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Abstract

This paper studies the asymptotic distribution theory for typical Non-
nested tests applied to two type of time series nonlinear models. Our
competing models are self-exciting threshold autoregressive (SETAR) and
structural break (SB) model. We consider Non-nested tests based on
Davidson and McKinnon [1981], Cox [1961] and Cox [1962]. However,
contrary to standard asymptotic results in Non-nested tests, our asymp-
totic limit results are non-standard, combining the tools of Bai [1995] and
Bai and Perron [1998]; and Hansen [1996] and Hansen [2000], for SB and
SETAR models, respectively.
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1 Introduction

The recent interest in modelling nonlinearities in economic time series has been
matched by the development of procedures for testing for the presence of non-
linearities. Typically tests fall into broad campus: ”portmanteau” tests of the
null hypothesis of linearity against an unspecified form on non-linearity (e.g.
Neural Network tests as Lee et al. [1993]), and tests designed to have power
against an unspecified form of non-linearity. Tong [1990] provide a good review.
Test against an unspecified non-linear alternative are generally uninformative
about the type of non-linearity present if the null is rejected, and give little
indication as to the class of non-linear model to use.

Tests designed to have power against a specific non-linear alternative may
nevertheless reject the null in the presence of other forms of non-linearity, raising
the possibility of adopting an inappropriate class of non-linear model. We con-
sider two classes of nonlinear time series models, Self-exciting threshold autore-
gressive (SETAR) models (analyzed in Tong [1990] and Hansen [1996], among
others) and Structural break (SB) models (studied in Bai [1995], and Davies
et al. [1995]) It might be reasonable to ask whether a economic or financial
variables are subject to changes on their statistical structure due to significant
shocks. Or else, the process shows a complex dynamics that results from non-
linear structures within the underlying DGP.

In order to ask this question, in this paper we investigate standard non-
nested hypothesis tests derived by Cox [1961] and Cox [1962], which generalizes
the likelihood ratio procedure used in the case of nested hypothesis. The main
idea is to ”mean adjust” the Likelihood ratio statistic with a measure of closeness
between to densities (e.g. Kullback-Leibler measure). In parallel, nonnested
hypothesis tests designed by Atkinson [1970] and Davidson and McKinnon [1981]
for which local approximations of artificial nesting in a neighborhood of the null
hypothesis are also considered.

Under, correct specification of a SETAR or Structural Break (SB) process,
the behavior of the parameter estimates are govern by nonstandard distribution,
in particular the threshold parameter and the point break, for SETAR and SB
respectively (see Hansen [2000] and Bai [1995]). As a consequence, we find that
the asymptotic null distribution of the our non-nested tests considered are also
nonstandard, differing from the typical procedures for testing separate families
of hypothesis.

The plan of the paper is as follows. In section 2 we briefly outline the SE-
TAR and SC models. This Section describes the Hansen [1996] and Andrews
[1993] asymptotic distribution theory of the SETAR and SB models, respec-
tively, We set up the standard non-nested tests within our competing models
in section 3, and asymptotic theory for these tests is developed in the present
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context in Section 4. Finally, we end offer some concluding remarks in section
5. Mathematical proofs of the Propositions and Corollaries are presented in the
Appendix.

2 Asymptotic results on Structural Break and
SETAR models

2.1 Self-excited Threshold Autoregressive model

A SETAR(q) model represents our alternative nonlinear model, and we specify
this model similar to Hansen [2000]. such that,

yt = g (xt, θS) + εt (1)
= x′tα1·I(yt−d ≤ γ) + x′tα2·I(yt−d > γ) + εt

Where, αi=(αio, αi1, ..., αiq)
′ and xt=(1, yt−1, ..., yt−q)

′. Similar to Hansen
[2000], the above model can be written as,

yt = x′tα2 + x′t (γ) αT + εt

In which, αT = α2 − α1 and xt (γ) = xt·I(yt−d ≤ γ). In a matrix form,

Y = Xα2 + XγαT + ε (2)

And,
Y = X∗

γα∗ + ε (3)

Here, X =(x′1, ...,x
′
T )′ ,Xγ =(x′1 (γ) , ...,xT (γ))′, X∗

γ =
[
X,Xγ

]
, α∗=(α′2, α

′
T )′

and ε =(ε1, ..., εT ). Analogously,

Y = X1γα1 + X2γα2 + ε (4)

And,
Y = X∗∗

γ α + ε (5)

Where , α = (α′1, α
′
2)
′
. and X∗∗

γ = [X1γ ,X2γ ], with Xiγ=
(
x′i,1 (γ) , ...,xi,T (γ)

)′,
x1,t (γ) = xt·I(yt−d ≤ γ) and x2,t (γ) = xt·I(yt−d > γ). As noted in Gon-
zalo and Pitarakis [2002], we have X =

∑2
i=1 Xiγ and the regressor are such

that X′
1γX2γ = 0.Again, assumptions on {εt, t ≥ 0} are setup in the condi-

tions stated bellow. Threshold models are extensively studied in Tong [1990]
and Franses and Van Dijk [2000], among others. Detailed analysis on consis-
tency and limiting distribution is developed in Chan [1993] and Hansen [2000].
Moreover, Chan [1990] and Hansen [1996] consider linearity tests in a threshold
framework. Similar to Hansen [1996], the following regularity conditions will be
required later,
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Condition 2.1. Let the following assumptions hold,

C.1 {εt} is iid sequence, with zero mean, nonzero variance σ2
ε and E |εt|4r

<
∞ for some r > 1. The density of εt is bounded and continuous and
independent of {yt−1, yt−2,...} .

C.2 The stability condition, max (α′1ι, α
′
2ι) < 1 for which ι = [0, 1, 1, ..., 1]′ a

(q + 1) vector.

C.3 The autoregressive function is discontinuous, that is (α1 − α2) · x∗ 6= 0,
where x∗ = (1, yq−1,yq−2,..., y0) and yq−d = γ.

Condition (C.1) entails that the absolute continuity of π (·) and its pdf
bounded away from 0 and ∞ over each bounded set. (C.3) shows the nonlinear
nature of our problem and γ can be considered as the ”location parameter” of
the discontinuity. The stochastic stability of the SETAR process is ensured by
(C.2), which implies that all roots of the polynomials Θi(z) = 1 −

∑q
j=1 αijz

i

lie outside the unit circle of the complex plane, for i = 1, 2.

Consequently, under (C.1)-(C.3), the SETAR process in (1) is geometric
ergodic, which refers to the rate of convergence to the “invariant” distribution
π (·). Moreover if the chain is started from the initial distribution π (·), the
process is strict stationary. This result follows from Chan and Tong [1985]
once an appropriate drift condition is selected. See also Cline and Pu [1999]
for a discussion between the links between exponential stability of a dynamic
system and geometric stability of a time series, for which the approach of Chan
and Tong [1985] relies. Condition (C.1) can be relaxed to mixing conditions,
and {yt}∞t=0 is a Near epoch dependent (NED) process, under (C.2) and (C.3)
(see Davidson [2002] for these result), but for simplicity we might keep these
framework.

In a previous work, under similar conditions, Chan [1993] obtains an asymp-
totic distribution for which T (γ̂ − γ0) converges weakly to a random variable
M−, where [M−,M+) is the unique random interval over which a compound
Poisson process attains its global minimum. However, for the practical point of
view, these results are not useful since the limit process depends on nuisance
parameters. Hansen [2000] tackles this problem using a different approach based
on controlling the rate at αT shirks to zero such that T (γ̂ − γ0) weakly converges
to a nonstandard but free of nuisance parameters. Hence, the following Propo-
sition summarizes the main results of Hansen [2000], in terms of our purposes,
under conditional homoskedasticity,

Proposition 2.2. Suppose that Assumption 1 in Hansen [2000] holds. Then,

1. γ̂
p→ γ0, and for ε > 0 P

(
T 1−2α

∣∣γ̂ − γ0
∣∣ > v

)
≤ ε (Lemma A.5 and

Lemma A.9).
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2.
√

T
(
α̂− α0

) d→ N
(
0,V†

α

)
(Lemma A.12).

3. T 1−2α
(
γ̂ − γ0

)
⇒ σ2

ε

(c′Dc)f arg max−∞<r<∞
[
− 1

2 |r|+ W(r)
]
, such that the

two sided Brownian motion W(r) on the real line is,

W(r) = W1(−r) · I(r < 0) + W2(r) · I(r > 0)

Where Wi(r) are independent standard Brownian motions on [0,∞).

Here D(γ) = E (xtx′t / yt−d = γ) we define c < ∞, such that αT = cT−α

with 0 < α < 1/2. Part (1), analyzed in Lemma A.9 of Hansen [2000], deter-
mines the convergence rate of the threshold estimate, it is decreasing in α since
the speed equals to T 1−2α. As α increases, the precision in the estimation of γ
reduces due to a smallest threshold effect.αT . Lemmas A.11 and A.12 proof the
result stated in Proposition 2.2.

Proposition’s part 3, considers the weak convergence of the threshold esti-
mate γ̂ to a functional of a two-sided Wiener process on C [0,∞] As showed in
Chan [1993], the two sided distribution results from the discontinuity created
by the ”location” parameter γ of the autoregressive function, this parameter
cuts with an hyperplane the Wiener measure in W(r).

Lower the value of the ratio σ2
ε / (c′Dc) f , the asymptotic distribution of γ̂

becomes less dispersed. That is, when we have a small σ2
ε , a large threshold effect

|c| or a high value of f (γ0) (i.e. many observations are concentrated around
the location parameter). The distribution of arg max−∞<r<∞

[
− 1

2 |r|+ W(r)
]

is analyzed in Bhattacharya and Brockwell [1976]. Chan [1993] obtains a type
of similar results in which T

(
γ̂ − γ0

)
converges weakly to a distribution based

on a Compound Poisson process.

2.2 Autoregressive Structural Break model

A standard autoregressive process with one structural break can be written as
follows,

yt = f (zt, θB) + ut (6)
= z′tδ1·I(t ≤ T1) + z′tδ2·I(t > T1) + ut

Here, δi=(δio, δi1, ..., δiq)
′ and zt=(1, yt−1, ..., yt−q)

′
. Similar to Bai [1995] and

Bai and Perron [1998], the model given above can be rewritten as,

Y = Z1δ1+Z2δ2+u (7)

Or,

Y =Zδ + u (8)
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Where, Y =(y1, ..., yT ), u =(u1, ..., uT ) , δ =(δ′1, δ
′
2)
′
, Z = [Z1,Z2] a (T×(2(q+

1))) matrix with Z1 =
(
z′1, ..., z

′
T1

, 0, ..., 0
)′ and Z2 =

(
0, ..., 0, z′T1+1, ..., z

′
T

)′
.

Additionally,
Y = Zδ2+Z1δT +u (9)

And,

Y =Z
∗
δ∗+u (10)

Where, δ∗=(δ′1, δ
′
T )′, Z

∗
= [Z,Z1], a (T×2p) matrix (hereafter p = q+1). In (9),

Z =(z′1, ..., z
′
T )′ and the magnitude of switch is given by δT = δ1−δ2. Through,

the paper either the re-parametrization in (8) or (10) are used. Note that
Z =

∑2
i=1 Zi and Z′1Z2 = 0. Equation (8) characterize a pure change model as

specified in Bai [1995] in which all the autoregressive parameters switch with the
break. Throughout, true value of a parameter is denoted with a 0 superscript,
such that δ0=

(
δ0′
1 , δ0′

2

)′ and T 0
1 (i.e. T 0

1 = [π0T ], where π0 ∈ (0, 1) and [·] is the
greatest integer function).For our purposes, similar to Davies et al. [1995], we
establish the following conditions,

Condition 2.3. , The following assumptions are assumed to hold,

C.3 {ut} is iid sequence, with zero mean, nonzero variance σ2
ε and E |ut|4r

<
∞ for some r > 1. The density of ut is bounded and continuous and
independent of {yt−1, yt−2,...} .

C.4 The stability condition, max (δ′1ι, δ
′
2ι) < 1 for which ι = [0, 1, 1, ..., 1]′ a

(q + 1) vector.

C.5 The autoregressive function is discontinuous, that is (δ1 − δ2) · z∗ 6= 0,
where z∗ = (1, yq−1,yq−2,..., y0) and [π0T ], where π0 ∈ (0, 1) .

Our assumptions are similar Bai [1995] and Bai and Perron [1998], and would
imply for instance the framework in GMM analyzed in (Andrews [1993]). As in
Davies et al. [1995], the process in (6) is piecewise strict stationary and strong
mixing. Under a suitable drift criteria, the chain converges to its stationary
distribution at a uniform geometric rate. As the previous case, we summa-
rized the main results of Bai [1995] and Bai and Perron [1998], in the following
proposition,

Proposition 2.4. Under Assumptions A1-A7 of given Bai and Perron [1998],
we have,

1. π̂
p→ π0 and every η > 0 there exists a C < ∞ such that for all large T ,

P
(
Tv2

t

(
π̂ − π0

)
> C

)
< η.

2.
√

T
(
δ̂ − δ0

)
d→ N

(
0,V†

δ

)
3. (∆′Q1∆)

σ2
u

v2
t

(
T̂1 − T 0

1

)
⇒ arg maxs Z(s).

6



Similar to Hansen’s results, Z(s) is a two-sided Wiener process with a drift
such that,

Z(s) =
{

W1 (−s)− |s| /2, if s ≤ 0√
ξW2 (s)− ξ |s| /2, if s > 0

And, Wi (s), i = 1, 2 are independent Wiener processes defined on [0,∞] More-
over,

ξ =
∆′C2∆
∆′C1∆

From Bai and Perron’s Assumption (A.7), we know that

(
∆T 0

i

)−1
T 0

i−1+[s∆T 0
i−1]∑

t=T 0
i−1+1

ztz′t
p→ sCi

uniformly in s ∈ [0, 1], for i = 1, 2. (T0 = 0 and T2 = T ). Assumption (A.6)
establishes that δT = vt∆ for some ∆ independent of T , where vt → 0 and
T

1
2−αvt → ∞ for some α ∈ (0, 1/2). The former assumption would imply

that even if the magnitude of the shift decrease as T grows unbounded, the
estimated point of break remains consistent, result established in the second
part of Proposition (2.4). As a result the convergence rate of π̂ is Tv2

t rather
than T . As explained in Bai and Perron [1998], this result permits central limit
theorems to operate since we concentrate the analysis in the neighborhood of
length C/v2

t around the true break date, as vt shrinks this open ball increases.

The first part of Proposition 2.4 establishes the consistency of the break
point estimator π̂. It also considers the convergence of the estimates to the true
value π0. This result permits the

√
T asymptotic normality of the estimated

coefficients δ̂ obtained in part 2 of Proposition 2.4 (See Corollary 1 in Bai [1995]).

3 Non-nested tests

This section is interested in the comparison of different hypothesis of competing
models, in our approach our results are derived from papers by Cox [1961]; and
Atkinson [1970]. The first author derives the asymptotic distribution of a tests
statistic based on the Neyman-Pearson likelihood-ratio, which generalizes the
likelihood procedure used in standard nested tests. The second type of literature
focuses in introducing a third model, called artificial nesting model that contains
both competing models. This approach consists of embedding the alternatives
in a general combined model. This procedure is extended in Davidson and
McKinnon [1981], they derive a test by considering some local approximations
of artificial nesting models in the neighborhood of the hypothesis H0.
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There two other approaches that our paper does not consider, one procedure
tests non-nested hypothesis is to take a Bayesian point of view. The second
approach derives a Wald tests of the encompassing hypothesis which modify a
standard Wald tests for non-nested hypothesis, taking into account the fact that
both of the competing models do not necessary belong to the true distribution.
The idea behind the encompassing principle relies on whether a particular null
model can predict the salient features of the competing alternative model, see
Mizon and Richard [1986].

3.1 Davidson and McKinnon P-test

Similar to Davidson and McKinnon [1981], we can define a convex combination
of separate family of parametric models specified in (6) and (2) that “artifi-
cially” nests both models Lets consider the two competing hypothesis, HSB :
Y =Zδ + u and HTR : Y = X∗

γα∗ + ε, the basic idea is to introduce a third hy-
pothesis in which both HSB and HTR are nested and characterize by a common
constraint. Therefore, the associated mixture is given by,

Y = ωX∗
γα∗+(1− ω)Zδ + ς (11)

Where ω ∈ [0, 1] and HSB : {ω = 0} and HTR : {ω = 1}. As pointed out
in Gourieroux and Monfort [1994], the procedure consists in testing {ω = 0}
against {ω ≥ 0} and {ω = 1} against {ω ≤ 0}. The drawback of this procedure
is that (α, γ, σε) are unidentifiable under HSB (and (δ, π, σu) under HTR). To
circumvent the unidentifiability problem, Davidson and McKinnon [1981] by
replacing the nuisance parameter (α, γ, σε) by its estimator under HTR. As a
result, a pseudo-nested model is given by,

Y = ωX∗
eγα̃∗ (γ̃) + (1− ω)Zδ + ς∗ (12)

Similar to Davidson and McKinnon [1993], equation (12) can be pre-multiplied
by MZ , an orthogonal projection matrix on to the space generated by the
columns of Z, such that,

MZY = ωMZX∗
eγα̃∗ (γ̃) +MZς∗

Where MZ = IT − PZ, such that PZ = Z
(
Z
′
Z
)−1

Z
′

and MZZ = 0, PZ

projects vectors of compatible dimension on to the column space of Z. Therefore,
the OLS estimator of ω is,

ω̂ (π̂, γ̃) =
(
α̃∗ (γ̃)′X∗′

eγ MZX∗
eγα̃∗ (γ̃)

)−1
α̃∗ (γ̃)′X∗′

eγ MZY (13)

As X∗′
eγ α̃∗ (γ̃) = PX∗

eγ
Y. The estimator given in (13) can be rewritten as,

ω̂ =
(
Y′PX∗

eγ
MZPX∗

eγ
Y
)−1

Y′PX∗
eγ
MZY
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Under the null hypothesis H0 : ω = 0 (i.e. HSB : Y =Z
0
δ0+u). Similar to Bai

[1995], Y =Zδ0+u∗, where u∗ = u + (Z
0 − Z)δ0. Thus, (13) equals to,

ω̂ (π̂, γ̃) =
(
α̃∗ (γ̃)′X∗′

eγ MZX∗
eγα̃∗ (γ̃)

)−1
α̃∗ (γ̃)′X∗′

eγ MZu∗ (14)

The associated t-ratio statistic is given by,

T1ω (γ̃) =
α̃∗ (γ̃)′X∗′

eγ MZu∗

σ̂ς∗

[
α̃∗ (γ̃)′X∗′

eγ MZX∗
eγα̃∗ (γ̃)

]1/2
(15)

Where,

σ̂ς∗ =
1
T

∥∥∥Y − ω̂X∗
eγα̃∗ (γ̃)− (1− ω̂)Zδ̂

∥∥∥2

Analogously, if the change point model in (12) is fixed, such that Y = ωX∗∗
γ α+(1− ω)Z

∗
δ̃∗ (π̃)+ς∗∗,

and we premultiply by MX∗∗
γ

= IT−PX∗∗
γ

(where PX∗∗
γ

= X∗∗
γ

(
X∗∗

γ
′X∗∗

γ

)−1
X∗∗

γ
′),

the LS estimator of ω is given by,

(1− ω̂) =
(
δ̃∗′Z̃∗′MX∗∗

bγ
Z̃∗δ̃∗

)−1

δ̃∗′Z̃∗′MX∗∗
bγ

Y

The above formulation helps us to test the null H0 : ω = 1 (i.e. HTR: Y =
X∗∗

γ0α0 + ε). Therefore,

(1− ω̂) =
(
δ̃∗′Z̃∗′MX∗∗

bγ
Z̃∗δ̃∗

)−1

δ̃∗′Z̃∗′MX∗∗
bγ

ε∗ (16)

Where, as before ε∗ = ε+(X∗∗
γ0 −X∗∗

bγ )α0 and the associated t-ratio statistic for
this case,

T2ω (π̃) =
δ̃∗′Z̃∗′MX∗∗

bγ
ε∗

σ̂ς∗∗

[
δ̃∗′Z̃∗′MX∗∗

bγ
Z̃∗δ̃∗

]1/2
(17)

For which the standard errors are defined as,

σ̂ς∗∗ =
1
T

∥∥∥Y − ω̂X∗∗
bγ α̂− (1− ω̂) Z̃∗δ̃∗

∥∥∥2

As pointed out by Gourieroux and Monfort [1995] for the P−tests, ”P”, stands
for the projection matrices M(·) appearing in (15) and (17). In order to solve
the identification problem appearing our mixtures regressions, as suggested by
Davies [1977], applied in Chan [1990] and Hansen [1996] for a nonlinearity test
in a SETAR framework; and Andrews [1993] and Bai and Perron [1998] (among
others) in a change-point test, our competing models. Since, the parameter
γ̃ (resp π̃). in (11) (resp 12) only appears under the alternative hypothesis
(i.e. HTR (resp (HSB)), we can adopt the the union-intersection principle, and
consider the test statistic under HSB (resp. HTR) of the form,

T †
1ω = sup

eγ∈Γ
T1ω (γ̃) and T †

2ω = sup
eπ∈Π

T2ω (π̃) (18)
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Here,Tiω (γ̃) can be seen as a point-wise t-test. Although the paper concentrates
on statistics of the form (18). Our results also apply to more general transfor-
mations g(·) on γ̃ ∈ Γ. Based on superior local power, tests statistics of the form
ave T †

1ω =
∫
Γ

T1ω (γ̃) dW (γ) and exp T †
1ω = ln(

∫
Γ

exp (1/2 T1ω (γ̃))dW (γ)). All
three statistics are g(T1ω) maps functionals on γ̃ ∈ Γ; each function g is con-
tinuous with respect to the uniform metric, monotonic. Similar transformation
can be constructed for T †

2ω on π̃ ∈ Π.

This approach is subject to four main drawbacks, if the conclusions of such
tests indicate that either both of the rival models should be accepted or that
both of them should be rejected our approach based on a comprehensive model
will fail to provide any useful conclusion. Secondly, remarked by Pesaran [1974],
another source of weakness of this procedure relies on the possible high degree
of multicollinearity across the explanatory regressors of the competing models

Thirdly, in this artificial nesting approach, there is a degree of arbitrarily in
the way a comprehensive model is constructed. Finally, in our formulation in
(15), α̂∗′X′∗

bγ depends on the data through the estimator α̂∗ thus they are corre-
lated with the error term. However, Davidson and McKinnon [1981] omit these
difficulties and study directly the asymptotic properties of (15). As a conse-
quence, the next section set up our testing problem in Cox’s theory framework.

3.2 Cox test

Following Cox [1961] and Cox [1962], a maximum-likelihood ratio procedure
proposed by Cox. The idea is to consider, firstly, the usual likelihood ratio (LR)
tests statistic and study its asymptotic distributional properties. Since the LR
statistic divided by T tends to a non-zero limit under the null. Therefore the
tests statistic cannot be equivalent to the generalized Wald and Score test sta-
tistics, analyzed in Gourieroux and Monfort [1994] and Gourieroux and Monfort
[1995]. Thus, in the second step of the Cox’s procedure,a correction is applied
and consequently the test statistic converges to zero under the null as T ↑ ∞ ,
namely,

C1T (π, γ) = L̂RS − E(bδ,bπ)(L̂SR) (19)

Where L̂RS = (STR
T (α̂, γ̂)−SSB

T (δ̂, π̂)), the conditional expectation can be seen
as consistent estimator of E(δ0,π0)(S

TR
T (α(π0), γ(π0))−SSB

T (δ0, π0)), a Kullback-
Leibler measured of the closeness of the densities of the SETAR and SB under
HSB : Y =Z

0
δ0+u, Thus,

E(bδ,bπ)(L̂RS) = T · {p lim
T→∞

(
L̂RS

T
)}(bδ,bπ) (20)

If SSB
T (δ̂, π̂) and STR

T (α̂, γ̂) are the estimated LS criterion functions for HSB

and HTR, respectively, similar to Walker [1967] and Pesaran [1974], we have
that .
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SSB
T (δ, π) =

∥∥Y−Zδ
∥∥2

and STR
T (α, γ) =

∥∥Y −X∗∗
γ α
∥∥2

Thus,

STR
T (α̂, γ̂)− SSB

T (δ̂, π̂) =
∥∥∥MX∗∗

bγ
Y
∥∥∥2

−
∥∥M

bZY
∥∥2

= T (σ̂2
ε(γ̂)− σ̂2

u(π̂)) (21)

The previous difference are the sum of squares of observed residuals obtained
when the models (SETAR) and (SB) are fitted to the data. Note, our tests
is directly using the difference between objective functions of the LS method,
slightly similar to the GMM framework studied in Smith [1992]. It is easy to
show that under HSB ,[

p lim
T→∞

T−1SSB
T (δ̂, π̂)

]
(δ0,π0)

= σ2
u(π0) (22)

Usually is difficult to determine p lim T−1STR
T (α, γ) under HSB . Similar to

Walker [1967] and Pesaran and Deaton [1978], in order to estimates σ2
επ and απ

(for a fixed γπ),

α̂π = (X∗∗′
γπ

X∗∗
γπ

)−1X∗∗
γπ

Y

σ̂2
επ = T−1

∥∥∥MX∗∗
γπ

Y
∥∥∥2

Which given that HSB is true become, απ = (X∗∗′
γπ

X∗∗
γπ

)−1X∗∗
γπ

(Z
0
δ0+u) and

σ2
επ = T−1

∥∥∥MX∗∗
γπ

(Z
0
δ0+u)

∥∥∥2

. Hence, in the view of (20) we have,

p lim
T→∞

σ2
επ = σ2

u(π0)+
1
T

δ0′Z
0′
MX∗∗

γπ
Z

0
δ (23)

Thus for a fixed γπ, we have an estimate of σ2
επ,

σ̂2
εbπ = σ̂2

u(π̂)+
1
T

δ̂′Z
′
MX∗∗

γπ
Zδ̂ (24)

Hence, if γπ is known, using (21), (22) and (24), the statistical test in (19),

C1T (π̂, γ̂)γπ
= T (σ̂2

ε(γ̂)− σ̂2
u(π̂))− δ̂′Z

′
MX∗∗

γπ
Zδ̂

′
(25)

=
∥∥∥MX∗∗

bγ
Y
∥∥∥2

−
∥∥MZY

∥∥2 −
∥∥MX∗∗

γπ
PZY

∥∥2

From the previous statistic, it is easy to see that C1T (π̂, γ̂)γπ = T (σ̂2
ε(γ̂) −

σ̂2
εbπ (γπ)). Hence, (25) may be seen as the difference between the actual residual

variance of the SETAR model under HTR and the estimate of the residual
variance of HTR under HSB . Furthermore, From our Cox test is asymptotically
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equivalent to a generalized Wald test of the difference between the estimator
σ̂2

ε(γ̂) under the HTR and the estimator of the pseudo parameter value σ̂2
ε(γ̂π)

under HSB .

A considerable difference in (25) leads to the rejection of HSB because the
SETAR model is performing significantly well for HSB regarded as true. Similar
to Smith [1992] and Gourieroux and Monfort [1994], under some conditions we
can get that,

C1T (π̂, γ̂)γπ
=

∥∥∥PX∗∗
γπ

PZY
∥∥∥2

−
∥∥∥PX∗∗

bγ
Y
∥∥∥2

= −2δ0′Z
′ [

PX∗∗
bγ

MZu∗
]

+ 2δ0′Z
′ [

PX∗∗
γπ
−PX∗∗

bγ

]
u∗ + op(1)(26)

Here u∗ = u+(Z
0−Z)δ0.as before. Since is not fixed γπ, our approach faces

two main problems. First, we require an analytic derivation of the pseudo-true
estimator γπ that enters in (26), although a close form solution for γ is also not
available for the well specified SETAR). In theory, we should be able to derive
analytically an expression for γπ0 , and in the second stage γ̂π is computed by
evaluating γπ0 at π0 = π̂.

Secondly, in the general case, Walker [1967] and Pesaran and Deaton [1978],
it is assumed that the asymptotic optimization problem for the pseudo parame-
ter has a unique root γ̂π wpa1 Therefore, a consistency analysis on γπ cannot
be applied straightforwardly.

Pesaran and Pesaran [1993] tackles this problem by evaluating the integral
in (20) with Monte Carlo integration method. Recently, Kapetanios and Weeks
[2003] considers boostrap procedures to estimate the Kullback-Leibler measure
in (20).

4 Distribution Theory

Similar to Carrasco [2002], the following subsections are devoted to analyze
the asymptotics of the misspecified models then we proceed to analyze our
nonnested tests, based on these preliminary results.

4.1 Asymptotic results under the SC model

Under the structural break model, we could directly use the results of Bai [1995],
Csörgo and Horváth [1996] and Bai and Perron [1998]. However, our statistics

12



would contain the threshold of the misspecified model (i.e. the indicator func-
tion). Therefore, the proposition given bellow analyzes the asymptotics of the
following empirical covariances,

Proposition 4.1. Under the SB model given in (10) and Conditions (C4)-
(C.5), the following results hold,

1. T−1
∑[sT ]

t=1 xtx′t
p→ sC1 (1) and T−1

∑T
t=[sT ]+1 xtx′t

p→ (1 − s)C2 (1), uni-

formly on (s, ui) ∈ [0, 1]2, for Ci (·) some (p× p) positive definite matrix,
i = 1, 2.

2. T−1
∑[sT ]+d

t=1 xt (γ)xt (γ)′
p→ sC1 (u1) and T−1

∑T
t=[sT ]+d+1 xt (γ)xt (γ)′

p→
(1− s)C2 (u2), uniformly on (s, ui) ∈ [0, 1]2, i = 1, 2.

3. Moreover, we have,

T−1Z
′
1Z1

p→ πC1 (1) , T−1Z
′
2Z2

p→ (1− π)C2 (1)

T−1X′X
p→ C∗ (1) and T−1X′

γXγ
p→ C∗ (u)

uniformly on (π, ui) ∈ [0, 1]2. Here C∗ (1) = πC1 (1) + (1− π)C2 (1) and
C∗ (u) = πC1 (u1) + (1− π)C2 (u2) and ui = P (yt−d ≤ γ) = p1 (γ) I(t ≤
πT ) + p2 (γ) I(t > πT ).

As in Chan [1990] and Tong [1990], we define ui : R → [0, 1] such that
ui (γ) = Pi (yt ≤ γ).Through the paper, we shall use the following matrices
with the following asymptotic properties, such that,

Remark 4.2. If Proposition (4.1) holds, then T−1X′
1γX1γ

p→ C∗ (u) and
T−1X′

2γX2γ
p→ C∗ (1)−C∗ (u) uniformly on (π, ui) ∈ [0, 1]2 .

Based on the Proposition given above, the results of Carrasco [2002] can be
seen as a special case, such that,

Corollary 4.3. If Proposition (4.1) holds and q = 0, then,

1. T−1
∑[sT ]

t=1 x2
t

p→ s and T−1
∑T

t=[sT ]+1 x2
t

p→ (1− s).

2. T−1
∑[sT ]+d

t=1 xt (γ)2
p→ s · p1 (γ) and T−1

∑T
t=[sT ]+d+1 xt (γ)2

p→ (1 −
s)p2 (γ), uniformly on (s, ui) ∈ [0, 1]2. Here, xt = 1 and xt (γ) =
I (yt−d ≤ γ) .

Note that for the special case q = 0, π0C1 (1) and (1−π0)C2 (1) equals to πo

and (1 − π0), respectively. Additionally, π0C1 (u1) and (1 − π0)C2 (u2) equals
to π0p1 (γ) and (1 − π0)p2 (γ), respectively. Similar to Carrasco [2002], the
difference between p1 (γ) and p2 (γ) mainly results because under the structural
break,

P (yt ≤ γ) = p1 (γ) I(t ≤ π0T ) + p2 (γ) I(t > π0T )

13



In terms Carrasco [2002] notation, if q = 0 and {ut; t ≥ 0} is an iid sequence
with a N(0, σ2

u),we have,

p1 (γ) = Φ
(

γ − δ0
1

σu

)
and p2 (γ) = Φ

(
γ − δ0

2

σu

)
Where Φ (·) is the cumulative distribution function of the standard normal. In
Caner and Hansen [2001] and Gonzalo and Montesinos [2002], unit roots with
threshold effects are analyzed simultaneously. Thus, the asymptotic tools are
employed permitted to analyze double-indexed empirical process that weakly
converges to a two-parameter Brownian motion (see Bickel and Wichura [1971]
and Hida [1980] for the multiparameter stochastic processes). Similar techniques
are used in Bai [1996] and Csörgo and Horváth [1996] for analyzing change-
point tests (e.g. Kolmogorov-Smirnov type tests based on sequential empirical
processes).

As a result, our analysis combines those asymptotic techniques to analyze
simultaneously threshold and change-point effects. Let B(s, u) be a Gaussian
process on [0, 1]2 with zero mean and Covariance function E

[
B(s, u)B(r, v)′

]
=

(s ∧ r) (u ∧ v), which we shall call a two-parameter Brownian motion on [0, 1]2.
For the existence and properties of this process we refer to Hida [1980] and for
weak convergence properties see Bickel and Wichura [1971].

The symbol denotes =⇒ weak convergence for sequences of (measurable)
random elements of a space of bounded cadlag functions on [0, 1]2, that is
D(T ) × D(T ) × ... × D(T ) where T = [0, 1]2, the product metric space of all
vector functions on [0, 1]2. Furthermore, we endow each component space D(T )
with the Skorohod metric and the σ−field generated by closed balls under this
metric (more technical details are given in Billingsley [1968] and Pollard [1985]),
therefore we have the following result, similar to Caner and Hansen [2001] and
Gonzalo and Montesinos [2002],

Proposition 4.4. Under Conditions (C3)-(C5),

T−1/2

[sT ]∑
t=1

xt (γ) ut ⇒ σuB1(s, u1), T−1/2
T∑

t=[sT ]+1

xt (γ) ut ⇒ σuB2(s, u2)

T−1/2
T∑

t=[sT ]+1

ztut ⇒ σuB1(s, 1), and T−1/2
T∑

t=[sT ]+1

ztut ⇒ σuB2(s, 1)

where Bi(s) is a 2-parameter Brownian motion on [0, 1]2 with dimension p and
covariance kernel E

[
Bi(s, w)Bi(r, v)′

]
= σ2

u (s ∧ r)Ci (w ∧ v) .

Similar Brownian functionals are analyzed in Caner and Hansen [2001] and
Gonzalo and Montesinos [2002] for developing asymptotic theory for threshold
processes with unit root. Moreover, Bai [1996] and Csörgo and Horváth [1996]
based on empirical processes techniques use this type of processes to analyze
changing point tests.
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Corollary 4.5. Let q = 0, then the following results from Proposition (4.4)
holds, then empirical processes weakly converges such that,

T−1/2

[sT ]∑
t=1

I(yt−d ≤ γ)ut ⇒ σuB1(s, u1)

T−1/2
T∑

t=[sT ]+1

I(yt−d ≤ γ)ut ⇒ σuB2(s, u2)

where Bi(s) is a 2-parameter Brownian motion on [0, 1]2 with covariance E [Bi(s, w)Bi(r, v)] =
σ2

u (s ∧ r) (w ∧ v) .

The section employs our results given above to analyze the limit behavior of
the misspecified estimators and the nonnested tests.

4.1.1 Convergence of the SETAR pseudo parameters under Struc-
tural break model.

Proposition 9 and 10 in Carrasco [2002] show the asymptotic distribution of the
parameters of a misspecified SETAR model, in which the data is generated by
a MSA model. These results assume that both models have q = 0. That is, the
models only depend on a switching intercept. As a result, we have that,

α̂
p→ αa(δ0, T 0

1 , γa)

And, √
T (α̂− αa) d→ N (0,K3)

Where K3 is given in Lemma A.3. in Carrasco [2002]. Similar to the analysis for
the Cox test, in order to obtain the associated pseudo-true values of (α, γ, σ2

ε)
under HSB , we need to measure the proximity between the two hypothesis
HSB and HTR . Similar to Gourieroux and Monfort [1994], based on Kullback-
Leibler information criterion (KLIC), and similar to the semiparametric case,
we can define,

DSB (π, γ) = ESB

∥∥∥Z0
δ0 + u−X∗∗

γ α
∥∥∥2

Where, ESB (·) is a conditional expectation with respect to the probability mea-
sure attached to the HSB . The empirical counter part would be DSB (π0, γ̂) =
T−1

∥∥Zδ −X∗∗
γ α
∥∥2

. Since for a fixed γ, α̃π0 = (X∗∗′
γ X∗∗

γ )−1X∗∗
γ (Z

0
δ0+u), we

define the associated asymptotic pseudo-true value as the solution of the opti-
mization problem,

γ̃ (π) = argminγ∈Γ ESB

∥∥∥MX∗∗
γ

(Z0
δ0 + u)

∥∥∥2

(27)

Normally, For the general case, when q ≥ 1, the nonrandom vector of pseudo
true values can be computed,
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Proposition 4.6. Under the SC model given in (10) and Conditions (C.3)-
(C.5). The pseudo parameter of the misspecified SETAR model follows,

α̃ (γ̃)
p→ αa (π0, γ) = [α1a, α2a]′

p→
[

π0C∗ (u)−1 C1 (u1) (1− π0)C∗ (u)−1 C2 (u2)
π0 [C∗(1)−C∗ (u)]−1 [C1 (1)−C1 (u1)] (1− π0) [C∗(1)−C∗ (u)]−1 [C2 (1)−C2 (u2)]

]
δ0

uniformly on (s, u) ∈ [0, 1]2. Here C∗ (1) = π0C1 (1) + (1 − π0)C2 (1) and
C∗ (u) = π0C1 (u1) + (1− π0)C2 (u2) .

Following Corollary the similarities of our Proposition 4.6 above with the
one presented by Carrasco [2002],Proposition 5, given above, has similar results
as part (i) Proposition 10 of Carrasco [2002].

Corollary 4.7. Let q = 0, then the following results from Proposition (4.6)
holds, then,

α̃ (γ̃)
p→

[
π0

p1(γ)
p∗(γ) (1− π0)

p2(γ)
p∗(γ)

π0
(1−p1(γ))
(1−p∗(γ)) (1− π0)

(1−p2(γ))
(1−p∗(γ))

] [
δ0
1

δ0
2

]

uniformly on (s, u) ∈ [0, 1]2. and p∗ (γ) = π0p1 (γ) + (1− π0) p2 (γ) .

4.2 Asymptotic results under the SETAR model

By symmetry of our nonnested testing problem, we shall compute the asymp-
totic results for the case which the data is generated by a SETAR process
whereas the research fits a change of point analysis, such that,

Proposition 4.8. If Conditions (C.1)-(C.2) and the underlying process follows
a SETAR process as given in (5), then

1. T−1
∑T

t=1 ztz′t
p→ Q1 (1, u) + Q2 (1, u) uniformly over (s, u) ∈ [0, 1]2, for

Qi (·) some (p× p) positive definite matrix.

2. T−1
∑[sT ]

t=1 ztz′t
p→ Q1 (s, u) + Q2 (s, u), uniformly on (s, u) ∈ [0, 1]2.

3. That is, if u is fixed at uo (i.e.P
(
yt−d ≤ γ0

)
), we have,

T−1X′
1γX1γ

p→ Q1 (1, u) , T−1X′
2γX2γ

p→ Q2 (1, u)

T−1Z′1Z1
p→ Q∗ (π) and T−1Z′Z

p→ Q∗ (1)

uniformly on (π, u) ∈ [0, 1]2. Here Q∗ (1) = Q1 (1, u) + Q2 (1, u) and
Q∗ (π) = Q1 (π, u) + Q2 (π, u).

If the parametrization given in (7), we have,
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Remark 4.9. Proposition (4.8) implies that T−1Z′2Z2
p→ Q∗ (1)−Q∗ (π) uni-

formly on (π, u) ∈ [0, 1]2 .

Furthermore, based on the results given above and following Carrasco [2002],
they lead to,

Corollary 4.10. If zt = 1 (i.e. q = 0), under Proposition (4.8), we have that,
T−1

∑[sT ]
t=1 z2

t
p→ s and T−1

∑[sT ]+d
t=1 xt (γ)2

p→ s · p (γ) uniformly on (s, u) ∈
[0, 1]2. Here p (γ) = u = P (yt−d ≤ γ) .

Analogously to Proposition (4.4) obtained before above, we have the weak
convergence of the following double-indexed sequential empirical process, such
that,

Proposition 4.11. As T ↑ ∞, under Conditions (C.1)-(C.3),

T−1/2

[sT ]∑
t=1

x1t (γ) εt ⇒ σεB1(s, u)

T−1/2

[sT ]∑
t=1

x2t (γ) εt ⇒ σεB2(s, u)

where Bi(s) is a 2-parameter Brownian motion on [0, 1]2 with dimension p and
covariance kernel E

[
Bi(s, w)Bi(r, v)′

]
= σ2

εQi (s ∧ r, w ∧ v)

Once more, the special case of q = 0 analyzed in Carrasco [2002] is implied
by the Proposition 4.11above.

Corollary 4.12. If q = 0 in Proposition (4.11), then,

T−1/2

[sT ]∑
t=1

I(yt−d ≤ γ)εt ⇒ σεB1(s, u)

T−1/2

[sT ]∑
t=1

I(yt−d > γ)εt ⇒ σεB2(s, u)

where Bi(s) is a 2-parameter Brownian motion on [0, 1]2 with covariance E [Bi(s, w)Bi(r, v)] =
σ2

ε (s ∧ r) (w ∧ v) .

Similarly, an analysis of the misspecified SC can be done based on the as-
ymptotic results given above.

4.2.1 Convergence of the Structural break pseudo parameters under
SETAR model.

Analogously, Carrasco’s Proposition 6 obtains the asymptotic distribution of δ̂
when in fact the model is generated by a threshold model Carrasco’s Proposition
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assumes q = 0 and normal errors, such that,

√
T

(
δ̂1 − α0

1 − p(γ)α0
2

δ̂2

)
d→ N

((
0
0

)
,K2

[
1/π −1/π
−1/π 1/(π(1− π)

])
And,

σ̂2
u

d→ σ2
ua = σ2

ε + p(γ)(1− p(γ))(α0
2)

2

Here, K2 depends on σ2
ε , α0, γ0 and the pseudo-true parameter π (details are

given in Carrasco [2002]). Nonetheless, the results given above do not provide
full discussion regarding the convergence of the threshold parameter γ̂ or and
the break point date T̂ 0

1 to their pseudo-true parameters. By symmetry of the
problem, the following proposition provides the criterias in which existence and
consistency of the misspecified structural model can be obtained,

Proposition 4.13. Under the SC model given in (10) and Conditions (C.1)-
(C.3). The pseudo parameter of the misspecified SETAR model follows,

δ̃ (π̃)
p→ δa

(
π, γ0

)
= [δ1a, δ2a]′

p→
[

Q∗ (π)−1 Q1 (π) Q∗ (π)−1 Q2 (π)
[Q∗(1)−Q∗ (π)]−1 [Q1 (1)−Q1 (π)] [Q∗(1)−Q∗ (π)]−1 [Q2 (1)−Q2 (π)]

]
α0

uniformly on (π, u0) ∈ [0, 1]2.

Similar to Proposition 6 in Carrasco [2002], we must have,

Corollary 4.14. Let q = 0, then Proposition (4.13) can be rewritten as,

δ̃ (π̃)
p→
[

p
(
γ0
)

(1− p
(
γ0
)
)

p
(
γ0
)

(1− p
(
γ0
)
)

] [
α0

1

α0
2

]
uniformly on (s, u) ∈ [0, 1]2.

As in Carrasco [2002], the shift of the pseudo parameters at the limit δ2a−δ1a

equals to zero, i.e. δia, i = 1, 2, is a simple weighted average of linear parameter
α0

1 and α0
2 under the SETAR model. Since the asymptotic behavior of both the

correctly specified and misspecified models are set up, next we shall analyze the
distribution theory of the ”artificial” nested tests.

4.3 Asymptotic convergence of the test statistics

This section consider the asymptotic limits of our non-nested tests for competing
models suggested in the previous section.
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4.3.1 Convergence of the P-test Tω

Based on the asymptotic results and the limit behavior of the competing models,
we are able to study the limit process of ω̂, given in (14) and (16), and the
associated Tω statistic, specified in (15) and (17).

As Shorack and Wellner [1986], Bai [1996] and Csörgo and Horváth [1996], we
say that K(s, u) be a Gaussian process on a unit cube [0, 1]2 with E [K(s, u)] = 0
and Covariance function E

[
K(s, u)K(r, v)′

]
= (u ∧ v) ((s ∧ r)− sr), defined as

a Kiefer process on [0, 1]2 (see also Bickel and Wichura [1971] for more technical
details). This type of stochastic process has been extendedly used in the statis-
tics literature (e.g. Csörgo and Horváth [1996] and Shorack and Wellner [1986]).
However, to our knowledge these processes has been applied in the econometrics
literature by Bai [1996] and Gonzalo and Montesinos [2002].

Intuitively speaking, a Kiefer process can be seen as a two-dimensional
Brownian bridge process as K(s, u) = B(s, u)− uB(s, 1), and its existence and
properties are developed in Csörgo and Révész [1981].

Asymptotic distribution of the P-tests under SC model. The following
Proposition shows limit process of our Davidson and MacKinnon’s type test
based on (14), (15) and (18), such that,

Proposition 4.15. Under Propositions (4.1), (4.4) and (4.6) and H0 : ω = 0
(i.e. HSB : Y =Z

0
δ0+u, the SC model), we have,

T1ω ⇒ [α′TaA (π0, u) αTa]−1/2
α′Ta

2∑
i=1

Ki(π0, u) (28)

sup
0<u<1

T1ω (u) ⇒ sup
0<u<1

[α′TaA (π0, u) αTa]−1/2
α′Ta

2∑
i=1

Ki(π0, u) (29)

Where,

A (π0, u) =
[
π0

(
Ip −C1 (u1)C1 (1)−1

)
C1 (u1) + (1− π0)

(
Ip −C2 (u2)C2 (1)−1

)
C2 (u2)

]
(30)

Ki(π0, ui) =
(
Bi(π0, ui)−Ci (ui)Ci (1)−1 Bi(π0, 1)

)
(31)

where Ki(π0, ui) is a Kiefer process on the unit cube [0, 1]2 with dimension p
and covariance kernel

E
[
Ki(s, w)Ki(r, v)′

]
= σ2

u (s ∧ r)
(
Ci (w ∧ v)−Ci (w)Ci (1)−1 Ci (v)

)
(32)

Proposition (4.15) gives the asymptotic distribution of the test statistic se-
quence T1ω Our result given in (28) takes a similar form to that found for
change-point in Bai [1996] Theorem 3 (i) for which general type of changes in
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the error distribution functions are considered under fixed alternatives. The
asymptotic distribution of T1ω is less dispersed when α′Ta is small, i.e. when a
reduced ”threshold effect” is observed in the in the misspecified SETAR model.
As suggested in Bai [1996], the sum of the two Kiefer processes in (28) is uni-
formly bounded in probability since each Ki(·, ·) is also bounded in probability,
for i = 1, 2 (See Theorem A.2.3 in Csörgo and Horváth [1996]). Next, we
present, a special version of 4.15, such that,

Corollary 4.16. If q = 0, equations (30)-(32) in Proposition (4.15), can be
rewritten as,

A (π0, u) = [π0p1(γ) (1− p1(γ)) + (1− π0) p2(γ) (1− p2(γ))] (33)

Ki(π0, ui)= (Bi(π0, ui)−p1(γ)Bi(π0, 1)) (34)

And,
E
[
Ki(s, w)Ki(r, v)′

]
= σ2

u (s ∧ r) ((w ∧ v)− wv) (35)

Note that ui = pi(γ), for i = 1, 2. Subsequently, we begin considering the
inverse situation when a SETAR process generates the data.

Asymptotic distribution of the P-tests under SETAR model. Anal-
ogously to Proposition (4.15), the asymptotic distribution of the test statistic
sequence T2ω given in (17) and (18),

Proposition 4.17. Under Propositions (4.8), (4.11) and (4.13) and the null
hypothesis of H0 : ω = 1 (i.e. HTR: Y = X∗

γ0α0 + ε, the SETAR model), we
have,

T2ω ⇒
[
δ′TaG

(
π, u0

)
δTa

]−1/2
δ′Ta

2∑
i=1

Ki(π, u0) (36)

sup
0<π<1

T2ω (π) ⇒ sup
0<π<1

[
δ′TaG

(
π, u0

)
δTa

]−1/2
δ′Ta

2∑
i=1

Ki(π, u0) (37)

Where,

G
(
π, u0

)
=
[(

Ip −Q1 (π)Q1 (1)−1
)
Q1 (π) +

(
Ip −Q2 (π)Q2 (1)−1

)
Q2 (π)

]
(38)

Ki(π, u0) =
(
Bi(π, u0)−Qi (π)Qi (1)−1 Bi(1, u0)

)
(39)

where Ki(π, u0) is a Kiefer process on the unit cube [0, 1]2 with dimension p and
covariance kernel

E
[
Ki(s, w)Ki(r, v)′

]
= σ2

ε

(
Qi (s ∧ r, w ∧ v)−Qi (s, w ∧ v)Qi (1, w ∧ v)−1 Qi (r, w ∧ v)

)
(40)
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Given the symmetry of the result in Proposition 4.15, the analysis for the
results in 4.17 follows from Proposition 4.15. A similar version to Corollary 4.16
cannot be obtained of this case since the T-statistic is undetermined. As shown
in (Gourieroux and Monfort [1995]) the regressors Zi are linear combinations of
the regressors Xiγ for q = 0.

4.3.2 Convergence of the Cox test

Our problem here is to derive the asymptotic limit of the test given in (26). In
which we focus in the centered difference between the LS criterion functions
of the competing models. We set the problem for testing the model HSB :
Y =Z

0
δ0+u against the alternative belonging to HTR: Y = X∗

γ0α0 + ε. Hence,
the weak convergence result of the sequential test in (26) is analyzed in the next
proposition such that,

5 Conclusions

The present paper consider two classes of separate families of hypothesis applied
to nonlinear time series models. The proposed non-nested tests compare two
rival model in which under correct specification show non-standard asymptotic
limits. As a consequence, contrary to the standard results in non-nested hy-
pothesis testing, our test weakly converges to functionals of Gaussian processes.

Although, the complexity of the problem and its results, our tests provides a
statistical framework in which researches may infer between economic or finan-
cial variables that are subject to structural breaks. And, process with complex
dynamics mainly due to nonlinear structures.

MATHEMATICAL APPENDIX

Proof of Proposition 4.6. As Chan [1990] and Hansen [2000], through con-
centration of the LS estimator of (5), we have,

α̃ (γ̃) =
[
X∗∗′
eγ X∗∗

eγ

]−1
X∗∗′
eγ Y (A-1)

Similar to (Gourieroux and Monfort [1994]), under the true model, Y =Z
0
δ0+u,

we get,
α̃ (γ̃) =

[
T−1X∗∗′

eγ X∗∗
eγ

]−1
T−1X∗∗′

eγ Z
0
δ0 + op (1) (A-2)
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By Proposition (4.1) and (4.4)
[
X∗∗′
eγ X∗∗

eγ

]−1

X∗∗′
eγ u =Op

(
T−1/2

)
. Since, X∗∗

γ =[
X1γ ,X2γ

]
,[

α̃1 (γ̃)
α̃2 (γ̃)

]
=

[
T−1X′

1eγX1eγ 0
0 T−1X′

2eγX2eγ

]−1

×[
T−1X′

1eγZ
0

1 T−1X′
1eγZ

0

2

T−1X′
2eγZ

0

1 T−1X′
2eγZ

0

2

]
+ op (1)

Proposition (4.1) imply that,[
α̃1 (γ̃)
α̃2 (γ̃)

]
p→
[

α1a (γ)
α2a (γ)

]
=

[
C∗ (u) 0

0 C∗(1)−C∗ (u)

]−1

×[
π0C1 (u1) (1− π0)C2 (u2)

π0 [C1 (1)−C1 (u1)] (1− π0) [C2 (1)−C2 (u2)]

]
δ0

uniformly on (π0, u) ∈ [0, 1]2. Here C∗ (1) = π0C1 (1) + (1 − π0)C2 (1) and
C∗ (u) = π0C1 (u1) + (1− π0)C2 (u2) .. Simple algebra gives the desired result
in (4.6).

Proof of Corollary 4.7. The result is directly implied by Corollary 4.3 and
Proposition 4.6, when q = 0. That is, for the model with only intercepts, we
have that π0C1 (1) and (1− π0)C2 (1) equals to πo and (1− π0), respectively.

Moreover, π0C1 (u1) and (1−π0)C2 (u2) equals to π0p1 (γ) and (1−π0)p2 (γ),
respectively. Thus, p∗ (γ) = π0p1 (γ) + (1− π0)p2 (γ).

Proof of Proposition 4.15. Let first analyze (15), based on the the estima-

tor ω̂ (π̂, γ̃) =
(
α̃∗ (γ̃)′X∗′

eγ MZX∗
eγα̃∗ (γ̃)

)−1

α̃∗ (γ̃)′X∗′
eγ MZu∗ given in (14). We

shall focus on the first component of ω̂ (π̂, γ̃). we have,

T−1α̃∗ (γ̃)′X∗′
eγ MZX∗

eγα̃∗ (γ̃) = α̃∗ (γ̃)′
[
T−1X∗′

eγ X∗
eγ − T−1X∗′

eγ Z
(
T−1Z

′
Z
)−1

T−1Z
′
X∗
eγ

]
α̃∗ (γ̃)

= α̃∗ (γ̃)′
[

T−1X′X T−1X′X
eγ

T−1X′
eγX T−1X′

eγXeγ

]
α̃∗ (γ̃)−

α̃∗ (γ̃)′
[

T−1X′Z1 T−1X′Z2

T−1X′
eγZ1 T−1X′

eγZ2

][
T−1Z

′
1Z1 0

0 T−1Z
′
2Z2

]−1

×

[
T−1Z

′
1X T−1Z

′
1Xeγ

T−1Z
′
2X T−1Z

′
2Xeγ

]
α̃∗ (γ̃)
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Proposition (??), (4.1) and (4.6) give,

α̃∗ (γ̃)′X∗′
eγ MZX∗

eγα̃∗ (γ̃)
p→ α∗a (γ)′

[
C∗ (1) C∗ (u)
C∗ (u) C∗ (u)

]
α∗a (γ)

−α∗a (γ)′
[

πC1 (1) (1− π)C2 (1)
πC1 (u1) (1− π)C2 (u2)

] [
πC1 (1) 0

0 (1− π)C2 (1)

]−1

×
[

πC1 (1) πC1 (u1)
(1− π)C2 (1) (1− π)C2 (u2)

]
α∗a (γ)

Standard algebra shows that,

α̃∗ (γ̃)′X∗′
eγ MZX∗

eγα̃∗ (γ̃)
p→ α∗a (γ)′

[
C∗ (1) C∗ (u)
C∗ (u) C∗ (u)

]
α∗a (γ)

−α∗a (γ)′
[

C∗ (1) C∗ (u)
C∗ (u) πC1 (u1)C1 (1)−1 C1 (u1) + (1− π)C2 (u2)C2 (1)−1 C2 (u2)

]
α∗a (γ)

As C∗ (u) = πC1 (u1) + (1− π)C2 (u2), A (π, u) in equation (30) is established,

T−1α̃∗ (γ̃)′X∗′
eγ MZX∗

eγα̃∗ (γ̃)
p→ α∗a (γ)′

[
0 0
0 A (π, u)

]
α∗a (γ) = α′TaA (π, u)αTa

(A-3)
Next, we focus on α̃∗ (γ̃)′X∗′

eγ MZu∗, the second component with u∗ = u+(Z
0−

Z)δ0,

α̃∗ (γ̃)′X∗′
eγ MZu∗ = α̃∗ (γ̃)′X∗′

eγ MZu + α̃∗ (γ̃)′X∗′
eγ MZ(Z

0 − Z)δ0

Similar to ? and Bai and Perron [1998], we know that α̃∗ (γ̃)′X∗′
eγ MZ(Z

0 −
Z)δ0 = op(1) by Assumption (??), and,

T−1/2α̃∗ (γ̃)′X∗′
eγ MZu∗ = T−1/2α̃∗ (γ̃)′X∗′

eγ u−T−1/2α̃∗ (γ̃)′X∗′
eγ PZu+op(1)

= α̃∗ (γ̃)′
[

T−1/2X′u
T−1/2X′

eγu

]
− α̃∗ (γ̃)′

[
T−1X′Z1 T−1X′Z2

T−1X′
eγZ1 T−1X′

eγZ2

]

×

[
T−1Z

′
1Z1 0

0 T−1Z
′
2Z2

]−1 [
T−1/2Z

′
1u

T−1/2Z
′
2u

]
+op(1)

Similarly, by directly using the results of Proposition (4.1), (4.4) and 4.6, yields
to,

T−1/2α̃∗ (γ̃)′X∗′
eγ MZu∗ ⇒ α∗a (γ)′

[
σuB1(π, 1)+σuB1(π, 1)

σuB2(π, u1)+σuB1(π, u2)

]
−α∗a (γ)′

[
Ip Ip

C1 (u1)C1 (1)−1 C2 (u2)C2 (1)−1

] [
σuB1(π, 1)
σuB2(π, 1)

]
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Therefore,

T−1/2α̃∗ (γ̃)′X∗′
eγ MZu∗ ⇒ α∗a (γ)′

[
0

σu

∑2
i=1

{
Bi(π, ui)−Ci (ui)Ci (1)−1 Bi(π, 1

} ]
(A-4)

(??) and (??) with continuous mapping theorem (CMT) leads to,

T 1/2ω̂ (π̂, γ̃) ⇒ σu [α′TaA (π, u) αTa]−1
α′Ta

2∑
i=1

{
Bi(π, ui)−Ci (ui)Ci (1)−1 Bi(π, 1)

}
(A-5)

on C [0, 1]2. By Proposition (??), under the null hypothesis σ̂ς∗
p→ σu. There-

fore, combining this result with equation (??), the sequential t-tests in (15)
converges to,

T1ω ⇒ [α′TaA (π, u) αTa]−1/2
α′Ta

2∑
i=1

Ki(π, u) (A-6)

as established in equation (28) Since, g (·) in (18) is continuous function using the
uniform metric, monotonic on the space of bounded cadlag functions on Γ, (29)
holds by (CMT). The sum of two independent p−dimensional Kiefer processes
on C [0, 1]2, the space of all continous functions in the unit cube.Similar to
Bai [1996] and Caner and Hansen [2001], the covariance kernel in (32) can be
obtained as follows,

E
[
Ki(s, w)Ki(r, v)′

]
= E[(Bi(s, w)−Ci (w)Ci (1)−1 Bi(s, 1))

×(Bi(r, v)−Ci (v)Ci (1)−1 Bi(r, 1))′]

From Proposition (4.4) we know that, E [Bi(s, w)Bi(r, v)′] = σ2
u (s ∧ r)Ci (w ∧ v),

thus,

E [Ki(s, w)Ki(r, v)′] = σ2
u (s ∧ r)

[
Ci (w ∧ v)−Ci (w)Ci (1)−1 Ci(v)

]
(A-7)

which gives the desired result given in (32).

Proof of Corollary 4.16. Corollaries 4.3, 4.5 and 4.7 applied to Proposition
4.15 establishes the results in the Corollary.

Proof of Proposition 4.13 Corollary and 4.14. By symmetry of our prob-
lem, these results are determined as in Proposition 4.6 and Corollary 4.7, re-
spectively. Similar to Bai [1995] and Bai and Perron [1998], the concentrated
LS estimator in the change-point model in (8) is given by,

δ̃ (π̃) =
[
Z
′
Z
]−1

Z
′
Y (A-8)
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If Proposition (4.8) and (4.11) holds under the true model, Y = X∗∗
γ0α0 + ε, the

sequence of estimators converge uniformly on (π, u0) an element on the unit
cube set [0, 1]2, such that,

δ̃ (π̃) =

[
δ̃1 (π̃)
δ̃2 (π̃)

]
p→
[

δ1a

(
π, γ0

)
δ2a

(
π, γ0

) ]
p→
[

Q∗ (π)−1 Q1 (π) Q∗ (π)−1 Q2 (π)
[Q∗(1)−Q∗ (π)]−1 [Q1 (1)−Q1 (π)] [Q∗(1)−Q∗ (π)]−1 [Q2 (1)−Q2 (π)]

]
α0

The Proposition is proved as Q∗ (1) = Q1

(
1, u0

)
+ Q2

(
1, u0

)
and Q∗ (π) =

Q1

(
π, u0

)
+ Q2

(
π, u0

)
. Under q = 0, combining these results together with

Corollary 4.10, we obtain the desired Corollary.

Proof of Proposition 4.17. Once more, the proof follows similarly to Propo-
sition 4.15. Under the null hypothesis H0 : ω = 1 (i.e. Hf : Y = X∗∗

γ0α0 + ε),
we shall analyze the estimator of the convex combination for the P−test, such
that

(1− ω̂ (π̃, γ̂)) =
(
δ̃∗′Z̃∗′MX∗∗

bγ
Z̃∗δ̃∗

)−1

δ̃∗′Z̃∗′MX∗∗
bγ

ε∗

Where ε∗ = ε + (X∗∗
γ0 −X∗∗

bγ )α0. Consider first the component,

T−1δ̃∗ (π̃)′ Z̃∗′MX∗∗
bγ

Z̃∗δ̃∗ (π̃) = δ̃∗ (π̃)′
[

T−1Z̃ ′Z̃ T−1Z̃ ′Z̃1

T−1Z̃ ′
1Z̃ T−1Z̃ ′

1Z̃1

]
δ̃∗ (π̃)−

δ̃∗ (π̃)′
[

T−1Z̃ ′X1bγ T−1Z̃ ′X2bγ

T−1Z̃ ′
1X1bγ T−1Z̃ ′

1X2bγ

] [
T−1X′

1bγX1bγ 0
0 T−1X′

2bγX2bγ

]−1

×

[
T−1X′

1bγZ̃ T−1X′
1bγZ̃1

T−1X′
2bγZ̃ T−1X′

2bγZ̃1

]
δ̃∗ (π̃)′

Note that here parametrizations in equations (10) and (5) are used. By Propo-
sition (??), (4.8) and (4.13),

T−1δ̃∗ (π̃)′ Z̃∗′MX∗∗
bγ

Z̃∗δ̃∗ (π̃)
p→ δ∗a (π)′

[
0 0
0 G

(
π, u0

) ] δ∗a (π) = δ′TaG
(
π, u0

)
δTa

(A-9)
Where G

(
π, u0

)
is defined in (38). Now lets consider δ̃∗ (π̃)′ Z̃∗′MX∗∗

bγ
ε∗. Sim-

ilar to Hansen [2000], we can prove that δ̃∗ (π̃)′ Z̃∗′MX∗∗
bγ

(X∗∗
γ0 − X∗∗

bγ )α0 =
op(1) such that,

T−1/2δ̃∗ (π̃)′ Z̃∗′MX∗∗
bγ

ε∗ = δ̃∗ (π̃)′
[

T−1/2Z̃ ′ε

T−1/2Z̃ ′
1ε

]
− δ̃∗ (π̃)′

[
T−1Z̃ ′X1bγ T−1Z̃ ′X2bγ

T−1Z̃ ′
1X1bγ T−1Z̃ ′

1X2bγ

]

×
[

T−1X′
1bγX1bγ 0
0 T−1X′

2bγX2bγ

]−1 [
T−1/2X′

1bγε

T−1/2X′
2bγε

]
+op(1)
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Proposition (4.8), and 4.13 together with the invariance principle given in Propo-
sition (4.11) leads to the weak convergence,

T−1/2δ̃∗ (π̃)′ Z̃∗′MX∗∗
bγ

ε∗ ⇒ σεδ
′
Ta

2∑
i=1

{
Bi(π, u)−Qi (π, u)Qi (1, u)−1 Bi(1, u)

}
(A-10)

Combining (??) and (??) with (CMT),

T 1/2(1−ω̂ (π̃, γ̂)) ⇒ σε

[
δ′TaG

(
π, u0

)
δTa

]−1
2∑

i=1

{
Bi(π, u)−Qi (π, u)Qi (1, u)−1 Bi(1, u)

}
(A-11)

Thus,

T2ω ⇒
[
δ′TaG

(
π, u0

)
δTa

]−1/2
δ′Ta

2∑
i=1

Ki(π, u) (A-12)

This establishes the desired result in the statistic 36 since under the null hypoth-
esis σ̂ς∗∗

p→ σε. (37) is implied by CMT . Analogously, the covariance kernel in
(40),

E
[
Ki(s, w)Ki(r, v)′

]
= E[(Bi(s, w)−Qi (s, w)Qi (1, w)−1 Bi(1, w))

×(Bi(r, v)−Qi (r, v)Qi (1, v)−1 Bi(1, v))′]

Taking E
[
Bi(s, w)Bi(r, v)′

]
= σ2

εQi (s ∧ r, w ∧ v) ,

E
[
Ki(s, w)Ki(r, v)′

]
= σ2

ε [Qi (s ∧ r, w ∧ v)−Qi (s ∧ 1, w ∧ v)Qi (1, v)−1 Qi (r, v)

−Qi (s, w)Qi (1, w)−1 Qi (1 ∧ r, w ∧ v)

+Qi (s, w)Qi (1, w)−1 Qi (1 ∧ 1, w ∧ v)Qi (1, v)−1 Qi (r, v)]

Consider s, r < 1 and w > v,

E
[
Ki(s, w)Ki(r, v)′

]
= σ2

ε [Qi (s ∧ r, v)−Qi (s, v)Qi (1, v)−1 Qi (r, v)]

Therefore, we conclude,

E
[
Ki(s, w)Ki(r, v)′

]
= σ2

ε [Qi (s ∧ r, w ∧ v)−Qi (s, w ∧ v)Qi (1, w ∧ v)−1 Qi (r, w ∧ v)]

which is stated result in (40).
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