SPECIFICATION FOR LATTICE PROCESSES

JAVIER HIDALGO

ABSTRACT. We describe tests for the correct specification of a model when
data is observed in a lattice. We then extend previous work when the data
is collected in the real line. As it happens with the latter type of data, the
asymptotic distribution of the test is not pivotal and it depends on the model
under consideration. On consequence is that its critical values are difficult, if
at all possible, to obtain. So, to overcome the problem of its implementation,
we propose to employ a martingale transformation, showing its validity in our
context.

JEL Classification: C21, C23.

1. INTRODUCTION

It is agreed that one of the main purposes and aims when working with time
series or spatial data is to obtain a correct description of its dynamic structure
and more specifically of its autocovariance or covariogram. Its importance is well
documented and rely on the fact that those functions play a key role into obtaining
good and accurate prediction/extrapolation and/or interpolation (kriging) in the
case of spatial data. Given a parametric family of models, say an ARMA model,
there is a huge literature devoted to the estimation of the covariogram. However,
before we attempt to estimate a specific parametric model, it is important to check
its overall validity. The aim of the paper is then to describe tests for the correct
specification (or model selection) of the dynamic structure with time series and/or
spatial stationary processes {z (t)},., defined on a d-dimensional lattice. In the
paper, we shall specifically consider data for which d < 3, although we ought to
mention that extensions to higher index lattice processes can be adapted under
suitable modifications. The motivation to focus on the case d < 3 lies in the fact
that the most often type of data available in economics is when d = 2, say with
agricultural or environmental data, whereas an important example when d = 3 is
the spatial-temporal data sets, that is data collected in a lattice during a number
of periods.

More specifically, we are interested to check whether the covariogram given by
{7(8)}seza> v(s) = Cov(x(t),x(t+ s)), follows a particular parametric family,
say {7 (8)}seze = 17(8;0)}yeza, where 6 is a finite dimensional set of parameters
belonging to some (compact) parameter space. Equivalently, to solve the cru-
cial problem of modelling the spatial dependence via the covariogram can be done
through its spectral density function, denoted f (A). This is the case after observ-
ing that for any stationary spatial lattice process {x (t)},czq4, the spectral density
function, f (A), and the covariogram, v (s), are related through the expression
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where “s-\” means the inner product of the d-dimensional vectors s and A and I =
(—m, w]. For the moment, it will be convenient to work in a general d-dimensional
setting. Herewith, any element a that belongs to Z? (or I1%), the d-fold Cartesian
product of the set Z (or II), is referred to as a multi-index of dimension d. Also,
we shall write, say, a = (a[l],...,a[d]) with the square brackets used to denote the
components of a.

We will assume all throughout the paper that the (spatial) process {x (t)},czq
can be represented by the multilateral model

(1.1) () —p=Y ¢v@elt—7), Y V([ <o ¥(0)=1,
JEZD JEZA

for some sequence { (¢)},.,q satisfying E (¢ (¢)) = 0 and E (¢ (0) ¢ (t)) = o2 if t = 0;
and = 0 for all ¢ # 0. Under (1.1), the spectral density function of {z (t)}, . can
be factorized as

fF) = (2;)d W (N
with
(1.2) U(A) = () exp(—ij- ),

jezd
so that W (\) summarizes the covariogram structure of {x (t)},czq-
Much of the existing time series and spatial statistics literature is concerned with
parametric modelling, estimation and testing in that ¥ (\) is assumed to belong to
a specific parametric family

(1.3) H=1{Ty(\):0c 0},

where © C RP is a proper compact parameter set. See for instance Cressie (1992)
for alternative methods of estimation. That is, it is assumed that U (A) = Uy, (A)
for some “true” value of the parameter 8y € ©. So, the null hypothesis becomes

(1.4) Hy : VYA € [-7, 7] and for some 6y € ©, [T (N> = [Ty, (V)|

where © C RP? is a compact set. The alternative hypothesis is the negation of Hy.

When d = 1, the problem of testing a specific dependence structure of the data
is very exhaustive and prominent. Different types of tests have been formulated
either using the spectral density or the autocorrelation functions. Regarding the
former, we can cite among others, the pioneer work by Grenander and Rosenblatt
(1957) to test for the null hypothesis of white noise dependence. A classical test
using the autocorrelation function is the Box and Pierce (1970) statistic. For a
latter reference, see Delgado, Hidalgo and Velasco (2005) and references therein.
In the paper, we have chosen to employ frequency domain techniques or to base
the test in terms of the spectral density function. However we describe or present
later in Section 5, the relationship among different tests using the “time domain”
approach based on the covariance/variogram structure of the data and tests based
on the “spectral domain” approach that we employ in the paper.

Our tests falls into the category of goodness-of-fit tests as we do not specify any
particular alternative model or family, although we will see in Section 5 how the
tests described in Sections 2 and 3 can be easily modified in such a way that they
can target efficiently one (or more) particular set of alternative(s) by employing
the so-called directional tests. The tests are based on a direct comparison between
two estimates of the spectral density function in a way similar to the well known
Hausman-Durbin-Wu tests. That is, they rely on the comparison of two estimates:
one which is only consistent under the null, whereas the second (less efficient) esti-
mator is consistent under the maintained hypothesis. Although the literature when
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d > 1 is not very vast and exhaustive, some work has already been done, see for
instance Diblasi and Bowman (2001) or Crujeiras et al. (2006). However, our work
differs from theirs in that contrary to Diblasi and Bowman (2001) we do test for
general specifications and that contrary to Crujeiras et al. (2006) our test does
not involve any bandwidth or smoothing parameter. In fact, the latter approach
uses the distance between a smooth estimator of the spectral density function and
its parametric estimator under Hy. This approach provides asymptotically distri-
bution free tests under a suitable behaviour of the smoothing parameter as the
sample size increases, see also Hong (1996) or Paparoditis (2000). However, the
latter approach seems an artifact when testing for a particular parametric family
and the final outcome of all these tests may depend on the arbitrary choice of the
tuning/smoothing parameters for which no relevant theory is available. That is,
there are not rules available on how to choose the bandwidth parameter. In fact,
we might face the strange situation that with the same data set two different prac-
titioners might conclude differently or that if one chooses to optimize the size of the
test, that choice can lead to tests which have very poor power and viceversa. The
latter is clearly not very appealing from both theoretical or applied point of view.
So, in this context, one of our main motivation is to extend goodness-of-fit tests
examined and described when d = 1 to d > 1, where we do not require the choice
of any bandwidth. For that purpose, we rely on the periodogram which although
it is not a consistent estimator of f (), its integral is consistent for the spectral
distribution function as the latter is the most natural smoothing function.

The remainder of the paper is organized as follows. In the next section, we
present the test and examine its asymptotic properties when the true value of the
parameter 6y is known, whereas Section 3 extends these results to more realistic
situations where we need to estimate the parameters of the model. Because, the
asymptotic distribution of the test in the latter scenario is not pivotal and model
dependent, Section 4 describes the martingale transformation in the spirit of Brown,
Durbin and Evans (1975) to obtain test statistics whose asymptotic distribution is
pivotal. In fact, we show that the asymptotic distribution, after the transformation,
of the tests are functionals of a Brownian sheet. The relationship between different
tests in the time domain and those examined in previous sections is described and
presented in Section 5. Section 6 gives the proof of a series of lemmas employed in
the proof of our main results in Section 7.

2. TESTS WHEN THE PARAMETERS ARE KNOWN

This section discusses and examines how we can test the null hypothesis given
in (1.4). That is,
2

(27:)d W, (V))? VYA €Tl for some value 6,

g

Hy: f(A) =

when the “true” value of 6 is known, and II% denotes [0, 7] x [—m,#]*"", that is

A eIl if A[1] € [0,7] and A[f] € [—m, 7] for all £ = 2, ...,d. Before we introduce
and describe the test, we first observe that the null hypothesis Hy can be stated
alternatively as

(2.1) Hy : g:o E;\; = H ATM for all A € [0,7]¢,
0 (=1

where

L[ fWw)
Go ()\) —2/_)\ ‘\Ile (w)|2dw



4 JAVIER HIDALGO

with

A Al1] 2] Ald]
(2.2) / - / / / .
p (1[1]A0) / p[2] wld]

Under Hy, Gy, (A) is the spectral distribution function of the lattice process {e ()},
and Gy, (1) = o2. Notice that by symmetry of f()) it does not matter which co-
ordinate we take to belong only to [0, w]. Its consequence is that it would not affect
the value of Gy (A\) and so the value of the test given below.
d

Given a record {z (¢)};_, and denoting henceforth N = Heq n[¢], a natural
estimator of Gy, (A) is given by
[aX/7]

1

ée,N (A) = Qﬁ 7195 %)

=y [ O

where I, (\) is the periodogram of a generic sequence {v (¢)},_; defined as

2
1

=5 > v)e A

t=1

and similarly to the definition of f:, we are employing henceforth the notation

—

[ips/ ] (A[1]p[1]/7] [A[2]p[2]/7] [Ad]p[d]/x]

(2.3) Y= > > ->,

j=ax/x] GA=RAAA/ 7] jRI=[R12IA2]/x]  jld=[R[dAld]/x] =0

= max {|g|,0}. Also we have abbreviated [n [(] /2] by 72 [¢]. As usual we

+
have excluded the frequency A; = 0 from the sum Z[WU/L 7;\]/7T], so that we can take

>/

where [q]

Ez (t) = 0 or that x (¢) has been centered around its sample mean. It often the case
that in applications, to make use of the fast Fourier transform, the periodogram is

evaluated at the Fourier frequencies, that is Ay = ()‘k[l]v s )\k[d])l, where
27k [1] _
A = ——— k[1]=0,1,...,n[1];
k[1] n[l] ) [] 07 ) 7n[]7
2k [¢
Mejg = Z[g[] L, k[0 =0,£1,.., £, (=2, ...d.

Unfortunately, as noted by Guyon (1982), due to nonnegligible end effects, the
bias of the periodogram does not converge to zero fast enough when d > 1, so
that it would have unwanted consequences. One of theses cases is for the Whittle
estimator of the parameters 1, see Guyon (1982), which it does not have the stan-
dard asymptotic properties as when d = 1. Because of that, in the paper, we shall
employ the taper periodogram defined as

I (%) = Jw) (A)

where

w;{ ()‘j) 1/2 Z et
(i b
is the taper discrete Fourier transform of a generic sequence {v (¢)};_,. Tapering
is primary a technique employed to reduce the bias of the “standard” periodogram
I, (\). Notice that when h () = 1, we have that w! (\;) becomes the standard
discrete Fourier transform (DFT). It is worth mentioning that alternative proce-
dures to tapering to alleviate the bias problem have been proposed. One of these
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(S

proposals was due to Guyon (1982), who replaced the periodogram by

) = = YA (e,
(271-) heD

where 7 (h) = N%lh‘zt(h)v(t)v(t—i—h) and D ={h: —n[l] < h[l] <nl[f]; { =
1,...,d}. Notice that the standard periodogram I, (Ax) replaces 7, (k) by 7, (h) =
+ >ty v (t) v (t + h). However, Dahlhaus and Kiinsch (1987) have criticized the
use of I* () on the grounds that when employed to estimate the parameters of
the model via a Whittle estimator, see (3.1) below, the estimator loses its mini-
mum distance interpretability and that the objective function possesses several local
maxima. The latter implies that to obtain the maximum of the Whittle function
becomes more strenuous. Another possibility is that described by Robinson and
Vidal-Sanz (2006). The latter proposal will be helpful when d > 4. However as
we consider explicitly only the most common scenario d < 3, all we need for our
results to follow is the taper periodogram I (\y).

The benefits of tapering can be seen following the properties of the cosine-bell
(or Hanning) taper, which is defined as

(2.4) id f[ he (L0]) = (1 ~ cos (2:5%] )) .

Indeed, denoting the taper Dirichlet kernel by

n[l]
Z he (£ [1]) €010
t[e])=
we have that
(2.5) sup  |[DI(A[0)] =0 (mm{ [é],n[ﬁ]_2|/\[€]|_3}>.

n[€],A[¢]>0

The latter will improve the properties with respect to the standard periodogram as
the bias is of smaller order of magnitude than with the standard periodogram. Ob-
serve that its relation with the standard Dirichlet kernel, Dy (A [¢]) = ZZ%LI AN
is

1

T

(26)  Di (\jia) = g7z {-DPe V1) +2De (Ajpa) = De (V) }-

It is worth observing that the standard DFT and the cosine-bell taper DFT are
related by the equality
(2.7) wy (A7) =

x

1
g7z [Fwe (A1) + 2ws (4) = we (Aj41)]-
In the paper we shall explicitly consider the cosine-bell, although the same results
follow employing other taper functions such as Parzen or Kolmogorov’s tapers.
The formulation of Hy given in (2.1) suggests to use the Bartlett’s T}, — process
as a basis for testing Hy. The T}, — process is defined as

gezv (A) H( )] re o,

(2.8) agn (A) =27 12N1/2
91\7 7T

where

(2.9) Gon (N) =2+ —e e
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Notice that because we have excluded the frequency 7 = 0 from the definition of
Zg.":‘_/ E‘lk /] it 18 easy to show that a linear transformation of the data does not
change the value of ay y and therefore it can be assumed that the mean of x (t)
is zero and the variance of ¢ (t) is the unity. So, without loss of generality, we
can assume that in (1.1) g = 0 and the true value of Var (¢ (¢)) = 1. It is worth
mentioning that similarly we could have employed the U, — process. The latter is
defined as

[AiX/n]
1
Uow N =~ > {IF0)=o2lw0)I}.
j=—[A\/7]

which is the route followed by Grenander and Rosenblatt (1957). One motivation
to employ ap, n (A) instead of Uy n () is that the latter statistic is not invariant to
the variance of {e (t)},.za as is the former statistic ap n (M) in (2.8).

One rational of the statistic ag n (M) follows from the observation (see Lemma
4) that under Hy, we have that

17 ()
T (/\J) 5 _IET (/\J) —
[Wo, (A))]
where “a < b” means that a[¢] < b[{] for all £ =1,...,d and
h it‘>\j
S [

Also, observe that 0 < j[1] < n[1] whereas —n[{] < j[{] <n[l] for £ =2,..,d.
Thus, we can expect that ap n will be asymptotically equivalent to Bartlett’s
U, — process for {5 ) /o2 }teZd’

max
(=n<j<n)A(G#0)

I (\) =

€

d
G (N
(2.10) ol (A) = 271/2N1/2 = H( >] Aefo,7]?,
=1
with
| [/ )
G%(A)ﬂﬁ > 1), aeloq”
j=—[aX/n]

Observe that the U, — process a; and the T, — process ag, n are identical when
{x (t)},czq is a “white noise” process.
Let us introduce the following regularity conditions.

Condition C1: (a) The process {¢(t)},cza in (1.1) are zero mean inde-
pendent identically distributed with variance o2 equal to 1 and finite 4th
moments with x denoting the fourth cumulant.

(b) The multilateral Moving Average representation of {x (¢)},.5. in (1.1)
can be written (or it has a representation) as a multilateral Autocorrelation
model

(2.11) doEW{zt-n—pp=ct) £0)=1,
jEZA
where £ (5) is the coefficient of 27 in the Fourier expansion of £~ (z), where

L(z)=LEM],zld) =) ()7

JEZ?

, d A
denoting for muti-indeces z and j, 27 = H z ) I with the convention

=1
that 00 = 1.



SPECIFICATION FOR LATTICE DATA 7

Condition C2: N = HZ—1 n [¢], where n[¢] < n for £ =1,...,d, and “a <’
means that 0 < C; < a/b < Cy < oo for some finite positive constants Cy
and Cs.

Condition C3: {h(t)};_, is the cosine-bell taper function in (2.4).

We now comment on Conditions C1 to C4. Part (a) of Condition C1 seems to
be a minimal condition for Proposition 1 below to hold true. Observe that due
to the quadratic nature of o, for the latter to have finite second moments, we
require finite fourth moments for the lattice process {e (t)},.5q.. Observe that we
have assumed that the true value of o2 is 1. The latter follows after our comments
made after the definition of Gg n (A) in (2.9). However, we shall emphasize that
we are not saying or suggesting that the true value of o2 is known, only that it is
equal to 1. Sufficient regularity conditions required for the validity of the expansion
as an Autocorrelation in part (b) formulation is that ¥ (z) be no zero for any z [¢],
¢ = 1,...d, which simultaneously satisfy |z [1]| = 1,...,|z[d]| = 1 at least when the
Mowing Average representation is of finite order. The latter implies that f (1)) is a
positive function.

Condition C2 can be generalized to the case where the rate of convergence to
zero of n~1 [¢] differs for different ¢ = 1,...,d. However, for notational simplicity we
prefer to leave it as it stands. On the other hand, C3 the taper function employed
for the asymptotics to follow can be more general, as those given by Kolmogorov’s
or Parzen’s tapers. In fact, in situations where the dimension of d is greater than
3, it might be needed for the results of the paper to follow. However, as the most
important cases in empirical applications are covered in the paper, we shall leave
the cosine-bell taper explicitly as the taper function to be employed.

We should now indicate why the formulation of the test in terms of the spectral
density function might be useful. For that purpose, we have just to remember how
the spectral density function is related to the conditional distribution at each site
on an infinite lattice. Indeed, denoting

o= L0,

jezd

we then have that the conditional mean is given by

(2.12) E{e@®le(): réti= S sG)alt-)).
JEZIN{j#0}

The latter expression gives a motivation why the spectral density function plays
a central role, and therefore why we have decided to work in terms of the latter
function. The equality in (2.12) is related to the well known CAR (Conditional
Autoregression) model compared to the SAR (Simultaneous Autoregression) model
in (2.11). See, for instance Besag (1974) and Whittle (1954), respectively. It is
however known that the class of CAR models is more general than that of SAR
models. In fact, as Cressie (1993, Ch.6) observed, any SAR model has a CAR
representation but not vice versa, see also Besag (1974).

Some particular parameterizations of (1.1) or (2.11) are the ARM A field model

P(L)(z(t) —p) =Q(L)e(t),

where

O 3
— —~
N N
SN— SN—
Il Il
™ Q
— —~
< o
S~— ~—
N N
~ <
™ Q
~— —~
o o
S— ~—
I I
— —
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are finite series in Z9. That is, only a finite number of the a (j) and S (j) are
non-zero. For instance the ARMA model given by
k2
Y al)(@(t—4) - Z B(j a(0)=p(0)=1
Jj=—k: j=—t

whose spectral density function is
i 2
ot |Sia B e

27T .. 2°
‘ZJ—*kl )eU'A‘

Notice that the ARM A field model becomes a causal representation if the polyno-
mials @ (L) and P (L) are both unilateral. When say @ (L) = 0, a condition for
the latter is that [;;,log|P (e"*)|dA = 0. So that in general, we can expect that
fnd log |\Ilg (e“‘) ’ dX # 0 for any admissible value of §. The latter becomes very
relevant as when formulating the Whittle estimator below in Section 3.

Another parametric model of interest is the extension of the classical Bloomfield
(1973) exponential model, see also Whittle (1954) Section 6, to processes in a lattice.
These models can be characterized as having a spectral density function defined as

f)=

fo (A) zagexp{—Za(é;ﬁ)cos(év\)},

£<0

where from now on ¥ = (ag, 9/)/ and we denote by “<” the lexicographical (dictio-
nary) ordering which is defined as

j<ke @0 (i<l Gl =k[AG[0<k),

that is, if one of the terms j [¢] < k[¢] and all the proceeding ones are equal. For
instance, when d = 2, we would then have that, say, £ < 0 corresponds to the half
plane of Z, Z = {(6[1] L2) €ZY: (0[] <OAL[2]=0)V(£[1]<O0AL[2) < O)}
Observe that if we allowed £ in the last displayed equality to belong to Z? the model
would not be then identified as cos (¢- ) = cos(—£- \).

It is worth mentioning that Whittle (1954) showed that, almost any given sta-
tionary bilateral scheme on a plane lattice, there corresponds a unilateral autore-
gression having the same spectral scheme although not necessarily of finite order
as is the case when d = 1.

The empirical processes o (\) and ag, x (A) given in (2.10) and (2.8) respec-
tively are random elements in D [0,7]%. The functional space D [0,7]" is endowed
with the Skorohod’s metric (see e.g. Billingsley, 1968) and convergence in distrib-
ution in the corresponding topology will be denoted by “=".

Proposition 1. Under C1 — C3, we have that

(2.13) % (\) = B(\) =B (A) _ ﬁ <W> B(1) Ac0,a]

T T
=1
where {B (u) :u €0, 1][1} is a Brownian sheet.

Remark 1. Recall that the covariance structure of the standard Brownian sheet in
[0,1]% is

Cov (B :H OQAvll]), foru,ve[O,l]d.
=1
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Proposition 1 extends the results provided in Grenander and Rosenblatt (1957)
when d = 1, although under stronger conditions than those assumed in the paper. In
particular, we do not need to assume eight bounded moments and only finite fourth
moments are required. Our main result of this section is the following theorem.

To establish the asymptotic equivalence between ag, v and af, we introduce
the following smoothness assumptions on ¥ ().

Condition C4: |¥ ()\)|? given in (1.2) is a positive and continuously differ-
entiable function on [—m, 7]

Our main result of this section is the following theorem.
Theorem 1. Consider (1.1) and assume C1 — C4. Then, under Hy,
ag,y (\)=B(\)  Aelon]’.

Proof. The proof is an immediate consequence of Proposition 1 and Lemma 4 after
we observe that Lemma 4 with ¢ (A) = 1 there implies that

2712NY2 sup |Gy (A) = G (V)] =0, (1)

xeo,7]?
so that
9—1/2 \j1/2 sup GOO,N ()‘) o G(z)v ()‘) —0 (1)
Aelo,7]? G, () G(J)\f () Y
by standard algebra. O

Remark 2. An immediate conclusion that we draw from Theorem 1 and Proposi-
tion 1 is that

(2.14) Goy.n (1) — 02 = O, (N*W) .

We now comment on the result of Theorem 1. The theorem indicates that ag, n
is asymptotically pivotal. One consequence is that critical regions of tests based on
a continuous functional 1 : D [0, ﬂd +— RT can be easily obtained. Different func-
tionals 7 lead to tests with different power properties. Among them are omnibus,
directional and/or Portmanteau-type tests. For example, classical functionals which
lead to omnibus tests are the Kolmogorov-Smirnov (1 (g) = supyeo -2 |9 (A)[) and

the Cramér-von Mises (n(g) = 7 ¢ f[O,w]d g (N)?d\), whereas Portmanteau tests,
defined as weighted sums of squared estimated autocorrelations of the errors, and
directional tests are obtained by choosing an appropriate functional 7. (See Section
5 for some specific details.) Unfortunately, the results of Theorem 1 are only valid
when the “true” value of 6y is known, which in practical situations is unrealistic.
The question is then how are our previous results affected when 6 is estimated?
This is the topic of the next section.

3. TESTS WHEN THE PARAMETERS ARE UNKNOWN

This section extends the results of Section 2 to the more realistic situation where
we need to estimate the parameters 6y to implement the test. That is, we replace
0o by an estimator, say 0 in (3.1) below, in ag n (A). In this scenario and drawing
the terminology from Durbin (1973), our null hypothesis becomes a composite
hypothesis.

A popular estimator of ¥, = (), 0?) is the Whittle (1954) estimator defined as

J. = arg min i 715 W)
9. = a g, uin [ﬂ {log fo (N) + @ £y () } X
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or in its discrete version
- 1 & 17 ()
(3.1) ¥ =arg min — Z {fﬂ ()\j)—i—mdij ,
veOxR+ N = 2m)® fo (A))
where fg(\;) = o2 |¥y (/\j)|/(27r)d and ©® C RP is a compact set. Recall our
notation given in (2.3), and that the true value of the variance of ¢ () is unknown
and therefore we need to estimate it. In this case, the test-statistic becomes

G@,N()‘)_d Al d
et (100 setonr

=1

ag y (\) =271/2N1/2

where Gg n ()) is given in (2.9).
Notice that, contrary to the standard causal models, as Whittle (1954) noticed,
the estimator of ¥y obtained by

2 Z": Ihy) ., 2 zn: 175 (N)

é:argmin— 5, O¢=
06 N 2= Wy ();)| °N

=i
is inconsistent and where now {e ()}, loses its interpretation as the “prediction”
error or that they can be regarded as innovations. The main reason for the lack of
consistency of 6 is that when the model is not causal then [”_ ¢4 (A) dA # 0, where
from now on we write

B0 () = - log fo (N) = (¢ (3),02%)'

and
(3.2) ) = 2 log [ 5 (1) 2
. QDG = 80 Og 0 .

Let is introduce the following regularity conditions on 6y and on the model (1.1)
or (2.11).

Condition C5: 6 is an interior point of the compact parameter set © C RP
and 0% € RY.

Condition C6: ¥y (1)) is a positive and twice continuously differentiable func-
tion in 6 on [—, 7%

Condition CT7: If 6; # 65, then Wy, (A) # Uy, (A) in aset A C [—m, 7] with
positive Lebesgue measure.

The conditions imposed on © and the model are standard so that we omit any
comment on them. Let

_ 1! I (\)
QN = NZ@&(M){W—l}

Il
==
o
1
S
<>
—
>
.
S~—
ASN
<
>~
.
S~—

(3.3) Q9. N

and also, recalling our notation in (2.2),
®y=(21) " [ oy (N dX and Ay =(21)" 1 [ oy (V) ) (A)d.
Notice that we write explicitly o2 as it is a parameter in itself.

Condition C8: Ay, is a continuous positive definite matrix.
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Theorem 2. Under C1-C8 and C5 — C8, we have that
22NV (9= 95) LN (0,85 Vau A5
where Vy, = 2Ay, + £ (33 ) Dy, Py, -
Proof. First, by definition we know that
~ ——1
’19 - 19(] = Q57Nq’l9(],N7

where ¥ is an intermediate point between 1 and @, qy,N is given in (3.3) and @ﬁ’N

n 9% fa () Iy (A)
QﬂNJF* Z (2% 9y (N) - 990’ ){U?I% ()12 _1}

j=—n

= Qon+op(1)
by Lemma 5. On the other hand, by Brillinger (1981, p.15) and standard argu-
ments, since 9 -y = op (1) by Lemma 6, we have that Q1~97N — Ay, = 0, (1). Next,
by Lemma 4 with ¢ (X) = ¢y, (A;) there,

G0 = 3 32 60, O {17 ) = 1} + 0, (1)

From here the proof follows as in Robinson and Vidal-Sanz (2006). g

Looking at the proof of Theorem 2, and denoting in what follows

) = e - [ 300 = 3 0.0)

o) Jr
Pox () = @005 3 @00 Fon ) = (Fow 0),0)

with ¢y (M) given in (3.2), standard algebra establishes that the Whittle estimator
¥ in (3.1) satisfies the asymptotic linearization is

= T ™ n T .
(9-00) = Q@indf G0, N @)+ [y, (A > (QZ(”

(3.4)0, (N—W) .
Then using (3.4) and defining

~ )\ — — ~ ™ — ~ —
%(A%B(A)—(l)d | @ (A)dA)AI(%) | Zon M B @Y.

(2W A —m

where

Ro= o | B3 ()

we obtain the following result.

Theorem 3. Under Hy and assuming C1 — C3 and C5 — C8, uniformly in A € [0, 7],

(A /7]
1 .
(@) o5y (V) = oX (V) - N Z Foon (N9) GO,NNZ% NRENEY)
—[AX/7] j=—n
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where the o, (1) is uniformly in A and

_ 1 <n N
Ao v = N Z ®o.n (A)) Sﬁle,N (Aj) -

j=—n
(0) ag x = Qoo-

The main conclusion that we draw from Theorem 3 is that the T),-process a5
is no longer asymptotically pivotal. The immediate consequence is that tests based

a5 )|

or n (ag N) = (27r)7d ffﬂ ag N ()\)2 d), are not useful for practical purposes. To

on continuous functionals 1 : D [0, ﬂd — R, say n (0@ N) = SUP )¢, x4

overcome the problem of the implementation of n (0@ N), several approaches have
been described and examined to able to compute the critical values of the asymp-
totic distribution of n (0@ N). A first approach proposes the usage of bootstrap

algorithms. This is the route employed, among others, by Chen and Romano (2000)
or Hainz and Dahlhaus (2000) for short-range models using the U, —process and by
Hidalgo and Kreiss (2006), who allow also long-range dependence models using the
T, — process. Of course all those works were for d = 1. A second alternative makes
use of a tuning or smoothing parameter that must behave in some required way as
the sample size increases. This procedure makes the asymptotic distribution of the
tests to be pivotal, so that its critical values are readily available. Among them, the
most popular one is the Portmanteau test. Box and Pierce (1970) showed that the
partial sum of the residuals squared autocorrelations of a stationary ARMA process
is approximately chi-squared distributed assuming that the number of autocorre-
lations considered diverges to infinity with the sample size at an appropriate rate.
Alternatively we could employ a frequency domain approach as in Hong (1996) or
Paparoditis (2000), who compared a nonparametric estimator of f (A) and the para-
metric one. The first downside of the method is that the power of the test is smaller
than the one proposed in the paper, that is if we denote by hy the smoothing pa-
rameter, their test has a local power of order (Nhy) */? whereas ours is N~1/2.
A second potential drawback is that the choice of the bandwidth seems an artifact
when testing for a particular parametric family and the final outcome of all these
tests may depend on the arbitrary choice of the tuning/smoothing parameters for
which no relevant theory is available. That is, there are not rules available on how
to choose the bandwidth parameter. A third approach is in the spirit of Durbin,
Knott and Taylor (1976) for the classical empirical process, and it was the route
followed by Anderson (1997), who proposed to approximate the critical values of
the Cramér-von Mises tests for a stationary AR model. The method considers a
truncated version of the spectral representation of ¥ N with estimated orthogonal
components. The number of estimated orthogonal components must suitably in-
crease with the sample size. Although the latter is for standard time series, e.g.
d = 1, in Section 5, we describe how it can be extended to the case when d > 1.
However, its implementation is very cumbersome even for the rather simpler case
when d = 1. See for instance Anderson (1997) for details.

Finally, a different procedure is that proposed and introduced by Brown, Durbin
and Evans (1975) and examined in depth by Khmaladze (1981). This is the topic
of the next section.

4. MARTINGALE TRANSFORMATION

Theorem 3 indicates that the asymptotic critical values of tests based on « , are
model dependent. This implies that to tabulate its critical values can be difficult, if
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at all possible. However, in this section we will see that we can employ a martingale
transformation to the statistic G N such that the transformed process converges
in distribution to the standard Brownian sheet. To this end, it is first of all of
interest to realize that Theorem 3 (a) provides an asymptotic representation of % N
as a scaled cumulative sum (cusum) of the least squares residuals in an artificial
regression model. Indeed, the uniform asymptotic expansion in Theorem 3 (a)
together with (2.14) indicates that

[AX/n]
27 1
sup |ag n (A) — un (5)] = 0p (1),
T Gy (m N2 g—%m ’
where for j = —n,...,n
un (7) = 12 (\j) = Ppo,n ( Z Poo,n (M) Poo, N (/\k) Z Poo, v (M) II (k)
k=—n k=—n

are the least squares residuals in an artificial regression model with dependent vari-
able I7 ();) and the vector of explanatory variables g, ~ (Aj). This fact suggests
to employ the cusum of recursive least squares residuals for constructing asymptot-
ically pivotal tests, as they were originally proposed by Brown, Durbin and Evans
(1975).

To that end, let us define p* = (0, -7, ...,—7, -+ p+ 1)

Ao (5) = v 3 Bow () By ().
k=j
where recall “<” denotes the lexicographic ordering and let’s assume that
C9: Ay, ~ (p*) is non singular.
Note that p is the dimension of the parameter 6y. Also observe that Ag, n is
a deterministic matrix and thus it can be computed directly from the model. In
particular, Condition C9 is satisfied for all standard models used with empirical
data.
The (scaled) cusum of backward recursive least squares residuals is defined as
. 1 1 [AX/n] . .
Bn (A) = G?V () 91/2 N1/2 Z en(j), A€o,

Jj==[AX/7]ip* <]

where
en (§) = I () = Poo,n (M) bn (3),  p* <,
are the backward least squares residuals and

b (4) = Ag,n ( NZ%U 17 (M)

k=<j

It is worth observing that the motivation not to employ the first “p” Fourier frequen-
cies to compute the least squares recursive residuals ey (j) is due to the singularity
of Ag, .~ (j) for all j < p*.

The empirical process 6[])\, can be written as a linear transformation of a(}v,

6?\7( ) ’Ceo NO‘N (>‘) Ae [0 7T] )
where, for any function g € D [0, 7],
[AA/7] A
1 _ _ . it ~ ~
LongN=gW =5 > GO G) [ 7 (3)a(a).

Jj=—[AX/7]ip* <]
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The transformation Ly, y has the limiting version £, defined as

290 =50- ot [ 2, 0452 0) [ 7, (V) (03)

Agy (V) = / 1 Zo, (1) @, (1) 2.

Notice that L%, is the martingale innovation of a,, see Khmaladze (1981) and
that Ay ()\) = (27T)d Kg.

This type of martingale transformation has been used by Khmaladze (1981) in
the standard goodness-of-fit testing problem, by Nikabadze and Stute (1997) for
goodness-of-fit of distribution functions under random censorship, by Stute, Thies
and Zhu (1998), Koul and Stute (1999) and Khmaladze and Koul (2004) for dynamic
regression models, and by Stute and Zhu (2002) for generalized linear models. See
also Delgado, Hidalgo and Velasco (2005).

Theorem 4. Under Hy and assuming C1 — C3 and C9,

8% (\) =B (i) X e fo,7)?.

where

Because 6(1)\, cannot be computed in practice, as it depends on 6, we suggest to
employ 5 , where

Bon(A) = Lonagn (N

[aA/7]

= — - > eon (j), Ae[0,7]"
j==[aA/z]p* <]

and I On
Wq;((;]))' Po (N bon (4), 7> D",

are the backward recursive least squares residuals in the linear projection of I7 (A;) / [y ()]
on Py (A;), and where

. I ()
bo,N (]) %SDQN ()\k:)|

In order to establish the asymptotic equivalence between 6?\, and 33 , we also
need some extra smoothness assumptions on the model under the null.

C10: For some 0 < § < 1 and all A € (0,7]¢, there exists a constant C' < oo
such that

eo.n (J) =

1 .
sup TP e—— H@e (A) = g, () = Py (M) (0 — 90)“ <,
{e:ll9—6ol1<6} |6 — Ool|
and ¢, is a continuous function in [0, 7]%.

Theorem 5. Under Hy and assuming C1 — C3 and C5 — C10,
o ()= 8% )] =0, (1).

sup
Agf0,7]?

Theorem 5 holds true, mutatis mutandis, with [ replaced by any N''/2-consistent
estimator. Also, from a computational point of view, it is worth observing that

Ay () Bov (\+) B (Mg+) Ag v (4)
N+ %,N (>‘j+) Ae_,}v (4) Po.n (>‘j+)

Ay (31) = Agn () -

)
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and
I (\+)

bo.n (7)) = bo.v (4) + A;}V (77) Po.N () m

= @o.n (Aj+) bo.v (7)

see Brown, Durbin and Evans (1975) for similar arguments, where j* denotes
G,702,78]+ 1) ifj[3] <mn,itis (j[1],72]+1,—n)if j[3] =nand j[2] <7
and it is (j [1] + 1, —7n, —71) otherwise.

Alternatively to 5 7 N> We could have considered the cusum of forward recursive
residuals, i.e. 7

[AX/n]

BE,N (A) = WW 4 Z 7é§,N (5), Xelo,n],

where

bo.n (5) = Z%N (Ak) Lo (o)
By ()
Aox (i) = %Zm(w’wuk).
i<k

In this case, we might take advantage of the computational formulae

Ay (57) don () Box (A) Agn (57)

Ayn () = Ay (57)
0, - ~7 [ ~
N o N+ by ) Ay (G7) do.n ()

and

_ T
B () = B (57) + Ay () O4) | =Gy ) o (7).

where 5~ denotes (j[1],5[2],7[3] — 1) ifj[3] > —n,itis (5 [1],5[2] — 1,n) if j[3] =
—n and j[2] > —n and it is (j [1] — 1,7, 7) otherwise.

This formulation may be useful in small samples when we suspect that the main
discrepancy between the null and the alternative is near m. However, from Theo-
rems 4 and 5, it is easily seen that the empirical processes Bg, y and ﬁ@) n have the
same asymptotic behaviour.

Let n : D0, ﬂ']d — R be a continuous functional, under Hy and the conditions
in Theorem 5,

n(B5.) > ¢ (B),

as a consequence of the continuous mapping theorem. For instance,
—  sup

g A

i ()] 2 [B (5)

SN\ 7 Ae[0,m]? T
1 i im\% 4 1 [T

A (im\ e 1 2

o = x X mn(5) 2n[m(E)as [

J=—nAG*=g

d d

= sup |B(w)l,
welo,1]¢

Ky = sup
(P*=<5)N(—R<j<h)
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5. LOCAL ALTERNATIVES: OMNIBUS, DIRECTIONAL AND
PORTMANTEAU TESTS

In this section, we shall show that tests based on 35 \ are able to detect local
alternatives of the type
1 1 d
HlN : \IJ(A) = \Ijgo (A) (1 + TWZ ()\) + NSN ()\)) s A€ [O,ﬂ'] for some 90 S C"‘),
where f[o,w]d [(A)d\ =0, 1()) satisfies the same properties as ¢, in C10, 7 is a con-
stant, possibly unknown, and for some finite Ny, supy~ x, [$n (*)| is an integrable
function. Let us consider a couple of examples.

Example 1. Take d = 2. We wish to study departures of total independence (the
white noise) hypothesis in the direction of a first-order isotropic scheme

E{x(t,s)|...}:%(m(t—1,5)—|—x(t—|—1,s)+:c(t,s—1)+m(t,s—|—1)),

then we have that

m - 2N(f/2 {cos (\[1]) + cos (A [2])}, A € [0, 7]

So, in this case

I(A) = —=2{cos (A[1]) + cos(A[2])} and T =10,
where the remainder function sy (A) being equal to zero.
Example 2. Toke d = 2. Suppose now that we wish to study departures of total
independence (the white noise) hypothesis in the direction of a first-order (isotropic)

S AR scheme, instead of the CAR scheme of Example 1. That is, we have that under
the local alternatives

z(t,s) = %(z(tf Ls)+az(@+1,s)+z(t,s—1)+x(t,s+1))+e(t,s).
Then, we have that
|\|IJ\I;(/(\;)2 =1- QN?/z {cos (A[1]) +cos (A[2])} + %SN (A), Ae[o,7]".

So, in this case
I(A) = —2{cos(A[1]) + cos(A[2])} and T =10,

where the remainder function sy () is a function of cos (2A[1]), cos (A [1]), cos (2A[2])
and cos (A [2]) and being such that |sny (N)] < C.

For A € [0,7]%, let us define
(5.1)

L\ = (;)d /_ 1 {z ) — B, () 451 () (;T)d / 1 20, (V) 1(%) dx} dx

M(\) =B (i) +7-L(\), Aelo,7]".

We have the following theorem.

Theorem 6. Assuming the same conditions as in Theorem 5, under Hyy,
By n = M.

Proof. The proof follows by Theorem 5 and standard arguments, so it is omitted.
O
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When d = 1, we know that using the fact that M and B are identically dis-
tributed, except for the deterministic shift 7 - L, and taking into account that
21/2sin ((j — 1/2)A) and 1/ (j — 1/2)° 72 are the eigenfunctions and eigenvalues in
the Kac-Siegert representation of B (\/7), the orthogonal components of M

m(j) = 21/2 (j—;) /Oﬂsin(<j— ;) /\)M(/\)d)\, j=1,2, ..

are independently distributed normal random variables with mean 7 - ¢(j) and
variance 1, where

((j) = 2%/? <j - ;) /Owsin ((j— ;) )\) L(\)d\ j=1,2,..

In the general case d > 1, the previous formulae becomes

m(j) = 242 szl (j e ;) /_7; szl sin ((; [0 — ;) A) M (\)d\, j=1,2,..

which are independently distributed normal random variables with mean 7 - ¢ (j)
and variance 1, with

() =242 H::l (j e ;) /_: szl sin ((g [0 — ;) A) L\ d\, j=1,2,..

Using, the (asymptotically) orthogonal components of 35 ;, for j = 1,2, ...,

i () = 22 [ (j - ;) J ((J - ;) A) Bow VA,

we obtain the spectral representation,

on (A) = 21/2 Zﬁlz\f (4) szl sinﬂ(g [[2 : 2;)) A ,hefo, ).

By Theorem 6 and the continuous mapping theorem, finitely many of the my (j)’s

converge in distribution to the corresponding m (j)’s under Hiy. On the other
hand, using Parseval’s Theorem, we obtain that

foas m()
On % .
PR 1 G-

Using similar arguments to those in Eubank and LaRicca (1992) in the context
of the standard empirical process with estimated parameters, tests based on

q
Won = > M3 (4),
j=1

with a reasonable choice of ¢ > 1, will lead to gains in power, compared to éN, in
the direction of alternatives with significant autocorrelations at high lags. These
Portmanteau tests are related to Neyman’s (1937) smooth tests, a compromise
between omnibus and directional tests, and for each ¢ > 1, under Hiy, we have
that

q

d .

Wyn — Xg 72 ZZQ (J)
=1

That is, tests based on Wq, ~ are asymptotically pivotal under Hy (7 = 0) for each
choice of ¢, and more importantly, they are able to detect local alternatives con-
verging to the null at the parametric rate N /2, provided that ¢ (j) # 0 for some
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7 =1,...,n. The latter is in contrast with the classical Portmanteau tests based on

qN

~ 2

(5.2) Quwv = (N5 ()
j=1

where py (j) is some estimate of the “j — th” autocorrelation of the residuals. It
can be shown(as in the case d = 1) that @qN,N is approximately distributed as
a ngfp under Hj specifying a short-range model and assuming that ¢y diverges
as N — oo. On the other hand, the resulting test is able to detect alternatives
converging to the null at the rate (]11\,/4N*1/2 (see e.g. Hong, 1996) when d = 1,
which is slower than N—1/2,
In practice, it is recommended to use the discrete version

q
Wan =Yk (5)
j=1

of Wq,N, with

i (j) = 24 {Hf_1 (j ] - ;) } %d gj [T sin ((J ] - ;) ff) B x (”f) .

On the other hand, optimal tests of Hy in the direction Hqy can be constructed
applying results in Grenander (1950) (see also Grenander 1981, and references
therein), as was suggested by Stute (1997) in the context of goodness-of-fit testing
of a regression function. Asymptotically, testing for Hy in the direction of Hypy is
equivalent to test Ho : E(m (5)) = 0 for all j > 1, against Hy : E(m (j)) = 7 - £(j)
for all j > 1 with L known, but maybe with unknown 7. Under H, the distribution
of {m(j)} j>1 is completely specified, as is also under H, when the parameter 7 is
known. Then, the likelihood-ratio for a finite dimensional set (m (1), ...,m (q)) is

(5:3) L DM CIORE

Grenander (1950) showed that A; —, As as ¢ — oo, and that the most powerful
test at the « significance level has a critical region of the form {A. > k}, with
Po{Ao >k} = aif 3372, (2 (j) < oo. The latter condition is satisfied in our
context by Parseval’s Theorem and A3(c) because [ is a square integrable function.

Define
S5 L) mG)
(Zrem)”

Then under Hy, ¢ < N (0,1), and in view of (5.3), ¢ forms a basis to obtain
optimal critical regions. When the sign of 7 is known, the critical region of the
uniformly most powerful test at the « significance level is {¢) > z;_,} when 7 > 0
and {¢ < —z1_4} when 7 < 0, where z, is the v quantile of the standard normal.
Also, when the sign of 7 is unknown, the most powerful unbiased test at the «
significance level has critical region given by {|z/1| > 21_q /2}.

These arguments suggest an (asymptotically) optimal Neyman-Pearson test in
the direction of Hjx based on the first ¢ orthogonal components of 35 , using the

test statistic
~ i L(g)mn ()

'(/Jq,N = .
(S @)

P =
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Schoenfeld (1977) proposes the same type of statistic in the standard goodness-of-
fit testing context. Under Hj and the assumptions in previous sections, we have
that
7,7;117]\, 4N (0,1) as N — oo for each fixed q.
Also, arguing as in Schoenfeld’s (1977) Theorem 3, it can be shown the con-
vergence in distribution of 12 .~ Wwhen gy increases with N. Approximately op-
timal tests for Hy in the dlrectlon of Hin reject Hy at the « significance level

when ‘1/1%, N’ > 21_qy2 if 7 has unknown sign, 1/) v.N > 21— when 7 > 0 and

qu,N < —2z1_q when 7 < 0.

6. LEMMAS
First, we introduce some notation. We denote the conjugate of a complex num-
ber a by @. Also, for a generic function v ()), we abbreviate v (A\;) by v; =

(l/j[l], e Vj[d])/ and C will denote a generic positive and finite constant.
For the next two lemmas, we shall assume that {£ (t)},c4 and { (t)},4q are two
stationary spatial processes with a representation as that in (1.1) and whose respec-

tive errors satisfy C'1. Also fee () = (2m) ¢ Y ieza BE(@) C(t+ 7)) exp{—ij- A},
the cross-spectral density function, is a twice continuously differentiable function
in A € TI%. Denote Z¢ = {j : (-n < j <a)A (0 <j[1]}.

Lemma 1. Consider j € A Then,

d
(a) B(wi,wl;) = fec; =0 (n7?): (0) B(wg wl;) =0 (HJ V1_3> :
/=1

Proof. We begin with part (a). By definition, the left side of the equality in (a) is

/Hd (fec (N) = fec (A HKT = Ajig) dX,

surprising any reference to £ in K/ , and/or De for notational simplicity.
Now, because fge (A) is twice continuous differentiability and fn pKT () dp =0,
we have that the last displayed expression is bounded in modulus by

/ ZZP‘ = Ajta| [Alp] = ][P”HK — Xjjg) X

(=1 p=1

< C/HdZ|W] Mta HKT Ajta) d

by the Cauchy-Schwarz inequality. Now, using (2.5), that the Fejer’s kernel inte-

grates 1, and that Z?[[; he (£[€])* > Cn[f], we obtain that the right side of the

last displayed inequality is bounded by

C 4 d )
% [ o A8 = X [T min {mn¢ |\ = o]} ad =0 (072)
=1 =1

by C2 and standard algebra.
Next we show part (b). Again by definition and that |fee (V)| < C, we obtain

that ‘E (ngwg]) is bounded by
d

d
C/Hd [fec O »7t DT (M = A1) DT (MO + M) [dr < C[T5107°
{=1

{=1
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by standard arguments after using (2.5). O

- d
Lemma 2. Let k < j € Z% and Cjk = min{H o

— 710 — k0.2, lean }, where

|q|Jr =max{1,|q|}. Then,
(@) B(wg,wly) = (4%/67) feck +O0(cjr)  (0) B (wg wiy) =0 (en).
where dy 18 given in the proof.

Proof. We shall handle part (a) only, being part (b) identical. By definition,

d
(6.1) E(wi w(,)= /Hd fee (V) Hn[g]—l DT (A[f] = i) DT (Akgg — A1) dA.
(=1

Because |fec (V)| < C, the modulus of the right side of (6.1) is bounded by
1 AGLa+k) /2 ™ ., :
1l / +/ [DT (X[ = Xjia) [ DT (Awgg — AL4]) | dA [4]
=1 T AGle+kle]) /2

using C'2. Now using (2.5), the contribution due to a factor of the type f:\g[”*kmw
is bounded by

Clil -kl ;3/

—T

AGLa+ke) /2

DT (Awga = Al [ ax1d =0 (1510 - k1415°)

because foﬂ |DT ()\)| dix < Cif )\km < )\j[[] and if /\j[é] < )\km by C |] [ﬂ] —k [f”;g
Aotk | DT (X (0] = Ay )| dA[€], which is also O (| il - k1[4 ;3). Recall that

—Tr

k < j we can have that for some ¢ = 1,..,d — 1, Ajiy < Agq- Finally, pro-

ceeding similarly the contribution due to a factor of the type [ ;\T( ke 1]
J

0 (|j [ — k [K]\J_r?’) Now conclude by Holder’s inequality that ‘E (wg]wgk)‘ =

o(ITL, it - r1a")

On the other hand, using (2.6) we have that the right side of (6.1), except
multiplicative constants, is

is also

d
/m fee WV T n " {D (A0 = Njig—1) = 2D (A1l = Ajp) + D (M = Ajg1) }

(6.2)
X {D (M1 — A[0]) = 2D (A — A1) + D (Mkge1 — A[4) } dA.

We shall distinguish two cases. (i) when for all £ = 1,...,d, |k[{] —j[{]] < 2 and
(73) otherwise. Let us examine when (¢) holds. Because for ¢ [(] # T [¢],

| P O8=210) D (g = A1) a1 =0,
Il
we obtain that a typical term in (6.2), except multiplicative constants, is
d
N[ e )= fec D TLD (1= Aja) D (g = A18)
=1

which, by the mean value theorem, is bounded in absolute value by

1 4 d logn
N [ el TTD (8 = vl 10 G =2 )] = 0 (227,
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because [AD (A)| < C, [ |D (M) dX = O (logn) and the Cauchy-Schwarz inequality
imply that [i;|D (A= Xjig)]|D (Akgg — A)| dA = O (n).

Next, we examine case (i7). By (2.6), Hé*l DT (N[0] = Xjig) DT (Mg — A [4)
is, except constants, -

TIE" (A0 = M)

dy+da
X H {D (X1 = Mgg) — 2D (A1) = Mjg1) + D (A0 = Appeg2) }
t=di+1
XAD (M1 = A) = 2D (Mg = A€) + D (Mgpger — A1) }
dy+da+ds
< I {D (A= A1) = 2D (A0 = Ajga2) + D (A0 = Aigege3) }
l=di+da+1
XAD (M1 = A1) = 2D (Mg = M) + D (Mgpg a0 — A1) }
d

x JI AP =XNwa) —2D (A0 = XN) + D (A = Ngi)
t=dy+da+dz+1

< AD (Aeg—1 = A1) = 2D (Mg = M) + D (Mg = M) }

where we have assumed without loss of generality that the first d; “coordinates” are
such that k [¢] = j [¢], the next da are those such that |k [¢] — j [{]|] = 1, the next dj
are such that |k [¢] — 7 [¢]| = 2 and the remaining ones satisfy that |k [¢] — j [¢]| > 2.

Now, proceeding as with (7), if d;+da+ds < d, we have that (6.2) is O (nil log n)
So, it suffices to examine the situation for which dy + ds + d3 = d. It is easy to
observe that we only need to examine terms of the type

ﬂKT (A1 = M)
=1

di+da
x2® TT AD (A= Akgg) D (g = A1) + D (A = Awgagea) D (Angen — A1) }
l=di1+1
d
< I DO = Megs1) D A1 — Al)
l=di+da+1

where for simplicity we take k [¢] < j [¢]. Now recalling that n=' | D (A[f] — Ag(q) ‘2 =
K (A[] = Xgjgy), (6.2) is 272 /6¢ times

di+da
/fsc {HKT M) [T K M = Akgg) + K (A0 = Ageg1) }

l=di+1

H K (A0 = Arg1) } dA + 0 (i) =2%fecx +0 (n7")

{=di+d>+1

since by assumption feer — fec w1 = O (nil) and then proceeding as with the
proof of Lemma 1 part (a). This concludes the proof of the lemma. O

In what follows, we shall abbreviate wl (\) /¥ () and w? (A\) by u ()\) and v ()\)
respectively for all A € I1%.
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Lemma 3. Let ¢ ()\) be a continuous differentiable function in 11¢. Under C1-C4,
we have that for allT < s € 7

69 sSonm-u| =0 (2 Tk -re,).

Proof. Denote w; = uj — v;. By standard arguments, the left side of (6.3) is

ZC?E{@j@j@j’U)j}“r‘ Z CjCkE{Uj@kijk}

j=r ks
ZC {aj1 +aj2} + Z CiCh {bjka + bik}
JFk=r
where
_ _ 2 2
a1 = B(v;v;) B (wyw;) + [B (v;w;)]” + [B (vjw;)]
ajo = cum(vj,T;,T;,u;j) + cum (vj,T;,T;,05)
—cum (vj,T;,0;,v;) — cum (vj, T, uj,Ty)
bjika = E(vvg) BE@jwi) + B (v;w;) E (wk) + B (vjwi) E (0xw;)
bjk’g = cum(vjﬁk,ﬂj7uk)+cum(vj,ﬁkﬁj,vk)

—cum (vj, Tk, Uj, vg) — cum (v;, T, Uj, T,) -

After observing that E (v;u;) = 1+ O (n™?) and that E (v;w;) = E (v;u;) —
E (v;7;) by Lemma 1, we have that aj; = O (n~2), whereas Lemma 2 implies that
bik,1 = O (¢ji), with ¢, as defined there.

Finally we examine ajo and bji 2. Using formulae in Brillinger [(1975), (2.6.3),
page 26, and (2.10.3), page 39|, we deduce after standard algebra that

W (1) T T
b; = —~—1|D*(A=X;))D A
k.2 NQ/Hd/Hd( ; )( T, (A=) D7 (u+ Ax)
x DT (N\j — Ag — A — p) dMdp.
By the Cauchy-Schwarz inequality, we have that |bjk72\2 is bounded by CN~! times

/nd (\P‘Ifj\)_l)ZKT()\_)\j)d/\ 14 (w_1>2KT(“+/\k)KT(/\j—/\k—/\—u)dAdu.

k

Proceeding as in Lemma 2 and by C4, we then obtain that b,;2 = O (n_QN_l/Q).
Likewise ajo = O (n’zN -1/ 2). From here, the conclusion of the lemma easily

d
follows by observing that H£—1 |s[f] —r[f], <N. O

Lemma 4. Let { (A) be a function as in Lemma 3. Then, under C1-C/,

[AX/]
E sup Z CJ{\I!| 7]} :0(N1/2).

€07 | j= [ /]

Proof. We shall consider the proof in the positive quadrant Z[ bemg the proof
for the remaining 2?~! — 1 quadrants similarly handled. By Markov s inequality
and the triangle inequality, it suffices to show that

(6.4)

Esup ZC {\I, E Tﬂ} <BEsup Y _[¢] u; — v’ +2Bsup |y Cv; (@5 — 7))
* =1 =t
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iso (Nl/Q), where we abbreviate “sup,_; ;" by “sup,”.
The first term on the right of (6.4) is bounded by

O (Bl ~ 1) — (B(uym) ~ 1)~ @ @)~ 1)+ (B> 1)} =o (N172),
j=1
because \Cj| < C, d < 4 and by Lemma 1, say,

T _ B ; 0, _
(ol & ) st (o (os{ B0 ) o2 { 0l [) =00

Next, we examine the second term of (6.4). To that end, let ¢ =0,...,[n°] — 1
for some 0 < ¢ < 2/ (3d). (Recall that [7¥] = ([a¥ [1]] ,... [n¥ [d]]) for any ¢ > 0.)
Using the inequality

2 2 2
(6.5) (sup, lepl)” = sup, lep|* < lel”,
P

the triangle inequality implies that the square of the second term on the right of
(6.4) is bounded by

(6.6)
s al)n/] ? a(s)i/ 7] ’
B max = Y ¢ @ —1)) + Bmax > G @ -1y)|
) j=1 j=1 ) j=1
where ¢(s) denotes the value of ¢ = 0,. .., [7°]—1 such that ¢(s)n/ [1°] is the largest

vector s; such that s; < s, and using the convention Zj:c =0 if d < ¢. Herewith
we denote (n[1]/[n° [1]],...,n[d] / [n° [d]]) by 7/ [n°].
From the definition of ¢ (s) and (6.5), the second term of (6.6) is bounded by

(A)-1  |qi/ (7] ?

Z B Z Gjuj (w; — ;)| =0 (Nlﬁn*z/?’ log” n)

q=1 j=1

which is o (V) by Lemma 3 and because ¢ < 2/(3d). To complete the proof we
need to show that the first term in (6.6) is o (V). To that end, we note that it is
bounded by

S

E max max v; (W — 0
q=1,...,[715] =1 s=Ltqi/ [, (g4 1)/ [s] | Z ~ G503 (@ = 3)
j=1+4qn/[nc]
. 2
which is O (N¢) Emax,—1,._/[us] ’23:1 Cv5 (aj — aj)‘
So, we have that the square of the second term on the right of (6.4) is
2

O(N"tn=2/3) + O(N)E max i (T, —U;
( ) HOWNIE _ max gc (@)~ 7))

Observe that the second factor of the second term of the last displayed expression
is similar to the second term on the right of (6.4) but with s = 1,...,72/ [2°] instead
of s =1,...,n. So, repeating the same steps, the last displayed expression, so is the
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square of the second term on the right of (6.4), is

t—1
0] <{N1+§ + Z N(1+<)(1—§)q+1+< >g—o(1=¢)P } n—2>

q=0
2

+N§Zg:0(1_§)pE max oy
1.y (7) [5])" ZC] !

70— <)

= O(N1+§n_2/3) Z E ZC’UJ —75)| =o0(N)

after choosing ¢ large enough because ¢ < 2/ (3d) This completes the proof. O

Lemma 5. Let ¢ (A\;9) be is as in Lemma 3 for all ¥ € © x RY, and continuously
differentiable in ¥ for all A. Assuming C1 — C4, then,

IT
—  sup Z§ <|\I/9 j| 1) =0, (1).

N YEO@XRT j=——

Proof. By the triangle inequality, the left side of the last displayed equality is
bounded by
(6.7)

¢ sup Z ¢, (19)( o —IET.> +g sup Z ¢; (9) (Igj—l) .

3]
N yeoxrt | 2= 78 N yeoxr+ |

j=—n

Now, because by assumption | (A\;¢)| < C, the first term of (6.7) is bounded by

el Z ~ ~

]777,

n n

C C _
<% > |Uj—vj|2+ﬁ > vy (@ —5)] =0, (1)

== ==

_ 1T
|\Il9oj| =

by Markov’s inequality because by the Cauchy-Schwarz inequality E |v; (T; — U;) |2 <

E |vj\2]E [a; — ij|2 and then proceeding as in Lemma 3. Next, we show that the
second term of (6.7) is o, (1). But this follows by standard arguments because

¢, () is continuously differentiable in ¥, and thus it is omitted. O
Lemma 6. Assume C1 — C3 and C5 — C8. Then,
0 — 9 =o0,(1).

Proof. The proof follows very easily using Lemma 5. Indeed,

17 fo I
| ) n ey 0,J -1
N Z {ngﬂ, (27r)dfq9,g} Z fo.i ( 2m)" f9,,5 )

Jj=—n ]_ n

+i Z fﬁod o fﬁod
fo.j fﬁ,]

N
However the second term on the right converges using Brllhnger (1981, p.15) to

A{%fn)bg(%(())}d”/ for ar 2 C3 [ g, 0

with equality when fy, (A\) = foy (A) which is the case only if ¥ = Y9 by CT.
On the other hand, the first term converges to zero uniformly in ¢ by Lemma 5
because f, jl f9,,; satisfies the same conditions as ¢ (A;9) there by C6. From here
the conclusion of the lemma is standard and so we omit its details. ]

+10gf190j

j=—n
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Lemma 7. Assume C1 — C8. Under Hy,

1 /A 7. 1 /A
z,j _ T
N1/2 Z G 7 1 ~ N1/2 Z S (Ie,j_l)
—[AX/~] ‘\IJ" j=—[nax/x]
1 L / 1/2 (¢
(6.8) | X s | N (0-00) +0, (1),
j==[ax/7]

where the o, (1) is uniform in A € [0, 7] and where ¢ (\) is as in Lemma 3.

Proof. The difference between the left side of (6.8) and the first term on its right
side is

(6.9)
1 [AX/ ] | . |
n_> ¢J| CE1R (9 )
j=—[AX/x] 900 ‘\Ifgyj
+ <7 6 IZ,-)— C%,.; (e o)
N1/ j=—[AX/x] |\I’00’J| ’ N1/2 —[AX/ 7] o7 \IIGOJ‘

First, because each component of the vector ¢ ( )gbeo (M) satisfies the same condi-
tions of ¢ (A\) in Lemma 3, Markov’s inequality implies that

IT
(6.10) N1/2 Z < ¢60,J <|\Ij )j‘| - Ig;) = OP (1)7
00,7

j—*’ﬂ

whereas proceeding as in Robinson and Vidal-Sanz (2006),
1 7i

Hence the third term of (6.9) is N~' 37" "’\/” ;09,2 (5— 00) + 0p (1) using

(6.10) — (6.11), whereas the second term of (6.9) is 0, (1) by Lemma 4 and Markov’s
inequality. Finally by the mean value theorem, the norm of the first term of (6.9)
is bounded by

[aA/7] T )
12 N1/2H0 0 H 2 _—0, ( -1 2),
(6 ) C 0 N1/2 Z |\IJ(_) |
j=—[nA/x] 0,J
by Theorem 2 and (6.10) — (6.11). This concludes the proof. O

We now introduce the following notation. For vy < vy € [0, 7]%,
[Rvs /7] 1/2 n
1 N/
(6.13) &N (v1,02) = N Z ¢ ( 0 Z ( )>
=i /7] =1 R t=1
1 [Avs /7] n

N1/2 ' ‘
(6.14) & (v1,v2) = N Z ST S RZ(Y) Z el (t1)e” (t2) eiltit2) Ay
j=[Av: /] =1 t1£ty=1

where by definition &1 n (v1,v2) + &2, (v1,v2) = 1/ Z‘[jnu[?n,/vi]/ﬂ]—&-l ( . 1)
and T (t) = h(t)e ().
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Lemma 8. Let vy < v < vy € [O,F]d. Then, assuming C1 — C3, and for some
B >0, with ¢ (\) as in Lemma 3,

(6.15) E(|5j,N (01, 0)° €. (v,v2))] ) < CH Q- )2, j=1,2

Proof. The proof follows proceeding as that of Lemma 6 of Delgado et al. (2005) and

pe/ml g

observing that because ¢ (\) is a continuous function, then ‘N ! > s /)41 Sp| <

d
Cszl (v [€] — vy [€]) for any g > 1. O
d
Next we will show that the processes <H£1 A [E]_U) (&1,5 (0,A) and & n (0, )

are tight for some values of v > 0. From Bickel and Wichura (1971) it suffices to
show the following lemma.

Lemma 9. Assuming C1, for any 0 < v < 1/4, we have that

(6.16)
(€) (€)
d &N (07 Al[f]) EIN (07 >‘2[€ 2-20
(a) E : v - : v <C >\ 4]
HZ:I )‘1[5] 5] H 2[ ])
(6.17)
(£) )
d &N (0? )‘1[5]) &N (0’ )‘2[5] 2 4v
(b) E . v - : v <C )\ {4 - A 14
II.., N 5 IT,_, Cato — M)
for all M\ < Mgy € 0,7, £ =1,...,d, and where, say,
[ﬁ)‘z[zl/ﬂ} 1 n
¢ 1 N'/2 ity —t2)-w;
En g do) =~ D0 G om0 > ()" (k) et
Fl=[AX1(e /7] t=1 t1#t2=1
[AXa(e) /7] —
) B 1 N/ 9
trownd - (25" o) (o)
= t=1

JlO=[AX1(g /7]

Proof. We begin with (b). By standard inequalities and then by Lemma 8, the left
side of (6.17) is bounded by

a E% (Mg Aaga) ! d 1 1\ d 4
CE (HH ”U) +C11,_, (U - U) E (HH ESN (o,Alm)>

2[4] Mg A2

4
d (Mg — )\1[4 1 2
(618) S C Hé:l T&] CHZ 1 )\1 % )\1[Z].

Consider the case that Ay — Aypg < 21 Aqje first. By mean value theorem, a
typical factor on the right of (6.18) is

2 4
Ajg —Mapg)” € v* (Agpg — Mijg)
Aaln AsfgAt ” (Bhagg + (1= 8) dogg) ™"

2—4vu

< C{ (o = M) AT (ot = )}

where 8 = (3 ()\1[@],)\2[@]) € (0,1), and then because )\2[4] > )\[@]1 > 2 ()\2[5] — )\1[@]).
But the right side of the last displayed inequality is bounded by C' ()\Q[g] — )\1[@])27%
since /\2[5] — )\1[@] < 2_1)‘1[Z]-

ol
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Next, consider the case for which 2_1)\1[g] < Agpqp — A1jg- Using the inequality
a* — b < (a—0b)° forany 0 < ¢ <1 and a > b, we have that (6.18) is bounded by

v |9
2—4u ()\2[15] - )\1[@]) Al d 2—4v
CH@ 1 { —Aig)” T+ W <L, el =)™,

Al[@ )\4

where we have used that Mg — A < )\z[g] and Ay < 2 (/\2 [¢] — )\1[@]). This
completes the proof of part (b).
Next part (a). By definition and C1, the left side of (6.16) is bounded by

2 2
[fia /7] [fid1 /7]
C 1 Aol — Mo
|y X o) +eIl (”” ¥ X6
H A2lg j=[Ar1 /7] 21
= 1
2—2v
< CH (X2 — Ma)
by continuity of ¢ (A) and proceeding as in part (b). O

In what follows Hgn (k) = @y Ay y (k) and k = #{j <k}. Also, Ao =

(O, =TTy ey — T, )\)

Lemma 10. Assuming C1 — C3,C5 — C10, for all € > 0,

(6.19)
[AXo/ 7] T
H, k - I ;
lim limsupPr ¢ sup |— Z %/Q()ZSDGOJ o] s —1]|>e,=0.
A——7m N—oo A=Xo k=[AX/n];p* <k j<k ‘\I],éj‘

_92 R
Proof. Denote ‘W@J, I IT =1 ET j by sy and let A < —7 /2 without loss of generality.

2
Because “Ilﬁ,j IZJ- — 1 =5 +mn;, where n; = IT. — 1, we have that

€,j
(6.20)
[0 /7]
1 Hy N
sup N Z %/229090] %J—i—')]])
A=A k=[AX/m];p* <k =<k
[ﬁ)\o/‘ﬂ'] 5 73
C B\ 2
SN Z [ Hoo,n (K)|| (1 + ~) sup 2 Z(p% %
N k=[aX/m];p* <k n p*<k<[ANo /7] N / =
,é
2
+ s Poo.iM5| ¢ -
p*<k<[AXo/x] Nl/2 Z 0,J'15

=<k

for any 0 < 6 < 1. The first factor on the right of (6.20) is bounded by

[AXo /7] ;
1 s = \5-1 2\ 9/2
Clagm 3 Tonull G+ <0 (4 )™
using that HAa_Ol,N (k)H <C (E/N)*l7 because || Ag, (M| > CH ¢ by C9 and

because continuity of ¢, (A) implies that sup |4, n (k) — Ago ([km /2| =
p* <k<[Xo /7]
O (n71).

Next, by Lemma 9, the second term inside the braces on the right of (6.20) is
O, (1) for § > 0 small enough, whereas Lemma 7, Theorem 2 and continuity of
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©p, (A) imply that the first term is bounded by

s _3
g\ 14 k)7 N

O, sup (1 + ~> +0, sup % =0, ((71' + )\) )

—n<k<[ANo /7] n —n<k<[AXo /7] n

N
because 771 < inf_5 cp<ping/a) (1 +&/7), 0 < < 1. So, (6.20) is O, ((w + )\) >,
which implies that (6.19) holds true because § > 0. O
Lemma 11. Assuming C1 — C3,C5 — C10,

1 [AX/7] 7. 1

] o @i —

(6.21) /\zl[tp ||V E (909,]‘ ‘Peo,j) s—1]|=0, <N1/2> .
o j=—[aA/x] ’Waj

Proof. The expression inside the norm on the left of (6.21) is

[AA/x] T

1 , 7. _
N1i/2 Z Poo.j =y -1 (0 - 90)
j=—[ar/m] )ng
Y ~ o
./ x,
(622  +05 > (93,5 = %00 — #hos (- 60)) i1
j=—[ar/m] (WgJ

By C10 and then noting that |a —b| < (a —b) + 2b for @ > 0 and b > 0, the
norm of the second term of (6.22) is bounded by

N 2
HH—H()H n T, 1
z,] —
¢ N1/2 Z R _OP(N1/2>

’Wa~
J
by Theorem 2, Proposition 1 and Lemma 7 with ¢ (A\) = 1. So, uniformly in A
the second term of (6.22) is o, (1). Likewise, the first term of (6.22) is O, (N~1/2)
uniformly in A using Lemma 7 with ¢ (A) = ¢y, (1) and Theorem 2.

Lemma 12. Assuming C'1 — C3,C5 — C10, for all e > 0,

j=—7

(6.23)

1 [AXo /] HA T
lim limsupPr ¢ sup N Z 1/2 Zgoej 2 —1||>ep;=0.
A——m N—oo A=Xo k=[A\/7]:p* <k j=<k ’\I{e ;

Proof. Notice that Theorem 2 implies that it suffices to show (6.23) in the set
{ = 90” < CN_1/2m]_V1}, where my + my'N~'/2 — 0. On the other hand,

Lemma 11 and then Lemma 7 imply that, uniformly in k,

1 - 1 -~ ~
N 2P0 = | 2 PP | N (60 N 6) +op (1)
i<k i<k
1 ~ 1 ~ ~1/2
(6.24) N1/2 Zwﬁ,jni - N2 Zsp%dnj +0p (N / )
Jj=k j=<k

proceeding as in the proof of (6.21) but with s¢; + 7, replaced by n; there. Observe
that we can take A < *7‘(/ 2. Next, uniformly in k, C'9 implies that

ap (£) " ot 2] -0, fp-od]
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which will imply that, with probability approaching one, as N — oo,

|

So, we have that for 0 < § < 1/2,

-1

A7 )| < 45ty @) (1+ CN T 2mE) < ¢ (k/N)

[fiXo/ 7] T
1 H@ N (k) [w .

(6.25) sup || > N1/ > %, it
AZAo k=[iX/7]:p* <k =<k ‘\Ifgj

IN

1 e\ "1/
O N k;ﬁ [ <1+ﬁ>

—46/2
k 1 o\ 6/2
X ) Su}? (1 + ’I~7,> W E ¢90,j77j + Op ((7’( + )\) ) s

—n<k<[nXo /7] i<k

by (6.24) and because 71 < inf_j<p<inrg/x] (1 + k/7). But Lemma 8 implies that
(1+5) P NY2S g,y = 0p (1), and by €4,

SUP_fi<k<[nXo/x]

[AXo /7]

1 k —1+446/2 N 6/2
supN Z ||¢>90k|| (1—!— > SC(?T-FA) ,

o\ 6/2
and hence the left side of (6.25) is O, <(7T + )\) ) From here we conclude that
(6.23) holds true because 6 > 0. O O

7. PROOFS

7.1. Proof of Proposition 1.
We shall be a bit more general. Indeed, for a vector function ¢ (A) as in Lemma
3, we will show that

[fip/ 7]
1
Svw=v D ¢GUIL;-1)=Bcw), pe [0, )
j=—lnp/x]
where for i < v € [0, 7], Cov (B¢ (p),B¢ (v)) = (2—}—,%( 33) )f”u ¢ (X)dA

To that end, it suffices to show that (a) for all € [0, ],

[/ ] d\
(7.1) ﬁ Z ¢ (I —1)i>N< (2+n<§2>> C(A)g(,\)d/\>.

j=—[n/] —n

(b) The covariance structure satisfies

! [fv /] I3
NEL Y G-y Y G-y (Hn(ii))/m)c’uw

j=—[nu/7] j=—[nv/7] s

for p < v, and (c) the process {SN (W) :p € [O,w]d} is tight.

We begin with (a). Its proof follows directly by that in Robinson and Vidal-
Sanz (2006) and observing that because ¢ (\) is Continuously differentiable, then by
Brillinger (1981, p.15), N~ /T ¢ich—(2m) ™ [* ¢ (N C(A) dA = 0, (n7Y)
and thus it is omitted.
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e,j7 e,k

Part (b) follows after observing that EI7; =1 by C1 and E (IT Ir )

- - E{e r ET s e—i(t—s)‘kj-i-i(’r'—u)&\k
<ZH >>ts;1{ et )

K 35
(j—k=0n)+Z(j+k=0,n)+ N ( +kK <32> )
using that, say Zn[é]] Lhe(t[0)e —ipll)(Njw=ria) = p, [T (j [E] + k6] =0,n[f]) and
that by Brillinger (1981, p.15) we have that N~ 37| h? (¢ = Jio.ye 1P (w) du for
all p > 0. Finally, part (c¢) follows by Lemma 9 with v =0 there

7.2. Proof of Theorem 3.
Part (a). By Lemma 7 with ¢ (A\) = 1 there and the definitions of Gy n (A) and
G (1), we have that

[AX/ ]
1 - . ~
NP (G N =G W) =5 X Bhw @) N (0-60) +0,1)
j=—[ax/x]
| A/ B 1 7i 7,
~1 . — ~ z,
(7.2) =~ Z $oo,N (7) Aool,N N1/2 Z $oo,N (k) o
j=—[AX/x] k=—* W65,k
+op(1),
by Theorem 2, where the o, (1) is uniform in X € [0, 7]?, where Po.n (k) = P v (k).
But using (2.14) and that |Gy, n (1) — G% ()| = 0p (N~1/2) by Lemma 4, then
by (7.2) and (6.10), uniformly in A we obtain that
I (G N -G )
a ; A0
1 1
(7.3)  +G5 (V) N1/2 -
O.N Gy () G ()
T 1 i
~1 .
= Oé(J]\/' (A) - N Z <¢QO,N (]) AGO,N N1/2 Z @00 k) Ig:k) + Op (1) )
j=—[nX\/7] k=—n
which concludes the proof of part (a), because G%, (1) — 1 = o, (1).
Next part (b). Taking into account part (a), part (b) follows because Theorem 2
guarantees the fidi’s convergence of o, and its tightness. Tightness of the second
term on the right of (7.3) follows by (6.11) and because ¢, (u) is continuously
differentiable. This concludes the proof. U
7.3. Proof of Theorem 4. Using (2.14), we obtain that
(7.4)
. 1 [AX/x] 1
Bn (N) = Nz Z (IF; —1) — Ho, v (j) N Z@GU,N (k) (12, —1) | +0, (1),
j=—[nA/ml;p*<j k<j

where the o, (1) is uniform in X € [0, 7]%. Recall that Hy ~ (4) = Py N )Ae_j\, (7).
Suppose, to be shown later, that the convergence in )\o <A holds true for any

Ae (—m, ), where A\g = (O, Ty ey — T, /\) Then, because B (A\/7) and the limit
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of the process N~1/2 ZE"Z/\_/E]U\/W] (1X; — 1) is continuous in II, Billingsley’s (1968)

Theorem 4.2 implies that it suffices to show that for all € > 0,

[iXo /7]

Hpy N (§) x— ~ .
; ~Z .WZ“OGO;N(]C) (Ig,k;_l) > € :0’
J=[AX/7]sp* <] Py

lim limsup Pr ¢ sup
A——71 N—oo A=<Xo

==

which follows by Lemma 10, cf. the second term on the right of (6.20).

So, to complete the proof we need to show that, for any A € (—m, 7),
(7.5)

[A/7]

1 1 /A

N1/2 > (I2; — 1) — Hoo N Z<peo, -1 | = —B (W> ,
Jj=—=[AX/7]p* <y k<J

in Ag = A. Fidi’s convergence follows by Theorem 2 after we note that the second
term on the right of (7.4) is

1 n 1 EA[RA/ 7]
i N Z Hoov () | @opn (k) (12— 1)
k=—n —[AA/7]

[AX/ 7]
in Giraitis, Hidalgo and Robinson’s (2001) Theorem 4.2. Then, it suffices to prove
tightness. Since o is tight, we only need to show the tightness condition of

and ( Zk/\["”\/ﬂ | Hoo,n (j )) Do, (k) satisfies the same conditions of h,, (A)

[AX/7]
(T6)  FnO) =5 Y. How () N1/2 > Poo ( - 1)
j=0 k=<j

. L — [AX[e] /™ . ~
Denoting 1) (A [6]) = n~* SN ™ Hoox () (57 Sy @ (0) (120 = 1))
by Bickel and Wichura (1968), it sufﬁces to show that
(7.7)

E(He_llr%’wwn FQ Wl |F [€])f%)(ﬁ[ﬁ])’)SCHZ_II/\[@u[@IQ

d
forall =7 < p[f] < 9[¢] < A[f] < m. Observe that we can take N~! < H IA[

since otherwise the last inequality is trivial. Because (A[¢] — ¢ [{]) (W [{] — p[f]) <
(A[€] — [€])?, by the Cauchy-Schwarz’s inequality, it suffices to show that (7.7)

d 2
holds forEHH)F%) ) - FO (u [z])‘ which is

.ﬁ.

aaul

[ /7]
1
e > Hoon ()Y D oy (6) Bogn () B[(I2,, = 1) (IF,, —1)] Hy, n (k)
J.k=[np/m) 01 =] ba=<k
o [y B )
Sr L a0 <0 ([H O] +572)),
Jik=[np/n]
where H (A, p) == (2m)* fA Hy, (x)dz and HﬁN ()\,,u)H < CON~1, where
Hy (A p) = N1 Z]”j_/ 0 /1 1Hgo v (4)]|- Now conclude by Bickel and Wichura

d d
(1971), because ‘H A ) ] <CII_ M- nl@land N <] _ M0 - nldl.0
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7.4. Proof of Theorem 5. By definition of 85 ,, and ﬂ(}v, it suffices to show that

(7.8)
[AX/] T T
1 I 1 , I .
P> — I | = Hoon (0 5 D G0 () | 205 — 12,
k=—[A\/x] \IJ ‘ j=<k ‘ ox;
[\ /7] -

1 1 I
w2 How 773 O Soo,n (7 3~ Gy (7)
Gow ™ |\ N e-tiym g / i<k )\Ifaj‘

1 [AX/ ] 1 IT.
(79) N Z Hfo\,N (k) N1/2 Z %,N (.]) o 2 G’G\,N (71')
k=—[f)/x] =k ‘\p@)j(

converge to zero uniformly in A € I1. Expression (7.8) is 0, (1), uniformly in A € ﬁ,
because the contribution due to the term in brackets in the last line of (7.3), that

s 7@90)]\[ () (1~\9_01,NN’1/2 Zzz_ﬁ Do, (K) Ig:k) is easily seen to be zero. Next,
because

[AX /7]
1
N2 Z H¢90, ||H 00, )HZH%U,N(J)
k=—[) /7] i<k
< ox X lonw®l|aint (5|05 X Javwlzc
k=—[n\/m] k=—[n\/x)

by integrability of ¢, (A) and that HAgO (k) (k/N) H > 0 by C9, it implies that

the contribution into (7.8) due to the term o, (1) on the right of (7.3) is negligible.
Next we examine (7.9). Because G  (-) — G% (-) = (N71/2) and Remark 2, it
suffices to show that

(7.10)

1 RO Hy, x 7, H; (k) N

N Z N1/2 Z¢007 s~ 1| - N1/2 Z%,N 2 2
k=—[aX/n];p* <k j=k ‘\Ifg’j’ j=k ’ 5,;“

converges to zero uniformly in A € ﬁ, after observing that

[AX/ ] [AX/ ]

sup Z Hp (k) Z Yo.N () = Z Hg, n (K) Z%O,N ()| =0

d
AE0,m) =[N /n)ip* <k j=k k=—=[nX/7];p* <k J=k

First, we observe that Lemmas 9 and 11 imply that it suffices to show the uniform
convergence in Ao <X A for any A € (—m, 7). But (7.10) is equal to

(7.11)

1 [AX/] 1 IT'
N Z Hp (k)WZ(%O,N (j)_‘%,N U)) = 5 — 1
k=—[A\/n];p* <k Jj=<k “I’E,j
(7.12)
[ /7] T
DS (oo (k) = Hy () w172 2 Yoo (0 T -1
k=—[aX/n];p* <k J=k ‘ 5,;“
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So, the theorem follows if (7.11) and (7.12) are 0,(1) uniformly in A\g < A.
To that end, we first show that

1 [M/Tr]
(713) sup N HSDOOJ 900,3 = OP (1) )
Ao _[ )\/ﬂ_]
(7.14) sup HA;;,N () = 45" )| =00,
Ao=A
(7.15) sup 4523 () = 4515 (V)| = 0, (1)
Ao=A )

(7.13) follows proceeding as with the proof of (6.21) in Lemma 10 but without the
-2
factor ‘\I/A ‘ IT;—1, (7.14) follows because C9 implies that Ag, (Ag) > 0 and by

Ce6, ||¢90 ) Pa, /\)|| is continuously differentiable, so
sup [|Ag, (A) — gy v (A =0 (N71),
Ao=<A

whereas (7.15) follows proceeding as with the proof of (7.13) and (7.14).

Now we show that (7.11) is 0, (1) uniformly in Ay < X which follows by Lemma 11
and (7.13) — (7.15) noting that ((,ZSIGOJ - (j)é’j) = (g;2 5.7, Pho s — 90/5,]')’ so does
(7.12) by (7.13) and (7.15) and that

[AX/7] 7.
Z,
Sup N1/2 Z ¢9071 : 5 —1||=0p (1)
A€IT j=—[nA/~] ‘\II§7J‘

by Lemma 8 and Proposition 1with ¢ (\) = 74, (A) there, Theorem 2 and that
n\/m -1 X
N S 00030005 — 20) 7 [ e, () B, (3) da. 0
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