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Abstract

We consider narrow band semiparametric estimation of the factor loading on
a bivariate factor model, where the common factor and idiosyncratic errors are
serially uncorrelated but have stationary long memory in conditional higher mo-
ments. The special case of stochastic volatility models for the latent variables is
considered, since it has direct application to asset pricing and other financial mod-
els. Assuming the underlying memory is higher in the factor than in the errors, a
fractional cointegrating relationship can be recovered by a suitable transformation
of the data. The estimate is shown to be consistent and its small sample properties
are investigated in a Monte Carlo experiment.

JEL classification: C22

Keywords: Fractional cointegration; stochastic volatility; narrow band least
squares; semiparametric analysis.

1 Introduction

Financial time series, such as asset returns, are commonly found to be approximately
uncorrelated but not independent across time. Much of this dependence can be traced to
the fact that volatilities are time dependent, with highly volatile observations grouped

in some periods, and relatively low volatilities elsewhere. A great deal of attention has
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focused on modelling the consequent conditional heteroskedasticity. Influential early
contributions were the ARCH model of Engle (1982) (applied there to inflation data),
the GARCH extension of Bollerslev (1986), and along a different line, the stochastic
volatility (SV) model of Taylor (1986). Empirical evidence has suggested a higher de-
gree of persistence than these models entail, leading to Engle and Bollerslev’s (1986)
introduction of the IGARCH model. However, the persistence implied by this model
(and other unit root based ones, such as IEGARCH) seems too extreme. On the one
hand, the absence of mean reversion in the second moments implies permanent shifts to
long term volatility forecasts, which is theoretically implausible. On the other, empirical
investigation of volatility measures, such as absolute values and squares of observations,
suggested they are better explained as stationary processes with long memory, indi-
cating the need for a more flexible model of volatility persistence; see, for example,
Whistler (1990), Ding, Granger, and Engle (1993), Ding and Granger (1996), Andersen
and Bollerslev (1997).

Several parametric models for this phenomenon have been proposed. Robinson (1991)
extended the GARCH framework to an ARCH(co) model that can explain greater per-
sistence. Other models within this framework include Ding and Granger (1996), Baillie,
Bollerslev, and Mikkelsen (1996), Bollerslev and Mikkelsen (1996). Other authors have
extended Taylor’s (1986) SV model to explain long memory in squares, e.g. Andersen
and Bollerslev (1997), Harvey (1998), Breidt, Crato, and de Lima (1998).

In a parallel line of research, asset pricing and other models predict the existence of
one or more unobservable common factors explaining a multivariate time series. The
classical CAPM decomposes asset returns into a single factor, interpreted as the market
return, and an idiosyncratic component. In the present paper, we consider a model in
which two observable scalar time series, y; and z;, t = 0, 1, ..., whose squares or other

powers have long memory, are generated by

ye = BC + e, (1.1)
Ty = Gy + 0y, (1.2)

where [ is unknown and (,, €, d; are unobservable stationary processes.
Due to the measurement error §; in (,, the ordinary least squares (OLS) estimate
of y; on x; is inconsistent. Indeed, our assumptions will imply that (,, ¢, and J; are

white noise sequences (i.e. have zero autocorrelations at all lags), so in no meaningful



sense can (1.1), (1.2) be described as a cointegrating relation. However, (,, &, 0; are
supposed to be generated by SV models and so are not serially independent, but exhibit
persistence in higher moments. In particular, for some integer p > 1, our assumptions
imply that =} and y! are cointegrated long memory I(d) processes, 0 < d < 1/2, with
cointegrating coefficient § = ¥ and cointegrating errors are I(d*) for 0 < d* < d. Still,
o} and y! are stationary, so the OLS estimate is inconsistent for #, unlike under the
traditional assumption of I(1) observables and 7(0) cointegrating errors.

When the spectral density of stationary regressors dominates that of cointegrating
errors at low frequencies, Robinson (1994a) showed that a narrow band least squares
(NBLS) estimate can be consistent. His observable sequences were linear processes in
conditionally homoscedastic martingale difference (md) innovations, which is manifestly
not the case in our intrinsically nonlinear framework. Nevertheless, NBLS has been
applied to financial data (see e.g. Christensen and Nielsen, 2004; Bandi and Perron,
2004), so it would be desirable to establish consistency under more relevant assumptions.
The present paper fills this gap in the theoretical properties of the NBLS estimate of
6, allowing the latent variables in (1.1), (1.2) to be quite general SV processes. The
NBLS estimate converges at a slow (nonparametric) rate, but in long financial series
adequate precision may be achievable. Better estimates of 6 are possible, though they
would require at least estimating the memory parameters, being computationally more
intensive and more complicated to handle theoretically. Even for the relatively simple
NBLS estimate, our proof of consistency is extremely lengthy.

A key component of the proof is an approximation for expectations of products of
nonlinear functions of Gaussian processes, which is presented in the following section,
with proof in Appendix A. Section 3 describes the SV setting. Section 4 introduces the
NBLS estimate and our consistency result, which is proved in a series of propositions
stated and proved in Appendix B, using lemmas in Appendix C. Sections 5 and 6 consist
of a Monte Carlo study of finite sample performance and a discussion of further directions

for research.



2 Approximating cross-moments of nonlinear func-

tions of Gaussian variables

With the objective of examining the memory of SV models similar to those introduced
in the following section, Robinson (2001) established an asymptotic expansion for the
covariance between nonlinear functions of multivariate normal random vectors. Here we
need an extension to cross-moments of more than two real functions.

Let ¢(-) denote the standard normal density and H;(-) the j-th Hermite polynomial,
for j > 0, defined by

Y
H(2)o(r) = (-1 (). 2.)

For a function f ( ) satisfying fR f2(z)¢(x)dr < oo, define the j-th Hermite coefficient
= [ f( )¢(x)dz and the Hermite rank r = min{j > 0 : G; # 0}. Define

Pq = {i GN.’L < q}, where N = {1,2,...}, Q, = {(,j) € P? : i < j} and Ry, =
{(1,j) € Qu:i=kVj=k} for k€ P,

Theorem 1 For integer J > 1, let u;, j € Py be jointly normally distributed with zero
mean, unit variance and covariances p; = Cov(u;, jiy), j # k; let fj = f;(p;) be a
function such that E(ff) < 00, with k-th Hermite coefficient G, and Hermite rank r;.

Then .
E (H f]) = Zaqu (2:2)

JEPy

where

Z H GJ“’J Vg, ]’ Wy = Z Ve (23)

va>0: jEP; acQy a€R; 5
Yva=q,
a€eQ

If in addition T =23 o, |pal <1, then

ag =0, 2q <, (2.4)

agd <o [T [ DO Ipal | 772, 2 >, (2.5)

jeP; a€R; 5

Z|az|<aH S hl] T 2>, (2.6)

JEP; OtGR]‘,J




where r = ZjGPJ rj and o = {HjEPJ E(sz)}yz_

The bounds (2.4), (2.5) reflect the individual, possibly differing, Hermite ranks r; of
the f;. The weakest version of Theorem 1 arises when r; = 0 (i.e. when E(f;) # 0 for
all j), and because this would be relevant also when the r; are unknown, we present it

in the following Corollary, whose proof follows from the inequality > . Ry lpo| < 7.

Corollary 1
Tq

oo
lay| < o1, Z|ai|§01_7.
i=q

As in Robinson (2001) in case J = 2, Theorem 1 provides a valid asymptotic expan-
sion. Robinson (1994a) established consistency of the NBLS estimate using L; arguments
enabled by linear process (in md innovations) assumptions. Since those are unavailable
to us, we use Ly arguments. These were also employed by Robinson (1994b) in studying
the mean squared error of the averaged periodogram, but in case of Gaussian and linear
(in independent and identically distributed, iid, innovations) assumptions. In the SV
setting introduced in the following section, matters are considerably more complicated,
and we are led to consider various cross-moments of nonlinear functions of Gaussian
processes. Theorem 1 is crucial in obtaining sufficiently sharp bounds on these cross-

moments to establish consistency.

3 Long memory stochastic volatility framework

To describe the structure of the latent processes (,, €, d; in (1.1), (1.2), we first
introduce a technical definition of I(d) processes. We say z; is I(d), with memory
parameter d € [0,1/2), if it is stationary with zero mean and finite variance, and it has

autocovariance function p; = Cov(z, z;) satisfying

> lp;| < o0, (3.1)
=0



if d =0, and

P~ 72 as j — oo, for C, > 0, (3.2)

oy = pyal < K222 >0 (3.3

if 0 < d < 1/2, where K throughout denotes a generic, arbitrarily large finite constant,

2

and the symbol 7 ~ 7 indicates that the ratio of left- and right-hand sides tends to one.
We say an I(0) process has short memory, and an I(d) process, for 0 < d < 1/2, has
long memory. We can deduce from (3.1) or (3.2), (3.3) properties of the spectral density
f(X) of z, which satisfies p; = [7_ f(X) cos(jA)dA. For d = 0, f(}) is continuous for all

A, whereas for for 0 < d < 1/2, Theorem III-12 of Yong (1974) indicates that
fO) ~Cia ™ as A — 07, (3.4)

where
P

Oy = 7~ 'T(2d) sin {(1 - 2d)g} C

so that f(\) diverges at A = 0. Stationary autoregressive moving average (ARMA) proc-
esses satisfy (3.1), and stationary fractionally integrated ARMA (ARFIMA) processes
satisfy (3.2), (3.3).

Assumption 1 Fort=0,+1,...,

Ci = N1 Yes 0 = vighy, et = &yl (3.5)

where for real-valued functions g, h, [,

gt = Q(Uzt)> ht = h(VQt)7 lt = l(£2t>7 (36)

and

(i) {n:}, {vae}, {&} are jointly did processes with zero mean;

(ii) {ny} is 1(d), {va} is I(d') and {&4} is I(d"), for d > 0, d’ > 0, max{d',d"} <
d<1/2;

(151) {n9 }, {var}, {€a:} are standard Gaussian processes, independent of each other and

of {nlt}r {Vlt}: {glt};



(iv) For some integer p > 1,

E(m) E{g" (Mo )nar} # 0, (3.7)

and for j=1,....,p—1,
E(n{tV?Zj)E {gj(772t>772t} = E(n{t ]f;j)E {gj(772t)772t} = 0. (3-8)

() {ny}, {vie}, {€uts {9}, {e}, {l:} have finite 4p-th moments.

It follows that (,, €, d;, described by SV models in (3.5), are serially uncorrelated
but not serially independent. In particular, x} is autocorrelated with long memory, due
to d > 0 and (3.7), which entails E(n},) # 0 and g/ — E(g¢}) having Hermite rank one.
Condition (3.8) ensures a valid cointegrating relationship between z} and yf, since it
implies that the cointegrating error has memory smaller than d. If 7, is independent
of vy, &, the smallest integer satisfying (3.7) will also satisfy (3.8). It is assumed
that p is known, which imposes some restrictions on g¢; in practice it may be reasonable
to suppose that p = 2. The most notable exception would occur if g is a symmetric
function, e.g. g = |ny|% a > 0, but then no finite p satisfies (3.7). This does not rule
out a cointegrating relationship of the type that we study below, but the associated
conditions would be extremely complex, involving the magnitudes of d, d’, d’ and the
Hermite ranks of each centered power of g;, hy, l;. Note that for v # 0, g; = |y + 19"
gives p = 2. Further discussion concerning the Hermite rank for functional forms in SV
models with long memory can be found in Robinson (2001).

An advantage of a low p is that the moment conditions in part (v) of Assumption
1 are then minimal. Even for p = 2, the 8-th moment condition that is required seems
stringent for most financial data, though it is never possible to establish the existence or
non-existence of moments from real data. Other parts of Assumption 1 might be relaxed
at cost of substantial lengthening of the proof, in particular the mutual independence
assumptions of (iii). The Gaussianity assumptions on 7, Ve, &, are mitigated by
allowing g, h, | to be quite general functions, and without them the details would be
considerably more complex; of course Gaussianity frequently plays a role in short memory
SV models also.



4 Consistency of the Narrow Band Least Squares

estimate

We transform (1.1), (1.2) to

}/;g - QXt + Ut7 (41)
where
i =Y (Mo x-a=X (Nawr o-o
=0 N =0 \/
Gi=it -t =3 (M)t - o) = 3 (M) - o).
=0 j=0

It will follow from (4.1) and Assumption 1 that Y; and X, are cointegrated I(d) processes.
Given observations zy, y;, t = 1,...,n, the NBLS estimate of Robinson (1994a) for

0 (and thus, at least up to unknown sign, [3) is given by

Re {ﬁxy()\m)} n
0,, = = , 1<m< —, (4.2)
Fxx(Am) 2

where \; = 27j/n are the Fourier frequencies, and for generic scalar sequences a;, by,

t=1,...,n, we define the discretely averaged (cross-) periodogram

=~ O
F. = — .
ab()\m> n ZIM)(AJ),
7j=1
where I,5(\) = w,(A)wy(N) is the (cross-) periodogram and w,(\) = Y1 | aze™™/v/27mn
is the discrete Fourier transform of aq, ..., a,.
For m = [n/2], where [-] denotes integer part, (4.2) reduces to OLS, but for consis-

tency we require, on the contrary:

Assumption 2 The bandwidth sequence m = m(n) satisfies

1 €
— + <@> logn — 0 as n — oo, (4.3)
m n

for all e > 0.



This assumption is slightly stronger than that of Robinson (1994a,b), namely

1
~+ T L 0asn— . (4.4)
m n

We need (4.3) over (4.4) only in order to handle powers of g, h, I; with particular
combinations of memory parameters and Hermite ranks, notably for d = 1/4. This
case presents no special problems with the method of proof in Robinson (1994a), and is
excluded in Robinson (1994b).

For integers j € [1,p — 1] and k € [0, p — 1], denote the Hermite rank of centered g7,

hP=F 1P=F by 1y, Thi, T Tespectively, and introduce the sets

Sy = {jZBjE 7711t5§lt7 j)#ﬁpE(Uu(;p j)7 0<j<p},
Sio= {k:BOACH) #£0, 0<k<p),
s = {k:BECh # 0§k<p},
) #£0, 0<j<p},
7y 0<j<p}.

Sgn = {] 771;Vt
Sq = {j5E771t§

Using the convention that the maximum over an empty set is —oo, define

) 1 /1
4 = m{5 - (5-4) . (45)

& — max {% _ (% _ d’) rhk} 1 =0), (4.6)

keSy
df = max oL d" | ry ¢ —1(d" =0) (4.7)
! keS| 2 2 t ’ '
. 1 1 1
dg, = ;.fggﬁ{yrgg (§—d)—rh] (§—d)}, (4.8)
. 1 1 1,
gl %g;f { 92 - Tg] (2 - d) - Tl] (2 - d ) } ) (4‘9)

where 1(+) throughout denotes the identity function, and

d = maX{d:;u d;w dl ’ ghu l} (410)



Theorem 2 Under Assumptions 1 and 2, as n — oo

O —0=0, ((%)Hu) , (4.11)

where d,, = d*1(d* > 0) + €l(d* = 0), for any e > 0.

Proof. As in Section 5.3 of Robinson (1994a),

D=

Fxx(Am)

By Proposition 2,
mA 2du—1 ~
(Z)™ Bl = 0,1),

n

while by Propositions 1, 3 and Slutsky’s Theorem,

(%)17211 ﬁ) L

Fxx(A\m) C*

Since € is arbitrarily small and d* < d, it follows that @m is consistent for 6. Moreover,
when d* > 0, we can write d—d, = d—d*, which is the difference between the integration
orders of X; and U;, where the rate in (4.11) corresponds to that of Robinson and
Marinucci (2003).

5 Simulations

We now present a Monte Carlo study of finite sample performance. For linear proc-
esses, Robinson and Marinucci (2003) reported simulation experiments of NBLS with
I(1) observables and I(0) cointegrating errors, while Marinucci and Robinson (2001)
explored different cases of /(d,) nonstationary observables and I(d.) stationary errors.
Bandi and Perron (2004) examined NBLS for the regression between realized and im-
plied volatility, generating the data from a discretized continuous time SV model. We
employ 50,000 replications of series of various lengths n generated by (1.1), (1.2), (3.5),
(3.6), setting § = 1. All basic processes in (3.5), (3.6) are independent of each other

and standard Gaussian. Processes 71y;, V14, £;; in (3.5) were generated as iid, while for

10



the ones in (3.6) the Davies and Harte (1987) algorithm was used to generate 7,, as
ARFIMA(0,d,0) and vy, &, as ARFIMA(0,d’,0). In most cases h and [ are constant
functions and vy, &,, are not required. For all functions g considered, p = 2 holds.

We compare the performance of NBLS (4.2) with OLS estimates obtained either from

levels,

5o Z(xt—f)@t—@), (5.1)

> (w3 —7)?

5 > (X - X)(Y; - v) 53)

> (X - X)?

~2
To make the three estimates comparable, we take § as an estimate of §. We report

or squares,

the bias, standard deviation (SD) and root mean squared error (RMSE) for each es-
timate. On occasion, relative quantities are reported, meaning the ratio between the
corresponding quantity for NBLS and (5.2), which dominates (5.1) in every experiment.

Bandwidth choice

Theorem 2 highlights the relationship between bandwidth m and rate of convergence.
In the first experiment, we present the evolution of relative bias, SD and RMSE for
different m and memory parameters. We set n = 256, d = 0.1, 0.2, 0.3, 0.4, g(z) =
exp(kz), with &k chosen to satisfy Var((,) = 2, and h(x) = [(x) = 1. We chose this value
for Var((,) in several experiments in order to balance the contributions of bias and SD
to RMSE; the impact of the signal to noise ratio is explored later.

Figure 1 shows the bias reduction achieved by NBLS relative to OLS. Not surpris-
ingly, it is greater for small m and large d. It is only around frequency zero that the
spectral density of X; dominates that of U;; frequencies further from the origin are more
contaminated by the correlation between X; and U; and contribute more to bias. Also,
a higher d indicates a stronger cointegrating relationship, increasing the spectral density
of X; around the origin and thus the averaged periodogram.

The increase in SD of NBLS relative to OLS, displayed in Figure 2, is a consequence
of discarding high frequency information, and is decreasing in m. The influence of d on
SD appears to be small, specially if compared to Figure 1.

The different profiles of bias and SD give rise to the traditional trade-off in bandwidth

11
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Figure 2: Relative SD of NBLS versus OLS, for varying m and d.
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Figure 3: Relative RMSE of NBLS versus OLS, for varying m and d.

choice. Figure 3 presents the relative RMSE of NBLS. For most m, NBLS dominates
OLS. For this particular n, a low d does not provide enough information for NBLS to
work, due to the modest bias reductions displayed in Figure 1, making the improvement
over OLS negligible. The RMSE is essentially a flat function of m, implying that any m
above a certain threshold, thereby taking in OLS, attains similar RMSE. However, note
that an increase in n should have a similar effect to an increase in d on RMSE, although
it will be minimized at a different m. This effect is explored in the next subsection.
Higher d lead to very low values for the optimal m, and more significant improvements
in RMSE. For d = 0.4, a noticeable reduction is already achieved, of over 10% for a
number of different m. It should also be noted that if the bandwidth selection is larger
than optimal, it is still possible to considerably reduce RMSE, while choosing too small

an m can lead to an undesirably large SD.

Memory in signal

We now investigate the influence of n and d on the performance of the three estimates.
We consider n = 256, 512, 1024, 2048 and d = 0.1, 0.2, 0.3, 0.4. As before, g(x) =

13



exp(kx), with k chosen to satisfy Var((,) = 2, and h(x) = [(x) = 1. In this experiment
and in the following ones, we evaluate NBLS at the bandwidth m* that minimizes RMSE.
Although this is not a feasible choice in the usual sense, it gives an indication of potential
gains. Table 1 summarizes the results.

As expected, the RMSE of all estimates improves with n. For even moderate n,
NBLS has the lowest RMSE, being clearly less biased than OLS; while OLS in levels
attains the lowest SD, especially for small n, its larger bias makes it the worst.

Both bias and SD of OLS increase with d. Both also decrease with n, but while
SD seems to be rapidly converging to zero, bias decreases rather slowly and appears to
stabilize at some substantial non-zero value. For small n, changes in d similarly affect
NBLS, but for larger n, the small m* makes bias decrease with d.

The bias reduction of NBLS becomes quite large with n, while the variance penalty
is always of small magnitude. In fact, when d = 0.4 and n = 2048, NBLS actually
dominates OLS in both SD and bias. The improvement in performance for high d and
the rate of decay of RMSE seem compatible with the asymptotic result of Theorem 2.

While Figure 3 and Table 1 both illustrate the high sensitivity of m* to d, caused
by the different scope for bias reduction in each case, m* does not appear to grow
with n. This is surely a small sample effect, as NBLS is only consistent if m — oo.
As a consequence, m* will diverge when bias becomes negligible compared to SD, a
situation which does not occur in the sample sizes considered. Since Theorem 2 shows
that convergence of Em is faster the slower m grows, this phenomenon is not entirely

surprising.

Memory in signal and noise

In Table 2, d is kept constant, while we introduce long memory in the errors. We set
g(x) = exp(ki1x) and h(z) = l(x) = exp(kex), with ki, ke chosen to satisfy Var((,) = 10
and Var(d;) = Var(g;) = 2. These values were again chosen to balance contributions of
bias and SD to RMSE. We consider n = 256, 512, 1024, 2048, d = 0.4 and d' = 0, 0.1,
0.2, 0.3.

The results are very similar to the previous experiment, but here d — d’ takes the
role of d. As before, RMSE improves with n for all estimates. OLS displays similar
patterns of bias and SD across d — d’ and n, with the exception that SD decays much
more slowly with n. The bias of NBLS decreases with d — d’ for all n; for n > 256 even

14
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n || 256 512 1024 2048

S2N || Bias SD RMSE | Bias SD RMSE | Bias SD RMSE | Bias SD RMSE
0.5 || 0.994 1.280 0.998 | 0.981 1.960 0.992 | 0.961 2.924 0.980 | 0.927 4.141 0.956
0.910 1.406 0.959 | 0.818 1.682 0.902 | 0.737 1.773 0.829 | 0.621 1.955 0.731
0.797 1.163 0.920 | 0.691 1.175 0.839 | 0.604 1.144 0.749 | 0.485 1.181 0.650
0.834 1.050 0.969 | 0.738 1.057 0.922 | 0.652 1.048 0.857 | 0.557 1.059 0.781
0.996 1.000 1.000 | 0.879 1.013 0.989 | 0.773 1.019 0.965 | 0.683 1.016 0.922
Bias / SD Bias / SD Bias / SD Bias / SD
S2N || m* OLS NBLS | m* OLS NBLS | m* OLS NBLS | m* OLS NBLS
0.5 52 -9.29 -7.22 27 -11.42 -5.72 17 -14.19 -4.66 12 -17.26 -3.86
1 12 -3.38 -2.19 8§ -3.72 -181 8§ -414 -1.72 7T -4.69 -149
2 12 -1.55 -1.06 12 -1.73 -1.02 14 -1.95 -1.03 13 -2.28 -0.94
4 26 -0.82 -0.65 28 -0.93 -0.65 33 -1.09 -0.68 35 -1.31 -0.69
8 121 -0.43 -0.43 87 -0.49 -0.42 86 -0.57 -0.43 90 -0.69 -0.47

O = DN =

Table 3: Monte Carlo relative bias, SD, RMSE of NBLS versus OLS, for varying n and
S2N, with d = 0.3.

SD decreases with d — d’. A surprising fact in this case is related to the variance/bias
trade-off of NBLS. While this can be found in small samples, as n increases it starts
dominating OLS in both bias and variance. The evolution of m* is also similar to the

previous section.

Signal to noise ratio

This experiment investigates the influence of the signal to noise (S2N) ratio on the
performance of NBLS. We use g(x) = exp(kz), such that Var(¢,) = 2, and h(z) =
[(z) = o, so that Var(§;) = Var(g;) = o?, for 0 = 0.25, 0.5, 1, 2, 4. The results
obtained for different d were qualitatively similar, so we report results only for d = 0.3
and n = 256, 512, 1024, 2048. Since it is unreasonable to compare absolute performance
for different S2N ratios, in Table 3 we focus on relative performance only. We also
report the ratio between bias and SD. Although we refer to Var(¢,)/ Var(d;) as the S2N
ratio, for simplicity, it is only an accurate description for the regression in levels. For
x? = (2 +2(,6, + 02, the dominant term is ¢?, and even there n?, could be considered a
multiplicative noise. Hence, the definition of the "true" S2N ratio would be ambiguous,
but it would be arguably smaller than the one in levels.

NBLS performs best when bias and SD are balanced. The regressor X; consists of
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two parts: a long memory component containing a dominating pole at frequency zero,
and a component with less memory not orthogonal to U;. In this case, it is actually short
memory, since J; is iid. If the S2N ratio is very large, the first component will dominate
the second even at frequencies distant from zero. As a result, any large enough m will
perform well, and even with OLS, bias will contribute very little to RMSE and gains
from NBLS will be small. On the other hand, for very small S2N, the second component
will be relatively large, dominating the signal even at frequencies close to zero. In small
samples, an attempt to reduce bias by only choosing informative frequencies would imply
the use of very small m, which would force SD to be too high (see Figure 2). In this
case, NBLS would also provide little gains, as the cost (in terms of SD) of reducing bias
is too high for RMSE.

With OLS the ratio between bias and SD increases with n. This is expected, since
OLS still converges in probability to a constant. In NBLS, the ratio is very close to
that of OLS in small samples. From that point, it increases with n if it was originally
small, but decreases if it was originally large. It appears that this ratio will stabilize at
some value close to unity for large enough n, and from that point on NBLS will have a

noticeable RMSE improvement over OLS.

Nonlinearity

To investigate the influence of nonlinearity on NBLS, Table 4 reports its performance
in three different settings, for n = 256, 512, 1024, 2048 and d = 0.1, 0.2, 0.3, 0.4. The
nonlinear setting (NL), already used in the first two subsections, has g(z) = exp(kx),
with k& chosen to satisfy Var((,) = 2, and h(z) = [(x) = 1. In the other two we
deviate from (1.1), (1.2), (3.5), (3.6), using instead Y; = X; + u;, X; = f; + vy, where
ut, vy are generated as iid mean zero Gaussian with Var(u;) = 20, Var(v;) = 6, and
Cov(ug,v;) = —10. In a fully linear setting (L), we generate f; as a Gaussian mean
zero ARFIMA(0, d,0), with Var(f;) = 44. In a linear setting with a multiplicative noise
(MN), we set f; = 1}z, where 7, is iid standard Gaussian while z; is independently
generated as a Gaussian ARFIMA(0,d,0), with F(z;) = 2 and Var(z;) = 12. The chosen
moments replicate those of corresponding processes in the nonlinear setting.

Both OLS and NBLS perform much better under L than NL, while performance
under MN falls in the middle. A similar ordering is found in relative performance (not

shown), since a relatively stable, large bias of OLS estimates throughout makes variations
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g exp () (1+a)° 1+ |

d m* Bias SD RMSE | m* Bias SD RMSE | m* Bias SD RMSE
EQ — -0.558 0.062 0.561 — -0.557 0.059 0.560 — -0.556 0.056 0.559
0.1 5 — -0.244 0.141 0.282 — -0.262 0.122 0.289 — -0.291 0.112 0.312
/ém* 53 -0.234 0.149 0.278 47 -0.250 0.136 0.284 52 -0.280 0.128 0.308
EQ — -0.561 0.075 0.566 — -0.560 0.072 0.564 — -0.559 0.066 0.563
0.2 5 — -0.251 0.145 0.290 — -0.267 0.125 0.295 — -0.295 0.114 0.316
/ém* 23 -0.215 0.164 0.270 17 -0.219 0.159 0.271 23 -0.255 0.148 0.295
EQ — -0.571 0.107 0.581 — -0.570 0.105 0.580 — -0.566 0.094 0.574
0.3 5 — -0.276 0.160 0.319 — -0.285 0.136 0.316 — -0.308 0.122 0.332
/ém* 12 -0.191 0.188 0.268 12 -0.190 0.174 0.258 13 -0.220 0.174 0.280
BQ — -0.604 0.168 0.627 — -0.603 0.172 0.627 — -0.593 0.152 0.612
0.4 E — -0.368 0.208 0.423 — -0.358 0.181 0.401 — -0.359 0.150 0.390

0, 7 -0.205 0.247 0.321 8 -0.190 0.219 0.290 8 -0.205 0.219 0.299

Table 5: Monte Carlo bias, SD, RMSE for varying g(z) and d, with n = 512.

in RMSE smaller than for NBLS. Although some of the gap in performance should be
a consequence of nonlinearity, significant excess kurtosis in NL and MN is arguably the
dominant factor, since it directly affects the variance of the periodogram. In MN, the
kurtosis of f; is around 77, while in NL it is around 3523 for f;, 36 for v; and 30 for u;.

Volatility function

Finally, we explore the impact of the functional form of the volatility function g.
considering g(z) = exp(kz), (1 + kxz)?, |1 + kx|, with k chosen in each case so that
Var(¢;) = 2. We set h(z) = I(z) = 1 and d = 0.1, 0.2, 0.3, 0.4. Table 5 presents the
results for n = 512, where the properties of each estimate seem robust to the choice
of volatility function. Normalizing Var((,) appears to be sufficient to capture most of
the differences across functions. Results for other n are similar and available from the

authors upon request.
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6 Final comments

To our knowledge this paper represents the first treatment of fractional cointegra-
tion in the context of nonlinear processes. The stationary environment, the SV models
employed, and the NBLS estimate seem well motivated by applications in finance. Our
model is semiparametric both in the sense that only assumptions about low frequency
behavior are required, and the volatility functions are nonparametric. While the nonlin-
ear setting necessitates a considerably more complex proof of consistency of NBLS than
earlier ones, a comparable result is obtained, with rate of convergence depending essen-
tially on the strength of the cointegrating relation, namely the gap between integration
orders of observables and cointegrating error. Monte Carlo results show encouraging
performances in moderate sample sizes across a variety of specifications.

As always, consistency results are reassuring only in very large data sets. Though
these do exist in finance, one would like a limit distributional result that could be used
in statistical inference. Christensen and Nielsen (2004) have achieved this in a simpler
setting, indeed with regressor and disturbance assumed incoherent at frequency zero and
linear process (on conditionally homoscedastic md innovations) assumptions. In general,
not only is the proof likely to be much more complicated than even our proof of Theo-
rem 2, but the limit distribution is likely to be non-standard for various combinations of
memory parameters, though a bootstrap procedure might be investigated. By analogy
with experience in I(1)/1(0) cointegrated models (e.g. Johansen, 1991; Phillips, 1991),
and nonstationary fractionally cointegrated models (e.g. Jeganathan, 1999; Robinson
and Hualde, 2003), it may be possible to obtain estimates with nicer asymptotic distri-
butional properties, in particular leading to Wald statistics with null limiting y? distri-
butions. However, in our nonlinear setting it is not immediately obvious that the sort
of transformations used in those references to achieve the necessary "whitening" will be
successful, the estimates would require preliminary estimation of memory parameters,
and proofs would be significantly more complicated. Nevertheless, those wishing to em-
bark on limit distributional proofs for NBLS or other estimates in our SV setting should
find techniques described in the present paper relevant.

Though our Monte Carlo study addressed the choice of bandwidth m, it would evi-
dently be desirable to develop a feasible rule for bandwidth selection. In a Gaussian or
linear setting, Robinson (1994b) developed formulae for minimum-MSE bandwidth with

respect to the basic averaged periodogram statistic, and these were further analyzed
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by Delgado and Robinson (1996). In principle these could be extended to the NBLS
estimate, though the formulae will be highly complex, and feasible versions would re-
quire estimating memory parameters and other quantities. As in other circumstances,
sensitivity to choice of m can be assessed by a "window-closing" approach, computing
NBLS over a sensibly chosen grid of m values; since discrete Fourier transforms at all
Fourier frequencies can be obtained simultaneously by the Fast Fourier Transform, and
NBLS is algebraically simple, this can cheaply be achieved, indeed a simple recursion
deals with unit or other increases in m.

The bulk of the fractional and non-fractional cointegration literature assumes nonsta-
tionary observables. The motivation usually comes from macroeconomics, but nonsta-
tionarity can often appear in financial time series also. The modelling of nonstationary
series via analogues of (4.1) is itself a somewhat open topic, but given that X; has a
kind of I(d) property, for d > 1/2, some of the arguments of Robinson and Marinucci
(2001) should be relevant in establishing rates of convergence of NBLS. Indeed, these au-
thors, following Stock (1987) in the I(1)/1(0) case, found OLS also to be consistent here,
though in some circumstances NBLS has bias of smaller order. The nonstationary X;
case is in some respects technically easier than the stationary one, because consistency
of OLS follows from the domination of sums of squares of U, by those of X;.

Other directions of research could extend (1.1), (1.2) to more than two observables,
and then possibly to allow more than one common factor, i.e. more than one cointe-
grating relation. On the one hand, cointegrating relations between a potentially large
number of asset returns can be of interest, while on the other Fama and French (1993)
argued for the inclusion of additional factors in the CAPM. It should be possible to
determine a form of multivariate regression linking the observables, analogous to (4.1),
and then a multivariate extension for NBLS (4.2). Its consistency, subject to identifi-
ability conditions, can then be established under an analogue of Assumption 1, using
Theorem 1 and techniques employed in the proof of Theorem 2, though of course the
details would be even more complicated. The issue of determining cointegrating rank is
of more pressing concern than in our simple model (1.1), (1.2), but procedures such as
those of Robinson and Yajima (2002) might be employed in practice, though again their

theoretical justification in our setting would require considerable further work.
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Appendix A: Proof of Theorem 1

Throughout the proof, we denote P = Py, ) = Q; and R; = R;;, j € P. Further-
more, all sums and products run over P unless otherwise stated. We have

E (H fj) = /RJ Hfjch(u; D)dp, (A1)

where ¢ ;(p; ) denotes the density function of = (py,..., ;) and Q = E(uu'). From
(22) of Slepian (1972) and (2.1), ¢, (1;2) is

> MEI{(5) ew)= X AT H000)

va=0:a€Q a€Q va=0:a€Q acQ)

Z Hpa H{ij 1)0(;)} (A2)

va=0:0€Q acQ

since Y w; =23 .o Va is even. Using (A.2) in (A1), E(T]; f;) is

/HfJ“J Z Hpa H{ w; (145) Mj}d“

va=0:a€Q a€Q

= /H{f]uj Hay, (1) (p15) } dpa

Va=0: aEQ aGQ

Z HpaH {fﬂuj Wy 'uJ Z HGJwJ

Va=0:a€Q acQ Va=0:a€Q j aEQ

This proves (2.3). For the remainder of the proof, we use the Cauchy-Schwarz in-

equality in

|aq| < Z

Js wi
vq>0: aEQ
Yva=q,a€Q
S Z H ‘ jwj H / H |pa A B )% (A.g)
Va >0: acq@ :
Yva=q,a€Q
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where

we X% me XTI

Vo >0: J Vq>0: j acR;
Sva=¢q,a€Q Yva=q,0€Q
w;>rj,j€EP w;>rj,j€EP

The A, term is bounded since

o] Gz
<I[ > uﬂ);”ﬂ < HE (f) < (A.4)
J wi=r; '

If 2¢ < r, there always exists a j in (2.3) such that w; < r;, implying (2.4).

For 2¢ > r, the multinomial theorem yields

B

EED YD SN | (ER I

w;>Ty: Vo >0:Xva=w; j acR;
ij:2q,j€P OéERj,jEP

< ST X wl%s ¥ (T

wj

wj>r;: Ve >0: a€R; a wi>Ty ) a€R;
Sw;=2q,jEP Yva=wj,c€ER; Yw;=2q,j€P
T wj
< H > Il > H > Il
j a€R; w;>0: j acR;

Yw;=2q—rjEP
T; (Z | )wj
aER; pa|
SO0 D TR | gt
i \a€R; w; >0: j J:

Ywj=2q—r,jEP

Ty

(X l) (T ) <T(Swm) # ws

a€R; Gk a€R;

Using (A.4), (A.5) in (A.3) gives (2.5). Then (2.6) follows from 7 < 1. O
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Appendix B: Propositions for Theorem 2

We denote the Dirichlet kernel by D,,(\) = 327", €74, for m > 1, and will use the
fact that
D, (Aj) =nl(j = 0,modn). (B.1)

We also use the abbreviating notation

Son(,8) = B {FuO0) } = 75 3 Covlan b D(Ae-),

s,t=1

from (B.1), and

Sy (a,b;a’ b)) = Z Cov(as, by) Cov(al, by) Dy, (Ni—s),
s,t=1
where ay, by, ay, b;, t =1,...,n are scalar sequences with finite second moments.

Proposition 1 Under (1.2) and Assumptions 1 and 2,

ma 2d—1 ~
<E> E{FXX()\W)} — C* asn — oo,
where
. (27)~20(2d) | T
"= 205 s {(1 - Qd)g} EmY)’E{g" (n2)nae}” Cp > 0,

C, = }E})loE(Uzo%j)jlﬁd-

Proof. Write
S e (i B

Using Lemma 2, since {A;;} is independent of { By, }, for any j and £,

COV X37 Xt Z COV Ajs VER) AktBkt>
= Z {E(A;5)E(Ayt) Cov(Bys, Bit) + Cov(Ajs, Apt) E(BjsBit) }
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where ) denotes > 7, _, throughout the proof.
Now define a; = E(A;,), by; = a;E(h?™) and by, = a;E(g]). Since {A;} is iid,
using Lemma 2 again, for s # t, Cov(X,, X;) is
— J gk p—j pp—Fk
Z ajay Cov(Bjs, Bi) = Z {bwb%k Cov(g?, g;) + by jbn i Cov(h™ hi™")
+a;ay Cov(g?, gF) Cov(hE™, hf_k)} . (B.2)

For s = t, denote by A the difference between Var(X,) and (B.2). It follows that
E{FXX(Am>} is

by by 1S (g7, G%) + b ibp kS (B RPFY + azaS! (g7, g% WP~ hP~F)} 4 ma
9.9, 30h, sarSy, .

From (3.7), (3.8) and Lemma 4, by ;by 1Sm (g7, g*) = o((m/n)' %), if either j < p or k <
p, while b2 S,.(g7, g*) = C* (m/n)' 7"+ o((m/n)'~*?). Lemma 4 and d’ < d imply that
by ibgkSm(hP~7 RP7%) = o((m/n)" %), and by Lemma 5, a;aS’, (g7, g"; h?~7, h*=*) =
o((m/n)'~*"). O

Proposition 2 Under (1.1), (1.2) and Assumptions 1 and 2,

2{Fyu(r)} =0 ((%)”‘“) |

p—1

Ut = E As,the,jt - A6,th5,jt7

J=0

Proof. Write

where

p . . o p s . o . o
Aoy= (j)/afnit P A= <j>6”77{w’{t], Boji= g, Byy— gkt

Using Lemma 2 repeatedly, since {A. j; }, {As .} are independent of {B. i}, { Bs i}, for
any j and k,

Cov(Us, Uy) = Z {Cov(A. jsB: js, Ac it Be ki) + Cov(As s Bs js, As it Bs ki)
— Cov(A; jsBe js, As ikt Bs it) — Cov(As jsBs js, Ae it Be it) }
— Z {E(As,js)E<As,kt) COV(Be,j57 Bs,kt) + COV(Ae,j57 Ae,kt)E<Bs,ste,kt)
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+ E(As js)E(As ki) Cov(Bs js, Bs ki) + Cov(As js, As et) E(Bs js Bs kt)
— E(A. j5)E(As i) Cov(DBe js, Bs ki) — Cov(A: js, As i) E(Be js Bs it)
_E(Ac?,js) (Ae,kt) COV<B§,j87 Bs,kt) - COV(A§,j87 As,kt)E(B5,sts,kt)} .

where ) denotes Zﬁio throughout the proof.

Now define a.; = E(A. i), as; = E(Asjt), by = a; E(IV77) — as; E(hy ), by =
as;E(g]) and by; = a.;E(g]). Since {A. 1}, {As;¢} are jointly iid, using Lemma 2 again,
for s # t, Cov(Us, Uy) is

> {acjack Cov(Be js, Be ) + asjask Cov(Bs js, Ba )
—agjas; Cov(Be js, Bs ki) — agjack Cov(Bs js, Be ) }
= {bgjbgk Cov(g?, gF) + basbue Cov(h2=, %) + by;by Cov(12~, 17F)

+asyas Cov(gl, o) Cov (27, 1) + aujaer Covlgl, o) Cov(i2 .17 b (B3)

For s = t, denote by A the difference between Var(U;) and (B.3). It follows that
E{FUU()\m)} is

Z {bgjbgksm(gja gk) + bhjbhksm(hp_j, hp_k) + bljblkSm(lp‘j, lp_k)
asjase Sy (g, " W W) + acja Sl (o7 g5 L0 ) 4+ A

By (4.5), applying Lemma 4 to each (j, k) pair with non-zero coefficient,
baibgrSm(g”, ") = O ((m/n) 2" (10g )50}
Similarly, by (4.6) and (4.7), Lemma 4 yields

bn;bni S (WP, P7F) = O ((m/n)k?max{d%‘)} (log n)1<d220>> ,

by S (P77, 1P7%) = O ((m/n)l_QmaX{dl*’o} (log n)l(dl*zo)) .
Finally, Lemma 5, (4.8) and (4.9) give

aéja5kS7Ivz(9j>gk§ hP=, hpik) =0 <(m/n)1_2max{dzh’0} (log n)l(d2h20)> ,

acjaaSp(g’ 655179, 077) = O ((m/m) =275 (10g n) (40
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By (3.8), d; < d. Since d}; and dy), are bounded by d' < d while d and d;, are
bounded
by d” < d, we have d* < d. The bound for d* = 0 follows from Assumption 2. [J

Proposition 3 Under (1.2) and Assumptions 1 and 2,

Var {ﬁXX(Am)} —0 ((%)Hd> .

Proof. Define p, = E(1)9,75,); wherever time indexes ¢;, i = 1,...,4 are used, it
will be convenient to write also v;; = p; _4,. Denoting Z; = X; — E (X;), there exists a
Gaussian /(d) process V; such that the bounds in Lemma 6 hold. Lemmas 7 and 10 in
Robinson (1994b) and Lemma 7 imply that

var {Fv )} =0 ((2)7),

so we need to show that the approximation error satisfies

m

A =Var { Fyx ()}~ Var { Frv(An) } = 0 ((—)2_“) | (B.4)

n

Since n%[Fyx(Am) — E{Fxx(Am)}] can be written

Z {thth - E(thXtQ)}Dm()\tZ*tl) = Z {Zt12t2 - E<Zt12t2)} Dm<)‘t2*t1)7

t1,t2=1 t1,ta=1

by (B.1), we have

~ 1 n -
Var {FXX()‘m>} = ﬁ Z COV<Zt1 Zt27 Zt32t4)Dm(>‘t2*t1)Dm()‘u*ts)v

t1,t2,t3,t4=1

and therefore

n

1 -
A= 4 Z {COV(Zt1Zt27 Zt3Zt4) - COV(‘/tl ‘/;52’ ‘/;53‘/;54)} Dm()‘tQ—h)Dm()‘m—ta)'

t1,t2,t3,ta=1

We now decompose A into sums where the time indexes conform to cases (a) to (g)

in Lemma 6. Using Lemmas 3 and 6 repeatedly, the approximation error for each case
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is bounded by:
(a)
K >
Z 1 Z ’Yal|'7a2||Dm(>‘t2—t1)||Dm()‘t4—t3)|'

a1,02€Qq 17z t1,ta,t3,tg=1

If oy is either (1,2) or (3,4), each element in the first summation is bounded by
ﬁ Zp]|Dm()\J)| Z |pj||Dm()‘j)| + ﬁ Z:O]|Dm()‘J)| Z |pj| Z |Dm(/\])
j=1 j=1 j=1 J=1 J=1
m 2—2d logm 1 n\ 4d-1 1
<K (2) (HW) {1+(10gn)1<d:é—l)+(a> 1<d>z)},

n

while if o4 is not equal to (1,2) or to (3,4), we have a bound

2
K n n n K n n n
=205 D _ 1o lIDn OO D 1DnN) [+ 2> 68 D Iyl {Z IDm(Aj)!}
j=1  j=1 j=1 j=1  j=1 j=1
my\ 2-2d logm logm 1
§K<—> - (1+W){1+(logn) (d— )+n4d 11(d>1)}.

o)
w3 Enj 7 ) Dl D)
<15 AP Y D + 13 {iwmw}Q
o () o £ g (0 1))
G e (0 5)
©

n

K
= D (0l 85+ 135) [ D (0)]| Do (Mg 12|

t1,t2,t3=1

m n m n n
KIS DL+ KIS Y D)
j=1 j=1  j=1
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<K (%)2 £§11+ loim? {1 + (logn)1 1(d )}
AT e (3))

(d), (e), (f) For any a = a(ty,ts) and b = b(ty, ta),

m? < mAZ o
el Z V12l Dm(@)|[ D (b)] SKFZMA SK(E) 241
=1

t1 to=1

(8)
4Z|D |2<K< >2n_1.

t1=1

Since cases (a) to (g) satisfy (B.4), the proof is complete. [J

Appendix C: Technical lemmas for Appendix B

Lemma 1 Let |p; —p;i1| < Klpjal/j and [v; =71 < Kl|v;41/7, for all j > 1. Then,

for any positive integers r, s and j,

- . ’PT'-s-l’
|Pj - /)j+1‘ <K jj ) (C.1)
T .S T S ’pr 1"}/8 1‘
10575 = PVl < K= (C.2)

J

Proof. First note that

since

> (§)pnt =0 =o.
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Hence,

ja® —b*| = |(

Proceeding by induction, suppose (C.1) holds for r =1,2,...,k — 1. Then

k-1

k i
’P? _/)?H‘ < ’Pj - Pj+1|k +Z (z) ]-‘ral_] Pj+1|

|P +1| |P 1 |P 1|
< i @lathnis ] —|—K | ]+ < K Jj+
E :’ j+1 ]

proving (C.1). To prove (C.2) we use (C.1):

10575 — PisaVieal = 1005 — P50 (0 — Vje1) + V54100 — Pla) + 05 (VG — Vi1

Lemma 2 If (ay,by) is independent of (ag,be) and E(a? + b?) < oo,

COV(CLlCLQ, blbg) = COV(CLl, bl)E(ag)E(bQ> + E(albl) COV(CLQ, b2>
= Cov(ay, by)E(a)E(by) + E(ay)E(by) Cov(az, be) + Cov(ay, by) Cov(asg, by).

Proof. Straightforward. [J

Lemma 3 Let p; = O(j**'), a > 0,b>1, m <n/2, and d* = (a — 1)/2a. Then,

> ot =0 (14 (logn)1(d = d*) + @ DH1(d > d)),
D [Dm(X)" =0 (n{logm+m"'1(b > 1)}),
j=1
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zi;\pmwm(xj)\b:o(mb{1+<logn> @=ay+ () s an ).

Proof. From, e.g. Zygmund (1977, p. 11) and an elementary inequality,

. n . n
ID(Ay)] < K min {m, W} ook (€3)
The remainder of the proof is straightforward. [

Lemma 4 For j = 1,2, define g;; = g;(1,), where p, is a standard Gaussian 1(d)
process and p, = E(pop,). Assume E(g7,) < oo. Denote by Gj the k-th Hermite
coefficient of g;(-) and let

r=min{k € N: Gy Goy, # 0}. (C4)

If d > 0, define
L, 1 1 . 1
d —§—T<§—d>, Cp:jlig)lop]jl 2d.

Let A = S,,(91,92), where m satisfies Assumption 2 if d* = 1/(2r + 2) or just (4.4)

otherwise. Then,
=0 (2 {1(d = 0) + 1(d" < 0) + (log)1(d" = 0)})

4 {c* (%)lzd* +o ((%)Hd*> } 1(d* > 0), (C.5)

(2m) 72T (2d*) Gy ,Ga, . T
o _ sm{(l—Zd )E}CP%O.
Proof. Let v, = Cov(g1,0; g2,+). Then

Z%s AtsZ%f@-'“') Dy(a)- (C.6)

s,t=1 u=1l—-n

where

" =

We will make repeated use of (C.3) and of p" = O(u?* ~1). By Theorem 1 and (C.4),

et .
%—Z S = Co O,
k=1
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where C' = G1,Ga,/r!.
(a) If d = 0, then v, = O(|p}|) are summable. Similarly, if d* < 0, then v, =

O(|p%]) = O(u*¥"~1) are summable. In either case,

LSS (1= 20 hlipaou) < 572 S hi-o(®). @

u=1—n u=1l—-n

(b) If d* =0, v, = O(|p},|) = O(u™"), hence

n—1
ASK% Z |’yu\:O<%logn>. (C.8)

u=1l-—n

(c) If d* > 0,
Ve — Cply| < KlptH < Klpj |+,

u

where w = r~!. Defining

1 n—1 |U|
B -1 ( - —) P D),
n

we get

1 < u
a-cai<t 3 (1= p - cipao

u=1—n

K &L m K e
< T D] S K S D ()
u=1

u=1l—n

Therefore, setting d™ = w/(2 + 2w) in Lemma 3,
(14w)(1—2d%)
IA—CB| :O<%{1+(logn)1(d*:d+)+ (T) 1(d* >d+>}>

().
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choosing 0 < € < 2d* in Assumption 2 if d* = d*. Now, write

1 |ul 1
By = - 1— ) D) = = "D
13 n)pu () nzpu

|U|<n lu|<n

1 T
()= 5 3 lulgiD

_—Zﬂu ——Zpu = By + B3 + By,
U=—00 |u|>n
where
= 2—”f3f<x> » Z P, (C9)
n 4 7 M) T o ’
———Zpu{ ) + DN } (C.10)
1 n—1
Bi= == up, {Dm()\u) + Do) (C.11)
u=1
Then
|A—CBy|=|A—C(By— B3 — By)| <|A—CBy| + C|Bs| + C|By. (C.12)
Note that, for any w,
— Zelj)‘k §Z|D )| <KZ < Knlogm. (C.13)
k=1 j=1 j=1
Using summation by parts, (C.13) and Lemma 1 in (C.11),
K — T T - K T
Bal < =5 3 S gy, = (u+ Dol D7 D] p + =[S Dn(Ay) |l
u=1 = =

n—1

K T T (s *__
<5 > (ulph = Py sl + 19541 Inlogm + Kn*

u=1
log m <A
< K28

n
u=1
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Zqu*’l + Kn2 -1 logm < Kn?¥ 1 logm =o

- )Hd*> L (C.14)



Using the partial summation formula for infinite sums, (C.13) and Lemma 1 in (C.10),

] u n—1

K r r K r

| Bs| < - > 10 = ool | D] + - > Dn(N)]10}]
u=n k=1 j=1

> . . . 1-2d*
< Klongqu 24+ Kn* " tlogm < Kn?* logm = o ((%) ) . (C.15)

u=n

Lemma 1 implies that f(\) ~ C;A™> as A — 0F, where
—1 * : * ™ r
Oy = 7~'T(2d") sin {(1 —2d )5} cr.

Thus, by Proposition 1 in Robinson (1994a),

m

27 Am ML=z (2m)1724" s 127
By= T S0~ [ @t~ O~ O ()

n 0 n

J=1

which together with (C.12), (C.14), (C.15) gives (C.5). O

Lemma 5 Fori,j = 1,2, define g;j: = 9i;(p;,), where p;, is a standard Gaussian 1(d;)
process and p;; = Epopy). Assume E(g3,) < co. Denote by Gijy the k-th Hermite
coefficients of g;;(+), with

T, = mln{k: >0: Gil}kGiQJg 7é 0} (C16)

Let dy > dy without loss of generality, and define

Let A = S! (911, 912; g21, g22), where m satisfies Assumption 2 if d* + dy = 1/2 or just
(4.4) otherwise. Then,

A=0 (% {1+ (logn)1(d" = 0)})

+ {C* (%)Hd* +o ((%)1_2&) } 1(d* > 0), (C.17)
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where

(2m) 2T (2d*) G110y Grory G210y Gogry
- A 2 A2 1—2d9 2 epeg #o.
¢ 1 — 2d* 71! 79! {( ) } G C 7&

Proof. Let v;, = Cov(gi1,0; giz+). Then, similarly to (C.6),

A=% nzl ( —M)%muD (Au)-

u=1l-n
By Theorem 1 and (C.16),

o0

Yo = 3 B G+ (),
k=1

where C; = Gi1,,Giar, /7!

(a) If didy = 0, then 7,75, = O(|p1.p3,
d* < 0, then v;,75, = O(|piLp52]) = O 1) are summable. In either case, writing
Y1u Y2y i0stead of v, in (C.7) yields A = O(m/n).

(b) If d* = 0, 71,72, = O(371), hence (C.8) holds for v,,7s,,-

(c) If d* > 0,

) are summable. Similarly, if dydy > 0 but

V1uV2u — C1C205,pon] < 1710l [7V20 — C2pm| + Col P71, — Crpty
< K|p o™+ K| ph2pis ™ < Kph | < Kpihps |

U Y

where w = (1—2d;)/(1—2d*), since dy > dy. Then (C.17) follows from the proof of case

(c) of Lemma 4, writing pi} ps2 instead of p. O

Lemma 6 Under (1.2) and Assumption 1, let Z, = X; — E(X;). For tq, to, t3, t4
distinct, define p;; = E(ny,ny,) and py; = E(vayvar;). Then there exists a mean-zero
Gaussian I(d) process V; such that:

((Z) COV(Ztl Zt27 Zt3 Zt4) COV(‘/tl W27 ‘/tg‘/t;) O(Za17a26Q4:a1;éa2 pgél |pa2 |)7

(b) COV(Ztl Zt27 Ztl Zts) COV(V;‘J ‘/;27 ‘/;‘/1 Ws) = O(p%Q + p%S + 1033);

(C) COV( t1) thzts) COV(‘/t?ﬂ ‘/152%3) - (p%Q + 9%3 + /033);

(d) COV(Zt1Zt27 Ztlzt2) COV(‘/;J/tz? ‘/1&1‘/752) = O(|:012|);

(e) Cov(Z}, Z,) — Cov(ViE, Vi2) = O(|pral)s
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(f) COV( thtth2) COV(%1>W1%2) =
(9) Cov(Zi, Z}) — Cov(Vi3, Vi2) = O(1).

t1?

O(lp1al)s

Proof. All Z; covariances in (a) to (g) can be written as linear combinations of

4 4
E(HZf) :E{E (HZf Geys D j:1,...,4>}
i=1 i=1

4 4
i=1

=1

where, conditionally on g, and h,, Z, is independent of Z;, g, and hy, for any ¢ # s.
In what follows, let s;, i« = 1,...,4 denote (not necessarily distinct) elements of
{t1,ta,t3,t4}. Wherever u; and s; are both defined, let

7

p Uq Uj Uj
Ai = (U )TllsZ 11751 ) Bl =G, hf;

and define ¢; = E(4,;), ¢; = E(ZZZJ), Cijk = E(leﬁ]gk), where throughout the proof
74 =zt~ E(2). We first compute E(ZF|g;, hy) for k =1,...,3. Setting s; = sy = 53 = t,

but omitting time subscripts for convenience,

p p
7 = Z {AlBl — A1B1 Z A Bl + ClBl

u1=0

Therefore, independence of A; and B; yields

p
E(Z|g,h) = > aB. (C.19)
u1=0
Similarly,
k p _ _
i=1 u;=0
so by independence of A; and B;, for all 4, j
p ~ ~
E(Z%g,h) = Z (c1caB1 By + c12B1 By), (C.20)
u1,u2=0
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p
E(Z3’9> h) = Z (c1¢9¢3B1B2Bs + ¢12381 B2 Bs

u1,uz,u3=0

+ 01263B132§3 + ClgchlBgég + 02361B233§1). (021)

Unless otherwise noted, we will use > to mean > . for the remainder of

the proof. Using (C.19), (C.20), (C.21) in (C.18), we can write E([[;_, Z,) as follows:
(1) lsz:tl,Z: 1,,4,

E(Zy, Z0,20,2%1,) = Y _ 162304 52(B1 By B3 By); (C.22)
(i) if s1 = 59 =11, 83 = tg, S4 = 13,
E(Zf1 Z, Zyy) = Z {610203C4E(§1§2§3§4) + 01203C4E(3132§3§4)} : (C.23)
(iii) if 81 = s9 = 1, 83 = 84 = ta,

E<Zt21 thz) = Z {010203C4E(§1§2§3E4) + 012634E<BlBgB3B4)

+0120364E(31B2§3§4) + 0102034E(§1§233B4)} X (024)
(IV) if S§1 = S92 = 8§83 = tl, S4 = tg,

.E(Ztg1 th) = Z {010203C4E(§1§2§3§4) + 0123C4E(B1B2_B3§4) —+ 01263C4E(B1B2§3§4)

+0130264E(BlB3§2§4) + 0236164E(BQB3§1§4>} . (025)

We can also write E(Zs, Zs,) as follows:
(V) if S1 = ti, SS9 = tj, ) 7£j,

p
E(Z,Zy,;) = Z c1c2 B (B By); (C.26)
ul,uQ:O
(Vl) if S§1 = S9 = tz‘,
p ~ ~
B(Zf) = Z {01€2E(BlB2) + 012E(B1Bz)} : (C.27)
ul,u2:0
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We now proceed to expand B; and §z in terms of g and h. Wherever u; and s;

are both defined, we use the following notation: x; = gg, ¥, = hp S Xij = gt

7 2p—u;—uy w1 +us+tus 3p UL —UQ—UZ . ultu2 ust+ug —
Yy = hs; v X123 = Ys s Yro3 = Ry P X234 = Fsi o P0e M Y1934 =

2Pt "2h§§ us—t1  Note that

B;i = chax; + X + cgitis (C.28)

where ¢, ; = E(h?"), ¢g; = E(gs?). Four forms of expectations need to be accounted
for in (C.22) to (C.25).

1. E(§1§2§3§4) will be a linear combination of 81 terms, all of them expec-
tations of products of x; and ®,, i = 1,...,4. Denoting by (1), (2), (3), (4) any
permutation of P, those terms can be separated into the following categories: terms
that vanish due to E(x;) = E(¢;) = 0, namely E(x )% ¥ @3¢ wu)), E(WayX@X@Xa);

E(xqy1¥2934) and E(1)1yX1X2X3X4); non-vanishing terms with four factors, namely
E(X1X2X3X4)7 E(Y199103104) and E(X 1yX 2% 3% s)); non-vanishing terms with five fac-
tors, namely E(x1yX 2% 1% 3% w) and E( 1y 9y X 1yX(3yX (ay); terms with six factors,
namely E(X<1>X<2>¢1¢2¢3¢4)7 E(¢<1>¢<2>X1X2X3X4) and E(x XX <2>X<3>¢<1)¢<2>¢<4>)5
terms with seven factors, namely E(X<1>X<2>X(3)¢1¢2¢31/14) and E(¢ WYy X1X2X3X4)
a term with eight factors, namely F(x;XoX3X4®1%2%3%,). It can be seen from (C.28)
that, for each ¢ = 1, ..., 4, the corresponding coefficient will include a factor ¢ ; if only
X; is present or ¢, ; if only v, is present.

2. E(B1ByBsBy) will be a linear combination of 9 terms. Denoting by (3), (4) any
permutation of {3,4}, these can be grouped in the following categories: E(x;5115%5%,),
E(1h15X12X3X4), (X12X yWi),  Elxiaxs ¢12¢3¢4) E(19¥ 3 X12X3X4)  and
E(x1aX3X4V1203510,). As in the previous case, (C.28) implies that, for each i = 3,4,
the corresponding coefficient will include a factor c;,; if only x; is present or ¢, ; if only
1, is present.

3. E(BlB2B3§4) = cnaB(X12Xa¥123) + €4 (X1230123%4) + E(X123X4V125%4)-

4. E(BIB2B3B4) = E(X12,34¢)12,34)- o

n (C.26) and (C.27), the relevant expectations are E(By1Bs2) = cpicn2E(x1X2) +
Cg1Cq2E(¥192) + E(X1x2¥1%2) and E(B1Bz) = E(x12¢12)-

We can now use Theorem 1 to expand each these expectations as Z;io aq. Let p,
represent either 7y, or vy, with v;; = E(p,, 1), and define fiy = fi(1,), f75, = f75(1)
such that E(f;+) = 0. Denote by Gy, Gijigs Gijk:q, Gi., the g-th Hermite coefficient of

1739
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Jits Jiilies JiieSris f;}-,t respectively.
For E( f14, fo12 f3,5f1.1,), We have

4 Vor
_ o Ya _
Qg = LW, ol ) Wy = Veys
va>0:  i=1 acQq Y Q€Ry
EUQZQ7QEQ4

ap =a; =0, ag = G1;1G2;1G3;1G4;1(712734 + Y137V24 T+ 714723)-

Since G;,p = 0, Theorem 1 yields

oo 4 %
Z |aq| S KH Z |’Ya| Z |’7a|'
=1

q=3 = (XER4’1' a€Q4

Label the elements of P, as (1), (2), (3), (4), such that [y | is the largest absolute
correlation. Then > o |74l < K|y )| and

4
H Z Vol < K’Y%1><2>(”Y<1><3>’ + Yy |+ 17 @D Uvayawl + [eyw! + 1veywl)-

=1 a€R4,i

Choosing the second largest absolute correlation, we have a bound of the form

o0 o0

Z lag| < KV vyl or Z lag] < Ky 70y)-

q=4 q=4
Therefore, taking all possible permutations for (1), (2), (3), (4), Y25 las| = O(es),
where e3 = 30 o0 san Vo [Vasls vielding

4

E(fi fors faas fats) = H G (V12734 + V13724 + Y14723) + Oles). (C.29)
i=1

Again from Theorem 1 but using Corollary 1, defining ey = 725 + 735 + 725,

E(fi1fon f315f115) = G12:0G3.1Ga1723 + O(e2), (C.30)
E(fi fon f3.2faey) = Gr2,0Gaa0 + O(712]), (C.31)
E(fl,t1f2,t1f3,t1f4,t2) = 0(1’712’)7 (0-32)
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(fl tr 2,10 3, t3) 0(62), ( )
E(frs for fa1:) = Gr2aGaamiz + O(7h), (C.34)
E(fi4,f2.0 f31,) = Grazo, (C.35)
E(fi fora) = G1aGoavia + O(112), (C.36)
E(fi for) = Gz, (C.37)
<f12 t1f3 t2f4 ts) G12;0G3;1G4;1723 + 0(62)7 ( )
E(fi24, f3.02 fas) = Gla.0G3a0 + O(|712]), ( )
E(f7 e ) =Gl 21G31712 T O(’Y%)a ( )
E(fi24,) = Gizo, (C.41)

E(ot, f2at,) = Gl2.0G340 + O(712])- ( )

Now let the G and G* coefficients in (C.29) to (C.42) apply to the case

~u; * Uitu
fie = 9", fij,t =g 7, (C.43)
while corresponding G’ and G* coefficients apply to

fig = B0 fr, =R, (C.44)

17,t

We can approximate each term in the expansion of (C.22) to (C.27) using (C.29) to
(C.42):

(1) E(Zy, Z1y Z1y Zy,). Denote by (1), (2, (3), (4) any permutation of P;. Using (C.29),
(C.33), (C.36), the only terms that are not O(e3) are:

E(X1XaX3X4) = G1;1G2;1G3;1G4;1(912034 + P13Pog + Prapaz) + Of(es),
E(pyath30y) = G Go Gy Gl (019034 + Plapas + Praphs) + O(es),
E(XayX @) EW @Y wy) = GaynG @ Giaya GlayaPaye Py + Oles).

(ii) E(Z% Z,Z4,). Using (C.30), (C.33), (C.34), (C.36), (C.37), the only terms in
E(ByB,yB3B,) that are not O(e) are:

E(X1X2X3X4) = G12,0G31G11p03 + 0(62)7
E(1hy)31py) = G/12;0Gg;1G£1;1p/23 + O(ea),
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E(X1X2) E(1394) = Gi2,0G, Gil 1023 + Ofe2),

E(h113) E(X3X4) = Gl20G3:1Ga1023 + Ofe),
E(X1X2) E(01903¢314) = Gr2,0Gh, oGg 1G£1 1023 + O(e2),
E(192) E(X1X2X3Xa) = Gy, 0G12 0G31G1p93 + O(e2).

Using (C.38), (C.40), (C.41) the only terms in E(B;ByBsB,) that are not O(ey) are:

E(X12) E(190314) = Gla0G2:0G5.1 Gl P + Olea),
E(Y15)E(X12X3X4) = G]"270G’{2;0G3;1G4;1p23 + O(ez).

(i) E(Z% Z7). From (C.31), (C.34), (C.36), (C.37) it follows that all terms in
E(ByByB3B,) will be O(|py,|) except the ones only involving (C.31) and (C.37):

E(X1X2X3X4) G12,0G340 + O(‘P12|)
E(Y11hy)31,) = 12 0G§4 0T O(|P12|)

E(xix2) E(Yshy) = Gry, 0G34 00
E(1195) E(X3X4) = Gl2,0G340,
E(x1X2) E(V199¢5104) = Gha, 0G12 0 340 + O(lp12l),
E(xsxa) E(Y19205104) = G34 oG, 0G§,40 + O(|p12));
E(10;5) E(X1X2X3Xa) = G12,0G120G380 + O(|paal),
E(1h314) E(X1X2X3Xa) = G340G12:0G3a0 + O(|p1a]),
E(X1X2X3Xa) E(V192103¢,) = G12 0G34 Gy, 0G34 o+ O(|p1a)-

Similarly, from (C.39), (C.40), (C.41), (C.42), all terms in E(B,ByBsB),
E(ByByB3B,) and E(ByByBsBy) will be O(|p,|) except the following:

E(x12) E(¥1203¢4) = G, OGT/2 0G§40 + O(|p12);
E(X30) E(Y34101%5) = G, oGilz OGgAO + O(|p1al),
E(12) E(X12X3X4) = Gla0GT20G340 + O(|p1a)),
E(34) E(Xsax1X2) = Gy, 0G12 0G0 + O(|p12l),
E(X12X3X) E(Y1203%4) = Gy, 0G4, oG, 0G§4 o+ O(|p1a]),
E(X3aX1X2) E(1349192) = Gla0G310G19,0G3450 + O(|p121),
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E(X1230) E(V12.31) = G12.0G34.0G19:0G500 + O(|p12])-

(iv) E(Z2 Z,,). Using (C.32), (C.34), (C.35), (C.36), (C.37) in E(B,ByB3B,) note
that at least one factor in each term necessarily involves t5. Therefore, one of (C.32),
(C.34), (C.36) will apply, making all terms O(|p5]|)-

Similarly, in E(BBsBsBy), E(B1ByBsB,), E(ByByBsB,) and E(B,ByBsBy), at
least one factor in each term necessarily involves t5. Thus, (C.40) will apply for some

function f;;, not necessarily one given in (C.43) or (C.44), making all terms O(|p;s]).
(v) E(Zy,Zy,). Using (C.36), the following are not O(ps;):

E(X1X2) = G1;1G2;1pij + O(P?j)a E(¢1¢2) = Gll;lGl2;lp/ij + O(P?ﬂ‘
(vi) E(Z2). Using (C.37), E(B1B,) and E(B, By) include the following terms:

E(X1X2) = G12;07 E(X1X2)E(¢11/’2) = G12;0G/12;0>
E(1hy) = G/12;07 E(x12)E(¢15) = GTz;oGT/&o-

We now compute the coefficients of the leading terms listed above. Define

P p
_ T r_ / T I.
L; = Cz'ch,iGi;ly 1= E L;, Li = Cicg,iGi;la L1 = E Li,
u; =0
! / T
Lij = cicpicicn jGijo, E L”, Lij = Cicg,icjcg,jGij;m E ngv
Uj,Uj= Uj,Uj=
P
* *k * */ Tk __ *ok
L = ¢;ic;Gyj, OGU 05 E LU, L4 CUG” OG” 09 Ly = E Lij.
ui,u; =0 ui,u; =0

Note that L, = cycnp,Gp1 = E(10),) E{g"(n9,) H1(n4)} # 0 by assumption, but L; = 0 for
any i < p. Hence L, = L, # 0. The contributions of the non-negligible terms will be:
(1) E(Zt1Zt2Zt3Zt4)

E(X1XaX3Xa) © LiLoLsLy(piapsy + prapas + prapaz) + Oles);
E(1hobsthy) + LYLYLLy(plapsy + Praphs + prapas) + O(es);
E(xyX@)EWg¥uw) + LayLeyLig Liypayepea + Oles).
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ThllS, E(Ztl th Zt32t4) is

Z {Ll L2L3L4(/)12P34 + P13P24 T+ ,014/)23) + L/ L/ L/ L, (/)112Pé4 + /)I13P/24 + :0/14P/23)
+ L L2L/ LiLP121034 + L L L3L4P12P34 + LlL L3L41013P24 + L3L2L3L4p’13p24
+ Ly Ly Ly Lapyaplys + Ly Lo L3 Lypiapast + Ofes)

= Z{ (L1Lapyy + Ly Lops)(LaLapgy + LyLyply)
+ (L1L3/713 + L] L3P13)(L2L4P24 + L L4P24)
(L1L4P14 + L L4/014>(L2L3P23 + Lt L3P23)} + 0(63)

—2
<L1 P12+ Ll P12> (Ll P34+ L1 :034) + (Ll p1s + LA P/13> (Ll Pag + L1 :024>

+ <L_1 P14 +L_/1 P/14) (Ll Pag T+ L1 P23> + O(es3).

( )E(Z Zt2Zt3)

E(x1x2X3X4)
E(ihyihgihsthy) -
E(x1X2) E(310y) :
E(19;) E(XsX4) -

Thus,

LiaL3Lypys + O(e2);
Ly L3 Lypys + Ofez);
Li2 L3 Ly pys + Ofe);
Ly L3 Lapys + Ofez);

E(x1x2) E(Y1920514
E(192) E(X1X2X3X4
E(X12) E(¥129374
E(115) E(X12X3X4

) :
) :
) :
) :

(C.45)

L7y Ly Ly pas + Ofes);
LiyL3Lapys + O(e2);
L3 L5 Lypss + Ofe2);
Li5L3Lapys + O(ez).

E(Z Z,Zy,) = Z(L12L3L4P23 + Ly Ly Lyplys + Laa Ly Liyplys + Ly Ly Lapys
+ Lo Ly Ly phs + LisLyLapas + Li3LyLipos + Li3L3Lapys) + Ofer)
= Z (Lig + Ly + Ly + L13)(LaLapas + LyLiypas) + Ofez)

= Lo+ T+ T+ I5) (L1 o + I 0y ) + Olea).

(iti) B(2222)

E(X1X2X3Xa)
E(Y1¢y10314)
E(X1X2) E(sty) :
E(Y192) E(X3x4)

: LiaLss + O(|p1a);
: L/12L§4 + O(|P12D§

L12L34,

E(x1x2) E(Y19203104) -
E(xsxa) E(Y19205704) -
E(h195) E(X1X2X3X4) -

(V3¢4) E(X1X2X3X4)

E
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(C.46)

LiL3+ O
Lyl + O
LiyLss + O
Ly L5, + O

|1012| ;
,012| ;

)
);
)
)

/012| )

I

~— ~— ~— —
~—~~

|1012| ;



E(X12) E(199394) + L3 Ly + O(|p1al); E(x12X3Xa) E(¥12%3¢4) 1 Li3L3s + O(|p1a|);
E(X34) E(341192) + Lo L3h + O(|p1al); E(X3aX1X2) E(3411%5) : Lo L3) + O(|pal);
EW13)E(xa2xsXa) © L3Lsa + O(|p1al); E(xaxaXsXa) E(¥1902¢05304) © Ly L3, + O(|paal);
E(34) E(xsaxaXz) © L12L3; + O(|paal); E(X12,80) E(V1234) © L13L33 + O(|p1a])-

Thus,

E(Z} Z;) = Z(L12L34 + LioLyy + LigLyy + LipLaa + Lis Ly,
+ Lo L3y + LigLsg + LiaLyy + Lo L3, + L5 Ly + L7513
+ L13L5 + Ly L3y + Lia L3y + L, L35 + L3L355) + O(|pys))
= (Liz + Liy + Liy + L) (Lsa + Ly + Ly + L53) + O(|p1sl)
= (L2 + T+ L3+ L) + Ollpus))- (C.47)

(iv) E(Z} Zy,)

E(Z}, Z1,) = O(|pra))- (C.48)

(V) E(Ztith)7 i 7é]

E(X1X2) : LnLap;; + O(p3)); E(ihyty) « Lt Lypi; + O(p3y).
Thus,
p
E(Ztith> = Z (LlL?pzj + LI L2p2j) + O(p?j) Ll pzj + Ll ng + O(p’LZj) (049)
uy,uz=0

(vi) E(Z;)

E(x1Xa) © L2 E(xX1x2) E(¥113)  Li;
E(11,) L,12§ E(x12)E(1) + L13.
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Thus,

p
E(Z})= > (Lia+Liy+Lj,+ L}3) = Ly + Ly + L + LF". (C.50)

u1,u2=0

Define V; as a mean-zero Gaussian I(d) process with E(V?) = Ly + L, + L} + L3*
and E(V;, Vi) = L_12,ol-j +L_’12p;j, for i # j. Using equations (C.45) to (C.50) to compute
the covariances of interest in each case, they are easily shown to be identical to

Cov(Ve, Vi, VigViu) = E(Ve) Vi )E(Ve, V) + E(Ve, Ve ) E(Vi, Vi),

up to the desired approximation errors. []

Lemma 7 IfV; is Gaussian I(1/4), under (4.4),

Var { Frv(A)} = 0 (bgm) |

n

Proof. Let p;, = E(V,V;) and assume p, = 1, without loss of generality. By
assumption, |p,;| < K 5712, We will use similar methods to the proof of Lemma 10

in Robinson (1994b), including the decomposition

~ 1 < -
Var { vy ()} = = > Cov(ViVi, ViVo) Din(Ae—) DA

s,t,u,v=1
1 n
- ﬁ Z (pufspvft + pv—spuft)Dm()‘t—s)Dm(/\q;—u)
s,t,u,v=1
1 m
= 2 WikeiWh ik + Wi ik Wokjir), (C.51)
n 7,k=1
where
n—1 n—u—
u=l-n t=1+4u"t

denoting the positive and negative parts of u by u* = (Ju| + «)/2 and v~ = (|u] — u)/2
respectively. Note that Robinson (1994b) has a typo in this decomposition, using k
instead of —k in the first index of the last W. However, the correct expression is used

in the remainder of his proof.
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To bound W;,, for j = 1,...,m, note that Ty(u) = n — |u|. Summation by parts

gives

n—1 n—1

Wio = Z (n — |u|)p,e™" = n + Z(n — ) p, (6N 4 emiAi)

u=1l—n u=1

—n—I—Z{ n—u)p (n—u— )Pu+1}{Du()‘j>+Du(/\j)}7

so using (C.3) we get

n—1
(Wiol <n+ K> {(n—=u)lp, = pusl + lpuial} [Du(N))]
u=1
n—1 n [n/4] ,
< n+KZZ|pu+1HD (\)] < n+KnZu > +K— Z u">
u=1 u=[n/j]
n 2 n® (n 3 n3
J J \J ]2
For k # 0 and v > 0, (B.1) implies that 7;(0) = 0,
U) — Z eit)\k — Zeit)\k Z elt)\k — _ k;)
t=14u t=1
— ie’it/\k — Ze’it/\k _ 6’i>\k Z eitAk — ’L/\kD ()\k)
t=1 t=1 t=n—u

Therefore, using summation by parts,
n—1
Wik = Z pu { €M T (u) + e T (—u) }

—Z = i) 3 { €MD () — MDD ()}
q=1
n—1

+ 00 3 =MD () — XD O )

q=1
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implying

-1

n—1 u
Wikl <K 1oy = pusal | €M Dy(M)| + Klp,| Z MDA
u=1 q=1 q=1

Since
z 1 — eladn

u u q
E eiquDq()\k) — E ei/\jq E eit)\k — § ei/\jq ~

—idp 1
q=1 q=1 t=1 €

1 LI , Dy(Aj) = Du(Njtr)

_ iAjq Ajreq) —
= — et — et = -
672)\16 _ 1 Z( ) 671/\,“ _ 1

q=1
and |e=™ — 1| ~ |\| as A — 0, we have

Z €MD, (M)

q=1

< K|k| {IDu(A)] + 1 Du(Njr) [} -

So, using (C.3) and for a = min{|j|, |7 + k|},

& = |Pusalm n’
Wikl < K |Pusr| + K ==+ Klp,| 7
il < Ky bl + g 32 L+ Kol
b .
<K2N iy R g
SRR 2 R
u=1 u=[n/a]+1
n o/n\s n? /n\ -3 ns ns
<k (e K (B) Te Ko <K
k| \a |kla \a kla |k|a>
yielding
n3
Wi Wi |l < K 1<,k < k
| Jk—3VVEk,j k| = (j—k?)zmln{j,k}7 >L,r=m, ] 7£ )
3
n

Wi _ipW_ g vk < K
N T 0 A
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Thus, using (C.52), (C.53), (C.54) in (C.51),

~ K&\nd K & n? K & n®
Vi {F A } <=L . — = . —
U ) S 052 T 2 G R ot 2 G R i A
ik ’
3 m 3
< glem K m_ X “
T oon ot e (k)2 nt A (4 k)2
j<k i<k
E— ] E—
n n j=1 a=1 n Jj=1 a=2j "
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