q; 0iQ;

Similarly, for ¢ € I, we have

. \/T(Bi_B2)+ VT (Bs — By)

%= - w _ + O,(N"V2) +0,(T7Y).
O'iQi_l/Q UiQi_l/2 p p

By assumption, Ql EN Q; and the result follows.

0.
Lemma A.2 Suppose the data are generated by (2) and Assumption A holds. Also,
suppose that By — By = ¢T'~%, where « = 1/2 — /A, and ¢ does not depend on T. Then
a = 0 corresponds to the case when By — By = ¢ # 0. Let v* € (B, Bz) be such that
¥ =By =cT7% and let By —v* = 2T 7%, ¢c1,¢0 >0, ¢c1+co=c. AsT —

Prob (T%(8;) < T*(v*)) & 1,Vi e I,

(1) ;

Prob (T9(8;) > T*(v*)) & 1,Vi € I,.
) Prob (T-'/2+es < 1oy ) L1 vVie I,
11

Prob (T—1/2tez; > 7o) 21 vie I,

_ [(w=1)(B2a=B1)+(y*—B1)]
U?Qi—l/Q

/
where v*

Proof of Lemma A.2:
Notice that

Puoh (I°(3) < T°(1") = Prob (T°(3 — Br) < 70"~ B).

Thus, the first part of (i) follows from the fact that T(8; — By) 2 0, and T%(v* — By) 2
c¢1 >0, as T — oo. The second part (i) follows analogously.
To prove (ii), note that from (7), for i € I,

Ta(l — w)(BQ — Bl) To‘(ﬂAi — Bl) Ta(l — w)(BQ — Bl)

—1/24a~ _
7Yy, = GQ'_1/2 O"Q-_l/2 +op(1) = JQ‘_1/2 +op(1),
and the first part of (ii) follows from
Tw-1)B =B+ (" = B)] Tw-1B=-B) _a _,
0?Q;? 2 T
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The second part of (ii) follows analogously. .

Remark: Lemma A.2 indicates that there exists a v* € (B1, Bg) such that the probability
of misclassification based on the proposed method can be asymptotically zero as T — oc.
We will further discuss the rate of misclassification in the following.

By Assumption A, it is well-known that v/T'(6; — B;) is Op(1) for i € I;. Also, suppose
that By — By = ¢TI, where a = 1/2— A, and ¢ does not depend on T'. Then, we can find
ay* € (By, By) such that v* — By = c1T7%, and By —v* = 2T, ¢1,¢2 > 0, ¢1 + 2 = c.

Given that By > Bj, the probability of r{lisclassiﬁcation for the the individuals in
Group 1 is equivalent to the probability that 3; > v*. Also, Prob(3; > ~*) for i € I is
equivalent to

T(6; — B T(yv* - B T(6; — B
Prob (f(ﬁl ) > VI(y 1)> = Prob (f(ﬁl ) > Ci,1T1/20‘>

98, 98, 78,

where 05 = UZ-QZ-_I/Q
limiting theorem, we have (3; — B1) = O,(1/v/T) and Prob(§; > v*) = O,(T~(1/2-%)) =
Op(T*A). Therefore, for the individuals truly in Group 1, the rate of misclassification is
Ny/N = 0,(T~(1/27%)) = O,(T~?). In particular, when a = 0, then By — By = ¢ # 0

and Ng/N = Op(T ~1/2). The analogous logic holds for the individuals truly in Group 2.

,and ¢ 1 = cl/a@i, 0 < ¢i1 < oo by assumption. By a central
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Table 1: Homoskedastic Errors

RMSE(B)) RMSE (B,)
N\T 20 50 100 200 20 50 100 200
PS: 20 0.505 0.123 0.044 0.023 | 0.244 0.110 0.058 0.034
50 0.221 0.097 0.032 0.016 | 0.290 0.137 0.088 0.044
100 0.134 0.051 0.025 0.015 | 0.061 0.028 0.018 0.011
200 0.089 0.033 0.015 0.008 | 0.060 0.025 0.015 0.009
PS; 20 0.573 0.101 0.118 0.023 | 0.290 0.109 0.082 0.034
50 0.368 0.088 0.032 0.016 | 0.310 0.140 0.088 0.045
100 0.136 0.052 0.026 0.015 | 0.068 0.029 0.018 0.011
200 0.089 0.033 0.015 0.008 | 0.062 0.025 0.015 0.009
K 20 0.163 0.067 0.036 0.023 | 0.167 0.083 0.055 0.034
50 0.169 0.076 0.041 0.019 | 0.151 0.105 0.088 0.054
100 0.113 0.050 0.025 0.015 | 0.059 0.028 0.018 0.011
200 0.090 0.034 0.015 0.008 | 0.052 0.024 0.015 0.009
PSH 20 0.502 0.117 0.043 0.023 | 0.229 0.105 0.057 0.034
50 0.209 0.084 0.034 0.017 | 0.244 0.126 0.087 0.047
100 0.116 0.050 0.025 0.015 | 0.060 0.028 0.018 0.011
200 0.090 0.034 0.016 0.008 | 0.053 0.023 0.015 0.010
pPSH 20 0.623 0.098 0.119 0.023 | 0.292 0.106 0.081 0.034
50 0.360 0.085 0.035 0.017 | 0.264 0.127 0.087 0.047
100 0.119 0.051 0.025 0.015 | 0.063 0.029 0.018 0.011
200 0.090 0.034 0.016 0.008 | 0.055 0.023 0.015 0.010
K 20 0.164 0.068 0.036 0.023 | 0.180 0.086 0.054 0.034
50 0.172 0.078 0.041 0.018 | 0.169 0.106 0.088 0.054
100 0.115 0.050 0.025 0.015 | 0.062 0.028 0.018 0.011
200 0.090 0.035 0.015 0.008 | 0.0564 0.024 0.015 0.009
CR (%) Computation Time (sec/rep)
N\T 20 50 100 200 20 50 100 200
PSS, 20 | 64.380 73.670 80.500 86.550 | 0.005 0.006 0.007 0.009
50 | 62.760 70.420 77.158 83.388 | 0.014 0.017 0.023 0.042
100 | 63.731 71.150 77.088 82.532 | 0.032 0.046 0.082 0.202
200 | 66.287 74.688 80.805 86.003 | 0.082 0.179 0.586 1.370
PS, 20 | 64.055 73.690 80.405 86.525 | 0.005 0.006 0.007 0.009
50 | 62.706 70.410 77.122 83.368 | 0.014 0.017 0.023 0.041
100 | 63.708 71.086 77.062 82.529 | 0.032 0.045 0.081 0.204
200 | 66.305 74.686 80.807 85.997 | 0.082 0.178 0.601 1.369
K 20 | 65.555 74.050 80.440 86.550 | 0.041 0.048 0.055 0.068
50 | 61.054 68.434 75.0564 82.516 | 0.078 0.124 0.170 0.268
100 | 64.186 71.254 77.129 82.537 | 0.114 0.201 0.321 0.755
200 | 66.133 74.496 80.748 85.984 | 0.165 0.362 1.192 3.402
psH 20 | 64.955 74.360 80.980 86.845 | 0.005 0.006 0.007 0.010
50 | 62.792 70.334 77.142 83.746 | 0.014 0.017 0.023 0.042
100 | 63.514 70.884 76.984 82.493 | 0.032 0.045 0.081 0.202
200 | 66.415 74.988 81.329 86.413 | 0.082 0.179 0.587 1.370
psH 20 | 64.445 74.280 80.865 86.855 | 0.006 0.007 0.008 0.010
50 | 62.642 70.276 77.168 83.726 | 0.015 0.018 0.024 0.044
100 | 63.471 70.796 76.959 82.495 | 0.033 0.047 0.083 0.211
200 | 66.431 75.019 81.314 86.427 | 0.083 0.181 0.611 1.393
K{ 20 | 65.575 73.965 80.545 86.490 | 0.042 0.049 0.056 0.069
50 | 61.250 68.356 75.010 82.510 | 0.079 0.126 0.173 0.271
100 | 64.197 71.219 77.091 82.541 | 0.118 0.206 0.326 0.763
200 | 66.135 74.483 80.755 85.974 | 0.174 0.372 1.206 3.426
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Table 2: Heteroskedastic Errors

RMSE(B:) RMSE(Bs)
N\T 20 50 100 200 20 50 100 200
PS; 20 | 0.636 0257 0.107 0.020 | 0.476 0.146 0.059 0.030

50 0.616 0.165 0.029 0.014 | 0.459 0.203 0.105 0.048
100 0.245 0.062 0.033 0.019 | 0.162 0.039 0.025 0.016
200 0.074 0.031 0.017 0.009 | 0.097 0.037 0.020 0.012

PS, 20 0.161 0.014 0.010 0.007 | 0.088 0.032 0.022 0.015

50 0.185 0.013 0.007 0.005 | 0.246 0.080 0.045 0.028
100 0.032 0.016 0.010 0.007 | 0.016 0.009 0.006 0.004
200 0.007 0.004 0.003 0.002 | 0.028 0.013 0.008 0.005

K, 20 0.185 0.065 0.029 0.020 | 0.157 0.066 0.044 0.031

50 0.180 0.063 0.028 0.015 | 0.254 0.126 0.085 0.052
100 0.127 0.057 0.033 0.019 | 0.084 0.038 0.025 0.016
200 0.071 0.033 0.018 0.009 | 0.090 0.036 0.020 0.012

PSH 20 0.450 0.114 0.050 0.020 | 0.178 0.067 0.044 0.030

50 0.430 0.133 0.030 0.016 | 0.284 0.130 0.088 0.056
100 0.105 0.053 0.031 0.018 | 0.089 0.039 0.025 0.016
200 0.083 0.037 0.019 0.010 | 0.064 0.028 0.019 0.012

PST 20 0.162 0.015 0.010 0.007 | 0.088 0.033 0.022 0.015

50 0.147 0.014 0.007 0.005 | 0.216 0.088 0.054 0.030
100 0.030 0.016 0.010 0.007 | 0.017 0.009 0.006 0.004
200 0.008 0.004 0.003 0.002 | 0.025 0.013 0.008 0.005

KT 20 0.039 0.014 0.010 0.007 | 0.061 0.032 0.022 0.015

50 0.062 0.020 0.008 0.005 | 0.179 0.109 0.067 0.030
100 0.031 0.016 0.010 0.007 | 0.016 0.009 0.006 0.004
200 0.007 0.004 0.003 0.002 | 0.028 0.013 0.008 0.005

CR (%) Computation Time (sec/rep)
N\T 20 50 100 200 20 50 100 200
PSS, 20 | 66.180 77.255 84.375 89.875 | 0.006 0.006 0.007 0.009

50 | 65.874 75.080 81.358 86.564 | 0.014 0.017 0.023 0.041
100 | 66.311 74.016 78.734 83.290 | 0.032 0.045 0.082 0.259
200 | 70.222 76.960 81.927 86.355 | 0.082 0.167 0.522 1.220

PS; 20 | 71.035 79.110 84.880 89.960 | 0.006 0.006 0.007 0.009

50 | 69.174 76.840 81.800 86.530 | 0.014 0.017 0.023 0.041
100 | 68.809 74.560 79.068 83.488 | 0.032 0.045 0.081 0.260
200 | 70.352 77.076 81.987 86.387 | 0.082 0.167 0.522 1.223

K 20 | 69.115 78.360 84.580 89.850 | 0.041 0.046 0.052 0.065

50 | 66.148 74.404 80.698 86.176 | 0.071 0.107 0.143 0.220
100 | 67.924 74.175 78773 83.304 | 0.109 0.183 0.284 0.946
200 | 70.181 76.899 81.884 86.329 | 0.158 0.338 1.214 3.000

PST 20 | 68.985 78.970 85.200 90.455 | 0.006 0.006 0.007 0.009

50 | 65.402 73.234 79.724 84.990 | 0.014 0.017 0.023 0.041
100 | 67.820 73.425 77.912 82.467 | 0.032 0.045 0.082 0.259
200 | 69.670 77.116 82.680 87.310 | 0.082 0.167 0.522 1.221

pPST 20 | 71.930 80.230 85.955 91.210 | 0.006 0.007 0.008 0.010

50 | 68.148 75.574 80.620 85.270 | 0.015 0.018 0.024 0.044
100 | 67.259 73.282 77.903 82.411 | 0.033 0.047 0.084 0.268
200 | 72.665 79.322 83.960 87.978 | 0.083 0.169 0.531 1.243

K 20 | 70.965 79.045 84.850 89.955 | 0.040 0.045 0.051 0.063

50 | 66.032 74.568 80.936 86.438 | 0.090 0.115 0.143 0.210
100 | 68.861 74.568 79.070 83.492 | 0.128 0.193 0.288 0.932
200 | 70.331 77.069 81.987 86.386 | 0.198 0.370 1.246 2.994
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Table 3: RMSE’s and CR’s when G=2

Homoskedastic Errors

RMSE CR(%)
N\T 20 50 100 200 20 50 100 200
PSS 20 | 2.352 1.501 1.241 0.826 | 55.795 60.540 64.620 69.960

50 | 2.624 0.290 0.365 0.065 | 56.074 60.648 66.216 72.670
100 | 0.315 0.133 0.078 0.054 | 55.848 60.571 66.014 72.783
200 | 0.140 0.077 0.048 0.031 | 57.438 62.945 68.867 74.823

PS; 20 | 1.947 1427 0.956 0.418 | 55.925 61.045 65.695 72.835

50 | 0.684 0.293 0.127 0.062 | 56.730 61.970 68.298 75.716
100 | 0.247 0.145 0.079 0.050 | 56.414 61.728 67.739 75.218
200 | 0.162 0.089 0.053 0.034 | 57.392 63.241 69.968 76.324

K 20 | 0476 0.232 0.129 0.076 | 58.835 64.655 71.950 80.285

50 | 0.299 0.157 0.088 0.046 | 59.290 65.868 73.432 80.964
100 | 0.256 0.124 0.066 0.033 | 60.187 67.773 75.086 82.591
200 | 0.197 0.086 0.042 0.021 | 60.336 68.146 75.534 82.024

PST 20 | 2.362 1.423 1.248 0.784 | 55.540 60.540 64.680 70.190

50 | 2.832 0.352 0.145 0.066 | 55.782 60.498 66.134 72.624
100 | 0.371 0.141 0.079 0.061 | 55.816 60.553 66.002 72.754
200 | 0.146 0.078 0.048 0.031 | 57.424 62.928 68.846 74.827

PST 20 | 1.979 1.355 0.954 0.407 | 55.665 61.000 65.380 72.770

50 | 0.720 0.324 0.131 0.062 | 56.646 61.486 68.292 75.736
100 | 0.274 0.148 0.080 0.050 | 56.116 61.520 67.646 75.258
200 | 0.178 0.089 0.0563 0.034 | 57.324 63.312 69.994 76.345

KT 20 | 0.528 0.250 0.138 0.075 | 58.270 64.550 71.250  80.240

50 | 0.317 0.160 0.088 0.046 | 59.292 66.004 73.430 80.922
100 | 0.264 0.126 0.065 0.034 | 60.044 67.561 75.201 82.585
200 | 0.202 0.087 0.042 0.021 | 60.233 68.116 75.515 82.020

Heteroskedastic Errors

RMSE CR(%)
N\T 20 50 100 200 20 50 100 200
PS, 20 | 2.864 2010 1.416 0.987 | 55.065 57.495 60.925 64.290

50 | 1.598 0.836 0.226 0.106 | 56.304 60.052 64.758 70.412
100 | 0.249 0.118 0.065 0.047 | 56.660 62.124 67.649 73.916
200 | 0.163 0.091 0.063 0.044 | 57.096 62.489 68.066 74.850

PS; 20 | 2.080 1.507 0.930 0.448 | 55.725 58.650 64.110 70.105

50 | 0.588 0.288 0.132 0.073 | 56.346 60.638 66.012 72.740
100 | 0.219 0.106 0.062 0.042 | 57.514 63.424 69.985 76.934
200 | 0.177 0.100 0.063 0.040 | 57.328 63.003 69.460 76.587

K 20 | 0.378 0.212 0.116 0.072 | 58.640 64.630 71.010 78.910

50 | 0.314 0.167 0.096 0.052 | 58.826 65.514 72.928 80.052
100 | 0.212 0.097 0.048 0.026 | 61.616 69.813 77.144 83.501
200 | 0.201 0.087 0.041 0.022 | 61.107 69.664 76.832 83.156

PST 20 | 2753 1.802 1.218 0.858 | 55.280 58.365 61.945 66.005

50 | 1.5624 0.868 0.246 0.140 | 55.752 59.618 64.634 69.982
100 | 0.323 0.148 0.073 0.047 | 56.632 62.117 67.499 73.782
200 | 0.163 0.092 0.065 0.046 | 56.923 62.289 68.040 74.785

PST 20 | 2324 1.386 0.864 0.335 | 55.990 60.390 65.500 72.290

50 | 0.626 0.363 0.130 0.072 | 56.006 60.598 66.170 73.270
100 | 0.237 0.100 0.060 0.041 | 57.756 64.045 70.127 76.929
200 | 0.185 0.098 0.063 0.041 | 57.187 62.944 69.559 76.692

KT 20 | 0.378 0.194 0.114 0.069 | 58.380 64.660 71.180 79.465

50 | 0.313 0.163 0.093 0.050 | 58.722 65.612 72.964 80.130
100 | 0.192 0.085 0.042 0.024 | 62.029 70.325 77.314 83.571
200 | 0.195 0.081 0.038 0.020 | 61.069 69.639 76.746 83.156
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Table 4: Testing Parameter Homogeneity

Homoskedastic Errors, K =1

Size: Power:
B1=B>=038 B1 =07, Bo=1
N\T 20 50 100 200 20 50 100 200
20 22 26 41 4.1 5.7 29.7 76.2 99.9
50 3.0 33 34 49 7.8 42.5 86.7 99.9
100 3.6 47 42 57| 354 99.2 100.0 100.0
200 4.7 3.7 48 53| 489 100.0 100.0 100.0
Heteroskedastic Errors, K =1
Size: Power:
Bi1=B2=0.8 B1 =07, Bo=1
N\T 20 50 100 200 20 50 100 200
20 22 27 40 44 4.5 17.8 54.8 96.5
50 29 32 33 438 7.8 36.7 81.1 99.9
100 3.8 46 43 58| 17.2 90.9 100.0 100.0
200 47 38 49 55| 26.7 99.4 100.0 100.0
Homoskedastic Errors, K = 2
Size: Power:
B: = B, =(0.8,3.2/3) B: =(0.7,1), B2 = (1,1.1)
N\T 20 50 100 200 20 50 100 200
20 42 32 40 39 6.9 3.6 7.5 23.8
50 79 47 53 35 3.3 3.3 9.8 32.8
100 158 4.0 54 49 8.7 8.5 47.1 98.0
200 303 7.3 50 4.0 | 136 11.9 78.8 100.0
Heteroskedastic Errors, K = 2
Size: Power:
B: = B> =(0.8,3.2/3) B:; =(0.7,1), B> = (1,1.1)
N\T 20 50 100 200 20 50 100 200
20 4.2 33 45 4.1 6.9 3.9 10.5 35.2
50 8.6 46 48 3.9 2.7 4.8 20.0 62.4
100 16.0 4.1 52 49 6.8 18.7 81.0 100.0
200 303 74 49 39| 109 25.3 96.5 100.0
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Table 5: Heterogeneity in g; estimated from (15)

Cluster based on level equation (15)

All PY 2.940
PS, PS, | PSF | pPsH K, K
Ny 30 41 30 28 30 30
Low G1(%) | 0.371 | 0.411 | 0.614 | 0.611 | 0.371 | 0.614
PY; 1.481 | 2.523 | 1.308 | 1.526 | 1.481 | 1.308
Threshold | % 0.015 | -0.001 | 0.015 | -4.492 — —
N 40 29 40 42 40 40
High G2(%) | 2.720 | 2.749 | 2.507 | 2.501 | 2.720 | 2.507

PY, 1.823 1.721 1.913 2.051 1.823 | 1.913
Cluster based on first difference, Ay;:

All PY 4.649
PS; PS, | PSF | PSE K, | KZ
N, 38 43 38 37 38 45
Low (%) | 0929 | 0958 | 1.264 | 1.259 | 0.929 | 1.130
PY; | -0.012 | 0.978 | -0.077 | 0.002 | -0.012 | 0.960
Threshold | % 0.020 | 0.002 | 0.020 | -0.449 — -
N 32 27 32 33 32 25
High G2(%) | 3.120 | 3.143 | 2781 | 2.777 | 3.110 | 3.359

PY, 2.040 1.853 1.793 1.669 | 2.040 | 1.841

. Model:

Yit = Wi + git + €t
€it = VYi€i,t—1 + Nt + €it,

where p; = A4;(0) + g; + = [log(s;) + log(n; + g; + §)].

1—ay

. Data: Penn World Tables (PWT v6.2).

3. Estimation: see Lee, Pesaran, and Smith (1997) for details.

. PY denotes the PY statistic in (9) for parameter homogeneity in whole sample. PY; and PY>
are, respectively, for the estimated low-growth and high-growth groups. The asymptotic 5% critical
value is 1.96.

N 2
PY = VN si/N-1)

. In this case, the PY statistic can be expressed as 7

, where
si = VT(4i — §u)/5(8:),
guw denotes the weighted fixed effect estimator of go under the null that g; = go for all individuals,

and 6(g;) is the restricted long-run variance of §; based on the automatic method developed by
Andrews (1991) with Quadratic Spectral kernel.
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Table 6: Clusters Based on the Level Equation

COUNTRY Ave. In(y¢) | Region §: | Std. §; s; | PS1 | PSy | PSH [ psE 1 | KE
Nicaragua 8.486 2 -2.383 -17.251 -1.228 1 1 1 1 1 1
Madagascar 6.964 1 -1.620 -34.241 -1.242 1 1 1 1 1 1
Zambia 7.024 1 -0.789 -6.961 -1.245 1 1 1 1 1 1
Jordan 8.335 1 -0.561 -7.994 -1.479 1 1 1 1 1 1
Peru 8.382 2 -0.477 -13.230 -1.238 1 1 1 1 1 1
Senegal 7.284 1 -0.259 -10.825 -1.531 1 1 1 1 1 1
Bolivia 7.926 2 -0.067 -13.169 -1.413 1 1 1 1 1 1
Venezuela 8.969 2 0.059 -13.045 -1.268 1 1 1 1 1 1
Nigeria 6.940 1 0.097 -9.679 -1.606 1 1 1 1 1 1
Tanzania 6.335 1 0.132 -4.887 -1.502 1 1 1 1 1 1
Kenya 7.128 1 0.163 -8.602 -1.375 1 1 1 1 1 1
Jamaica 8.351 2 0.290 -6.452 -1.311 1 1 1 1 1 1
Argentina 9.205 2 0.422 -8.034 -1.367 1 1 1 1 1 1
El Salvador 8.287 2 0.500 -8.617 -1.361 1 1 1 1 1 1
Guatemala 8.156 2 0.571 -12.041 -1.276 1 1 1 1 1 1
Cote d’Ivoire 7.640 1 0.617 -6.742 -1.291 1 1 1 1 1 1
Zimbabwe 8.022 1 0.689 -5.031 -1.344 1 1 1 1 1 1
Honduras 7.684 2 0.706 -9.239 -1.331 1 1 1 1 1 1
South Africa 8.872 1 0.742 -22.029 -1.323 1 1 1 1 1 1
Trinidad-Tobago 9.226 2 0.754 -4.915 -1.466 1 1 1 1 1 1
Cameroon 7.759 1 0.895 -3.582 -1.301 1 1 1 2 1 1
Ethiopia 6.235 1 0.904 -3.254 -1.395 1 1 1 2 1 1
New Zealand 9.713 4 0.941 -8.099 -1.635 1 1 1 1 1 1
Costa Rica 8.763 2 0.985 -11.049 -1.455 1 1 1 1 1 1
Philippines 8.001 3 1.125 -9.910 -1.701 1 1 1 1 1 1
Switzerland 10.076 4 1.195 -11.404 -1.431 1 1 1 1 1 1
Algeria 8.496 1 1.222 -5.199 -1.496 1 1 1 1 1 1
Mexico 8.758 2 1.366 -4.752 -1.372 1 1 1 1 1 1
Malawi 6.495 1 1.392 -4.492 -2.111 1 1 1 1 1 1
Sweden 9.829 4 1.522 -7.972 -1.819 1 1 1 1 1 1
Mali 6.669 1 1.592 -2.570 -1.181 2 1 2 2 2 2
Ecuador 8.288 2 1.679 -0.782 -0.284 2 1 2 2 2 2
Denmark 9.899 4 1.703 -3.006 -0.881 2 1 2 2 2 2
Syria 7.375 1 1.750 -0.800 -0.141 2 1 2 2 2 2
Greece 9.268 4 1.778 -0.802 -0.056 2 1 2 2 2 2
Netherlands 9.813 4 1.809 -2.356 0.151 2 1 2 2 2 2
Uruguay 8.949 2 1.826 -0.788 0.155 2 1 2 2 2 2
Chile 8.846 2 1.869 -0.260 0.154 2 1 2 2 2 2
Canada 9.834 4 1.872 -3.609 0.587 2 1 2 2 2 2
Australia 9.805 4 1.890 -1.021 0.573 2 1 2 2 2 2
Morocco 8.009 1 1.901 -0.597 0.656 2 1 2 2 2 2
Colombia 8.438 2 2.021 0.759 0.982 2 2 2 2 2 2
United Kingdom 9.717 4 2.053 0.443 0.837 2 2 2 2 2 2
Paraguay 8.344 2 2.081 0.402 0.731 2 2 2 2 2 2
USA 10.043 4 2.107 0.925 0.902 2 2 2 2 2 2
Turkey 8.289 3 2.138 1.741 1.202 2 2 2 2 2 2
Brazil 8.653 2 2.141 0.491 0.788 2 2 2 2 2 2
France 9.769 4 2.148 2.386 1.267 2 2 2 2 2 2
Finland 9.645 4 2.158 1.328 1.153 2 2 2 2 2 2
Israel 9.597 1 2.250 1.957 1.257 2 2 2 2 2 2
Belgium 9.729 4 2.348 7.504 1.213 2 2 2 2 2 2
Spain 9.436 4 2.368 4.478 1.211 2 2 2 2 2 2
Italy 9.652 4 2.464 5.350 1.388 2 2 2 2 2 2
Dominican, Rep 8.263 2 2.536 5.942 1.115 2 2 2 2 2 2
Panama 8.589 2 2.550 4.391 1.279 2 2 2 2 2 2
Austria 9.787 4 2.583 9.123 1.245 2 2 2 2 2 2
India 7.320 3 2.689 3.001 1.069 2 2 2 2 2 2
Pakistan 7.431 3 2.828 15.057 1.140 2 2 2 2 2 2
Norway 9.897 4 2.992 16.481 1.134 2 2 2 2 2 2
Tunisia 8.332 1 3.047 11.535 1.149 2 2 2 2 2 2
Portugal 9.231 4 3.170 9.549 1.351 2 2 2 2 2 2
Japan 9.670 3 3.190 5.614 1.452 2 2 2 2 2 2
Ireland 9.324 4 3.232 4.815 1.152 2 2 2 2 2 2
Indonesia 7.679 3 3.891 57.693 1.170 2 2 2 2 2 2
Sri Lanka 7.619 3 3.903 12.353 1.161 2 2 2 2 2 2
Malaysia 8.548 3 4.631 31.532 1.186 2 2 2 2 2 2
Thailand 8.056 3 4.994 25.725 1.173 2 2 2 2 2 2
Hong Kong 9.540 3 5.108 19.826 1.170 2 2 2 2 2 2
Singapore 9.479 3 5.209 31.366 1.190 2 2 2 2 2 2
Korea, Rep of 8.633 3 6.320 28.621 1.189 2 2 2 2 2 2
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Table 7: Clusters Based On the Growth Rate Equation

COUNTRY Ave. In(y¢) | Region §: | Std. §; s; | PS1 | PSy | PSH [ psE 1 | KE
Nicaragua 8.486 2 -1.291 -3.727 -2.209 1 1 1 1 1 1
Madagascar 6.964 1 -1.200 -6.573 -2.704 1 1 1 1 1 1
Jordan 8.335 1 -0.619 -1.720 -1.432 1 1 1 1 1 1
Zambia 7.024 1 -0.168 -2.682 -2.185 1 1 1 1 1 1
Senegal 7.284 1 -0.110 -2.884 -2.466 1 1 1 1 1 1
Nigeria 6.940 1 -0.066 -1.605 -1.473 1 1 1 1 1 1
Kenya 7.128 1 0.100 -3.237 -2.677 1 1 1 1 1 1
Venezuela 8.969 2 0.165 -2.505 -2.098 1 1 1 1 1 1
Bolivia 7.926 2 0.314 -3.002 -2.233 1 1 1 1 1 1
Peru 8.382 2 0.338 -1.851 -1.622 1 1 1 1 1 1
Jamaica 8.351 2 0.421 -2.082 -1.735 1 1 1 1 1 1
Cameroon 7.759 1 0.611 -0.894 -0.817 1 1 1 1 1 1
Honduras 7.684 2 0.774 -2.514 -2.228 1 1 1 1 1 1
Cote d’Ivoire 7.640 1 0.784 -1.262 -1.177 1 1 1 1 1 1
Argentina 9.205 2 0.957 -1.710 -1.574 1 1 1 1 1 1
El Salvador 8.287 2 0.960 -2.007 -1.497 1 1 1 1 1 1
Tanzania 6.335 1 1.021 -0.771 -0.720 1 1 1 1 1 1
Guatemala 8.156 2 1.032 -3.478 -2.378 1 1 1 1 1 1
Zimbabwe 8.022 1 1.048 -0.826 -0.784 1 1 1 1 1 1
South Africa 8.872 1 1.113 -3.338 -2.428 1 1 1 1 1 1
Algeria 8.496 1 1.168 -1.513 -1.382 1 1 1 1 1 1
New Zealand 9.713 4 1.175 -2.166 -1.852 1 1 1 1 1 1
Switzerland 10.076 4 1.335 -1.760 -1.524 1 1 1 1 1 1
Ethiopia 6.235 1 1.469 -0.819 -0.754 1 1 1 1 1 1
Philippines 8.001 3 1.504 -1.355 -1.239 1 1 1 1 1 1
Ecuador 8.288 2 1.550 -0.575 -0.518 1 1 1 1 1 1
Mali 6.669 1 1.581 -0.802 -0.730 1 1 1 1 1 1
Costa Rica 8.763 2 1.637 -1.204 -1.081 1 1 1 1 1 1
Syria 7.375 1 1.648 -0.383 -0.337 1 1 1 1 1 1
Morocco 8.009 1 1.655 -0.919 -0.794 1 1 1 1 1 1
Uruguay 8.949 2 1.671 -0.477 -0.410 1 1 1 1 1 1
Paraguay 8.344 2 1.676 -0.582 -0.513 1 1 1 1 1 1
Malawi 6.495 1 1.683 -0.687 -0.624 1 1 1 1 1 1
Mexico 8.758 2 1.734 -0.797 -0.694 1 1 1 1 1 1
Sweden 9.829 4 1.820 -0.956 -0.813 1 1 1 1 1 1
Colombia 8.438 2 1.897 -0.734 -0.519 1 1 1 1 1 1
Trinidad-Tobago 9.226 2 1.931 -0.113 -0.072 1 1 1 2 1 1
Denmark 9.899 4 1.973 -0.746 -0.581 1 1 1 1 1 1
Australia 9.805 4 2.083 -0.227 -0.018 2 1 2 2 2 1
Chile 8.846 2 2.109 0.012 0.058 2 1 2 2 2 1
United Kingdom 9.717 4 2.151 -0.070 0.073 2 1 2 2 2 1
Netherlands 9.813 4 2.187 -0.115 0.062 2 1 2 2 2 2
Canada 9.834 4 2.198 -0.122 0.024 2 1 2 2 2 1
Turkey 8.289 3 2.252 0.201 0.293 2 2 2 2 2 1
Brazil 8.653 2 2.323 0.184 0.257 2 2 2 2 2 1
USA 10.043 4 2.345 0.203 0.336 2 2 2 2 2 2
Dominican, Rep 8.263 2 2.422 0.940 0.950 2 2 2 2 2 1
France 9.769 4 2.452 0.965 0.978 2 2 2 2 2 2
Belgium 9.729 4 2.569 1.614 1.518 2 2 2 2 2 2
Finland 9.645 4 2.573 0.434 0.495 2 2 2 2 2 2
Greece 9.268 4 2.595 0.434 0.514 2 2 2 2 2 2
India 7.320 3 2.637 1.146 1.128 2 2 2 2 2 2
Italy 9.652 4 2.666 1.471 1.303 2 2 2 2 2 2
Panama 8.589 2 2.686 0.582 0.645 2 2 2 2 2 2
Pakistan 7.431 3 2.700 0.964 1.031 2 2 2 2 2 2
Israel 9.597 1 2.724 0.745 0.777 2 2 2 2 2 2
Austria 9.787 4 2.796 2.608 2.024 2 2 2 2 2 2
Spain 9.436 4 2.908 1.236 1.095 2 2 2 2 2 2
Norway 9.897 4 3.099 2.450 1.641 2 2 2 2 2 2
Tunisia 8.332 1 3.183 2.532 1.968 2 2 2 2 2 2
Indonesia 7.679 3 3.505 1.976 1.526 2 2 2 2 2 2
Japan 9.670 3 3.583 1.464 1.163 2 2 2 2 2 2
Portugal 9.231 4 3.692 2.265 1.642 2 2 2 2 2 2
Sri Lanka 7.619 3 3.784 3.155 2.304 2 2 2 2 2 2
Ireland 9.324 4 3.831 2.124 1.335 2 2 2 2 2 2
Thailand 8.056 3 4.572 2.439 1.529 2 2 2 2 2 2
Malaysia 8.548 3 4.687 4.605 2.159 2 2 2 2 2 2
Hong Kong 9.540 3 4.822 2.833 1.658 2 2 2 2 2 2
Singapore 9.479 3 5.284 4.933 1.951 2 2 2 2 2 2
Korea, Rep of 8.633 3 6.089 5.474 1.977 2 2 2 2 2 2
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Figure 1: Sample Density of the Standardized Estimates of the Rates of Technology
Growth.
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See the footnote of Table 5 for details. Particularly,

si = VT(§i = §u) /5 (),
guw denotes the weighted fixed effect estimator of go under the null that g; = go for all individuals, and
& (i) is the restricted long-run variance of g; based on the automatic method developed by Andrews (1991)

with Quadratic Spectral kernel. Under the null that parameters are the same, the shape of s; should not

be too different from the standard normal distribution.
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