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Abstract

This paper develops a nonparametric test to investigate whether any of two classes of
“simple” models can rationalize observed option prices. These classes are (i) processes
with independent returns and (ii) univariate Markov processes. The practice of recali-
bration is mimicked by only imposing minimal stability requirements on the candidate
pricing models. The main finding is that processes with independent returns are inad-
equate even for the purpose of fitting the cross-section and term-structure on a single
day. Univariate Markovian processes, however, perform much better. This is due to their

ability to capture leverage.
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1 Introduction

The development of option pricing methods since Black and Scholes’ seminal 1973 article has
primarily focussed on exploring alternative assumptions for the dynamics of the underlying
asset. Two different strategies to this end co-exist. One strand of the academic literature
has followed the evolution in the econometric literature towards models featuring increas-
ingly complex serial dependence (in particular ARCH (Engle (1982), Bollerslev (1986)) and
stochastic volatility (SV) (Taylor (1986))). Examples are Hull and White (1987), Stein and
Stein (1991), Heston (1993a), Heston and Nandi (2000), Nicolato and Venardos (2003) and
Carr and Wu (2004).

A second strand of the literature retains its focus on serial dependence structures similar
or slightly more general than “Black-Scholes” geometric Brownian motion. In addition to
early papers such as Merton (1976) or Cox and Ross (1976), recent contributions by Madan
and Seneta (1990), Rubinstein (1994), Madan, Carr, and Chang (1998), Kou and Wang
(2001), Carr and Wu (2003), Carr, Madan, Geman, and Yor (2005) and several others
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cited below consider option pricing on processes with a simple dependence structure, using
increasingly flexible parametrizations.

While this by itself might suffice to justify further study of such simple models, it is
their popularity with practicioners that provided the initial motivation for the present work.
Indeed, the technical machinery supporting option trading decisions in practice tends to
be based on “tweaked” versions of the Black-Scholes model rather than on the most com-
plex methods from the academic literature. The new proposals for pricing models based
on processes with a simple dependence structure can in that sense be seen as a potential
improvement over currently popular pricing tools without sacrificing much of their com-
putational and conceptual simplicity. The extent of their misspecification is likely to be
larger than that of the more complex models, but this problem is commonly circumvented
by frequent recalibration.

In this paper, I develop and apply a device for analyzing the potential of simple option
pricing models. This device is able to discriminate between “simple” and “complex” models
based on very short observation periods. Hence it is suited for checking whether simple
models are sufficiently flexible to price options whilst remaining stable over short periods.
This is in line with the common practice in the market of using simple models for pricing and
hedging, and resorting to fairly frequent recalibration to deal with potential misspecification.
Of course, recalibration is inconsistent with the theory behind the models; what I want to
discover is not whether simple models reflect the true DGP behind several decades of data
- they certainly do not, nor does any other model investigated to date - but rather how
sophisticated a pricing model needs to be in order to be a potentially useful improvement
over tools currently used in practice.

The method consists of two tests, both based on a consistency relationship between
risk-neutral transition densities!. The first holds for Markov processes and is known as
the Kolmogorov-Chapman equation; the second is a specialization thereof for processes with
independent returns. Because the tests are based on a property of an entire class of processes
rather than on a particular specification, they are nonparametric in nature. This allows me
to make statements about the practical relevance of the entire class without having to specify
a parametric model. The drawback is that the procedure does not produce a fully specified
“best” model; however, it does generate an estimate of an implied forward density: the
density, implied by current and recent option prices, of the underlying at some distant point
in the future given its value at an intermediate point in the future.

Incidentally, the dependence of this forward density on its conditioning variable plays
a central role in the interpretation of my main result. Indeed, the main discovery is that
when stability over a single week or less is imposed, evidence against univariate Markovian
models is weak whereas models with independent returns are clearly inadequate - a result
which is at odds with several statements in the literature. In fact, models with independent
returns cannot even explain the cross-section and term-structure of options observed on

a single day! The root cause of this performance differential is the inability of processes

' Also called state-price densities (SPDs) in some of the literature, these are conditional densities of the
price of the underlying asset at the options’ maturity date given current information.



with independent returns to capture asymmetric volatility? (leverage) as exemplified by the
negative dependence of the dispersion of the Markov-implied forward density on the value of
the underlying asset at the start of the forward period. When longer periods of stability are
required, univariate Markov processes are rejected more convincingly by the data, although
no easily interpretable mispricing pattern emerges.

This paper is organized as follows. I start by reviewing the most closely related literature
in Section 2. Section 3 defines precisely what is meant by “simple models”, lists several
examples, and introduces the test. Section 4 contains an application to S&P 500 options data,
and Section 5 concludes. The Appendix contains a derivation of the asymptotic distribution
for the test.

2 Related literature

A vast number of studies have addressed the comparative performance of parametric option
pricing models. The overall conclusion is that even the most complex models are not able
to explain observed price fluctuations accurately enough, especially - but not exclusively -
when model stability over long periods of time is required (see e.g. Bates (2000) or Bakshi,
Cao, and Chen (1997)). I refer the interested reader to the recent survey by Bates (2003)
and focus here on the two contributions that are closest in spirit to the present paper.

The most recent of these is Buraschi and Jackwerth (2001) [BJ], who develop a number of
time-series-based tests for a class of deterministic volatility (DV) models based on spanning
arguments. Their methods aims to test whether all contingent claims can be perfectly hedged
using only the riskless asset and the underlying. They find that two assets are not sufficient
to span the observed payoffs and hence that DV models that imply market completeness are
not general enough as a description of risk-neutral dynamics over a period of several years.

The important differences between my approach and that of Buraschi and Jackwerth
(2001) are twofold. Firstly, my method is based on very small samples and can thus evaluate
model stability over recalibration horizons comparable to those used in practice whereas BJ’s
approach requires several years of data. Secondly, the content of the null hypothesis differs
in that I allow for models that imply market incompleteness such as jump-diffusions.

A second attempt to gauge the adequacy of a certain type of DV models is presented by
Dumas, Fleming, and Whaley (1998) [DFW]|. They parametrize the local volatility function in
a generalized Brownian motion® using 4 different specifications. Each of these is calibrated to
a number of options observed at an initial date. In-sample fit and out-of-sample performance
on prices observed 1 week later are then examined. DFW report a serious lack of stability
of their DV models; in addition, increasing the flexibility of the model too much has adverse
effects on its out-of-sample performance.

My test is related to DFW'’s approach in that it uses a dataset covering a short stretch of

2T point out that this is different from skewness in conditional distributions or, equivalently, negatively
sloped implied volatility curves. Indeed, this feature can be captured by processes with independent returns.

3A generalized Brownian Motion is the solution to the stochastic differential equation dS = rSdt +
o(S,t)dW. o(S,t) is called the local volatility function. See also Cox and Ross (1976) and Dupire (1994).



time and works only under the martingale measure?. However, my null hypothesis comprises

a considerably more general class of processes than DFW’s parametrized DV models.

3 Construction of the tests

3.1 Notation and definitions

As mentioned in the introduction, a “simple model” is defined to be a model that is either
“univariate Markovian” or has “independent returns”. This subsection defines those concepts
and some of their implications. The next subsection contains examples illustrating which
kinds of well-known models do and do not share these properties.

In what follows, I use the familiar notation of a stochastic process {S;}, the underlying
asset, on a filtered probability space (2, @, I,{I;}). The probability measure @ is the equiv-
alent martingale measure. The physical probability measure does not feature in this paper.
State-price densities (SPDs) are transition densities, with respect to @, of St given informa-
tion available at time ¢ (¢ < T'), and are denoted by g7 (S7|l;)°. I will use the notational
convention that the subscript of ¢ contains the time-interval, and the arguments indicate
the scale® and what is being conditioned on. The sigma-field generated by S; (information
contained in S;) is denoted by I(.S¢).

Definition 1 The stochastic process {S;} satisfies the Markov property iff for all t, T
(t<T)
a7 (St|lt) = g7 (ST|I(St))

This essentially means that once S; is known, there is nothing else to learn at time ¢ (from
the past or present) about the distribution of Sp. S can be vector-valued in this formulation;
I will call a scalar-valued process {S;} satisfying the above definition a univariate Markov
process. In the following I will simplify notation by writing ¢: 7(S7|I(St)) as g, 7(S7|St).

The test will be based on a property of Markov processes, known as the Kolmogorov-

Chapman equation. Using the notation introduced before, it is formulated in

Corollary 1 (The Kolmogorov-Chapman equation) If the process {S:} satisfies the Markov-

property, then one has the following relationship between transition densities:

Gony (Sry|1) = /S 4o, 2, (51,157) @urs (S, |1)dSr, (1)

T

forallt <11 < Ts.

1BJ, in contrast, essentially replace theoretical pricing relationships by sample averages, explaining their
need for a large amount of data.

The term state-price density is also used to refer to a different object, namely the density (Radon-Nikodym
derivative) of the pricing measure @ with respect to the physical probability measure. Here I use SPD as a
synonym for risk-neutral transition density.

SFor example the density of log(S7) is denoted by ¢ 7(log(S7)). This is a slight abuse of notation.



Equation (1) states that the market’s opinion at ¢ about the risk-adjusted conditional
density of Sz, given S7; (where Sty is of course not known at ¢) depends only on Sz, and
not on, for instance, the price-path from t to 17 or any other variable at any point in time.

A particular class of univariate Markov processes are processes with independent returns.
When this property holds, returns for two non-overlapping time periods are independent
random variables, or otherwise stated, that the logarithm of the process is a process with

independent increments. Translated in terms of transition densities, one writes

Definition 2 A (scalar-valued) stochastic process {S:} is said to have independent re-
turns iff it is has the univariate Markov property and, in addition, for all t, A, the density
of log(S”A) denoted by gt 14 (log( ”A)), satisfies

Sty S,
VE A gea(log(Zg= >rst>:qt7t+A<log< gA»

This implies that if ¢ > ¢t + A, for a given z

Qt,t+A(10g($)) - Qt',t’+A(10g(37)) = mg(t, t/)

for some deterministic function m,. In other words, the distribution of the log-return is
always the same up to a deterministic function of time’ for a given time-interval A and does
therefore not depend on the price-level at the start of the interval.

The Kolmogorov-Chapman equation is obviously still valid, but the integral in (1) may
in some cases be easier to compute. Indeed, under independent returns, equation (1) reduces
to

St S St
a1, (log( )) = / qT1,, 1 (log( L )) qt, 7y (log( ))dSTl =4qn,7» * qt,1y (2)
S St St, S

t

where * denotes convolution®.

3.2 Examples

I now list some well-known option pricing models based on processes with the above proper-
ties. The most famous example of a process with independent returns is “Black-Scholes”
geometric Brownian motion: with r denoting the riskless interest rate, which is assumed to

be deterministic and constant, one can write

dlogS; = (r—02/2)dt + ocdW
log(S7,) — log(S:) = const+ o(Wp, — W)
log(St,) —log(St,) = const+ o(Wp, — Wry)

The right-hand sides of the two last expressions are clearly independent. A related example

is the “binomial tree” implementation of the Black-Scholes model of Cox, Ross, and Rubin-

"In most models of this type, m = 0. However, time-homogeneity is not required and not implied by the
concept of independent returns, nor by the univariate Markov property.

80f course, this only simplifies the computation if the characteristic functions of the SPDs are easily
calculable.



stein (1979), as are further discrete-state and -time variations on the idea such as trinomial
trees with constant volatility as well as basic extensions of the Black-Scholes model where
deterministic calendar-time dependent volatility is introduced (see e.g. Rebonato (2000)).
When building continuous-time models with independent returns, Brownian motion is not
the only possible building block. Indeed, any Lévy process can be used, or any combination
of Lévy processes. The most well-known example of this kind is Merton’s (1976) jump
process, according to which the process evolves, under the martingale measure, according to
the equation
dS; = (r — Am)Sydt + 0 SpdWy + Sy (Jp — 1)dm, (3)

where W is Brownian motion, J; are serially independent positive random variables with
mean m with a distribution to be specified by the modeller, and 74 is a Poisson process with
intensity A. Additionally, the final term in this equation could be replaced with another
Lévy process, even though this may further complicate computation of option prices and
simulation. Examples of this jump-diffusion or pure jump-process approach can be found,
amongst others, in Madan and Seneta (1990), Madan and Milne (1991), Ahn (1992), Amin
(1993), Heston (1993b), McCullogh (1996), Eberlein, Keller, and Prause (1998), Madan,
Carr, and Chang (1998), Kou and Wang (2001)?, Carr, Geman, Madan, and Yor (2002),
Kou (2002), Carr and Wu (2003) and Cartea and Howison (2004).

All processes with independent returns are also univariate Markovian. The latter class
is much larger, and contains the following examples of processes that have been used as the
basis for option pricing models. Probably the best known univariate Markovian model that

does not have independent returns is so-called generalized Brownian motion:
dSt = TStdt + J(St, t) th (4)

for some choice of the function (S, t). The first occurrence of a process of this type, with
the choice o (S, t) = 0Sf, was proposed in Cox and Ross (1976) (see also Beckers (1980) and
Delbaen and Shirakawa (2003)) and is known under the name “constant elasticity of variance
(CEV) process”. In early applications, the choice p = 1/2 was most common. Subsequently,
a number of studies have focussed on flexible calibration of the volatility function rather
than the tight parametrization of the CEV process - see Dupire (1994) and Dumas, Fleming,
and Whaley (1998) (discussed above) for continuous-time examples and Rubinstein (1994)
for a flexible binomial tree implementation of the same idea. Model (4) is extremely popular
among practicioners as it is conceptually not too different from the standard Black-Scholes
model - it also implies market completeness - yet allows to capture both the smile and the
term-structure on any (single) given day - see e.g. Jackson, Suli, and Howison (1999) for
details regarding implementation. Carr, Madan, Geman, and Yor (2005) present a treatment
of models of type (4) where the Brownian motion W} is replaced by some other Lévy process.

Combining a model of the type of equation (4) with different kinds of Lévy processes,

possibly dependent on the contemporaneous price level, is a logical extension. Processes

?See also http://www.thi.com/seminars/apr132000.shtml for information on a seminar organized by the
quant firm TechHackers on this topic.



of this type have remained relatively unexplored, but see Henderson and Hobson (2003)
for some theoretical considerations and Andersen and Andreasen (2000) for an empirical
example.

The history of option pricing theory has seen a considerable amount of models that
are not univariate Markovian. These are based on either GARCH processes (in which
conditional volatility depends on past returns) or stochastic volatility processes (which are
bivariate, but not univariate, Markov processes), possibly enhanced with Poisson (or more
general) jumps. References to a small selection of well-known contributions in this area were

given in the introduction to the paper.

3.3 Testing principle

The aim of this subsection is to construct statistical tests of the null hypotheses that the
risk-neutral dynamics of the underlying are univariate Markovian / have independent re-
turns against the alternative that they are governed by some further unspecified martingale
measure. These tests will be based on equations (1) and (2), respectively. To show how
these can be exploited to construct a test, Figure 1 presents a typical situation encountered

in option markets.

A A A
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At each observation date #, an
SPD is observed for each expiry
date. Here only the ones for 7,
are depicted

A possible price-path
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Figure 1: Observable risk-neutral transition densities (SPDs) in an options market. The
SPDs are drawn in the "third dimension" as indicated by the axes coming "out of the
paper".

A number of European-style options written on an asset with price S and expiring at
fixed dates T; or T5 are traded in a liquid market at all dates t; (j = 1,...,M). Denote by
CtKT the time-t price of a call option with strike price K expiring at 7. Assuming that the



interest rate r and the dividend rate d are deterministic functions of time, the exposition can
be simplified by setting » = d = 0. In the absence of arbitrage, the price at ¢; of an option
expiring at T, (e = 1,2) is then given by the expectation of its payoff function with respect
to the SPD ¢, 7. (ST.|11;)-

Now assume for the sake of the argument that observing a cross-section'” of option prices
is “equivalent” to observing the corresponding SPD. That is, assume that each g, 7, (ST, |11,)
is known. Since the time-interval between T7 and T remains fixed (because expiration dates
are fixed), equation (1) applies at each t; if the risk-neutral process has the univariate
Markov property. As time ¢ goes by and the transition densities g, 7, (S7,|I,) are observed,

one obtains the following system of M equations, which constitutes the basis for the test

qt,,T, (STz ‘Itl) = /S q1, .1 (STz ‘ST1) qi,,T) (ST1 ’It1) dSTl
Ty

Qi To (ST2|ItM) = /S q1,,1s (ST2|ST1) Qt1v17T1(ST1|ItM) dSTl
T

Note that there is only one unobserved SPD, ¢r, 1, (S7,|S7,), and this SPD appears in each
equation. All other SPDs in the system are observed. If the underlying asset is not uni-
variate Markovian, there may still exist a density function ¢p, 1,(S7,|S7,) that makes any
given equation in (5) hold separately, but this function will generally not be constant across
equations, i.e. as time t; goes by. For the case of independent returns, a similar system
based on equation (2) holds.

The idea of the tests is to check whether there exists a function ¢p 7,(S7,|S7;) that
makes system (5) hold, or equivalently, whether imposing system (5) results in a significant
deterioration of pricing performance. Details are discussed in the next subsection.

One may remark that the system of Kolmogorov-Chapman equations (5) does not capture
all restrictions on the data implied by independent returns / the Markov property. Indeed,
no constraints are placed on the relationship between the 71 SPDs ¢, 1, (St |I;); equations
(5) focus exclusively on the “forward” properties in the data. Nevertheless, a test based on
(5) will be able to discriminate against most interesting alternatives. One may expect that
the test for independent returns (based on system (5) with equations of the type (2)) will
detect stochastic volatility as long as the mean reversion of volatility is slow enough relative
to the options’ time-to-maturity'!. It will also be very powerful against alternatives with
asymmetric volatility (“leverage”). The test for the univariate Markov property (equations
of type (1)) will have power against models with slowly reverting stochastic volatility, unless
this volatility is very strongly asymmetric, i.e. strongly correlated with the underlying asset.
These insights hold irrespective of whether the underlying processes have continuous price-

paths or not.

10 «Cross-section” refers to contracts observed on the same day, with common time-to-maturity, but with
different strike prices.

UTf volatility reverts quickly, only qt;, 1y (S [ It;) will be affected by fluctuations in current volatility. No
relationship between q; 7, (S, |I¢;) is imposed by system (5).



3.4 The test-statistic and its distribution

In order to subject the relationships (5) to empirical scrutinity, two problems need to be
addressed. Firstly, as equation (6) below shows, system (5) implies a restriction on the pricing
function for T5 options, relating this function to the 71 SPD. Although this is a deterministic
relationship, actual observed option prices are unlikely to correspond exactly to any pricing
function. Indeed the presence of bid-ask spreads, price asynchronicities and staleness, price
discreteness, and even plain mispricing necessitates the inclusion of a “measurement error
term” in the representation of option prices. When empirically verifying whether call prices
obey the relationships in expression (6) below, one needs to account for measurement error
both in T, option prices C’t[j(’ 1, and in the SPDs g, 1y (St |1t;), which need to be extracted
from T} options. While no strict consensus exists in the literature about the choice of a
statistical model for option pricing errors'?, I will follow other authors (e.g. Engle and
Mustafa (1992) or Yatchew and Hirdle (2003)) by representing these errors additively as
independent (across both time and cross-section) random variables.

The second problem concerns the specification of the state-price densities. Whereas the
hypothesis at hand is strictly a nonparametric one - apart from the martingale property,
economic theory does not pose any restrictions on the state-price densities - the typically
small sample size (about 20 to 60 options per observation day) leads me to prefer a flexible
parametric approach!3. While sensible from a practical point of view, this choice does lead
to a number of problems when deriving an asymptotic distribution theory for the test. In
particular, because my parametrization for state-price densities is not closed under convo-
lution (and, a fortiori, under the operation defined by the Kolmogorov-Chapman equation),
the initial nonparametric nested testing problem is transformed in a parametric nonnested
one. Further details on this issue can be found in the Appendix.

Construction of the test-statistic proceeds as follows. Multiplying each equation by
max (S, — K,0) and integrating over S, one can rewrite system (5) as

K ; . .
Ctjfj—b = / CTl,Tz (ST“Kj,i) qtj,Tl (STl‘Itj) dSTl ] = 1, ...,M ;1= 1, cy M2 5 (6)
T

1
where no; is the number of T-options observed at t;. To arrive at the system of equa-
tions (6) from (5), one uses the fact that fST2 max(St, — K,0) g, 1,(Sn|1t;) dSt, =
C’t[j(’ 1, and defines the forward-period call pricing function Cry 1,(S7y, K) := [ Sr, max(St, —
K,0) g7, 1, (S7, |51, ) dST,. Equations (6) express T» option prices using the restrictions im-
posed by system (5). They do not add any additional information beyond that contained in
system (5).

Referring back to Figure 1, one sees that at each date t; (j =1, ..., M), n.; option prices
are observed that expire at T, (e = 1,2). For each e and j, stack these n. j observed prices in
the vector Cy; r,, the strike prices in the vector Ki, 1., and the corresponding (unobserved)
measurement errors in the vector e¢, 7. (e = 1,2). For each observation date t;, each of

the two available cross-sections is associated with a separate SPD. Let 0y, 1, denote the

2See Clément, Gouriéroux, and Monfort (2000) and Jacquier and Jarrow (2000) for related comments.
13Details on the functional form used can be found in the Appendix.



parameter vector corresponding to the parametric SPD ¢, 7, (ST, ]Itj). For options observed
at t; expiring at Tt (e = 1, 2) the pricing functions are grouped in the n._j—vector of functions
Cy; 1.(Ky; 1.5 0¢;,1.) (one component for each strike price). Each cross-section can now be

written as:
Ctj,Te = Ctj,Te(Ktj,Te; Htj,Te) + 6tj,Te J = 17 R M €= ]" 2 (7)

All parameter vectors 6, 7, can be estimated by nonlinear least squares. Note that this can
be done cross-section by cross-section because of the assumption that measurement errors
are independent over time and across maturities. For example, if there are 5 observation days
and 20 options per maturity on each day, one estimates 10 SPDs based on 20 observations
each. The resulting estimates of the functions thTe(Ktj,Te;Htj,Te) and the corresponding
estimates of g, 7, (ST, |I;;) are consistent for the “true” call-pricing functions resp. SPDs up
to misspecification error. This holds regardless of whether the martingale measure satisfies
the univariate Markov property / independent returns.

If the risk-neutral process driving the underlying asset satisfies independent returns,
tj—prices of options expiring at 75 can also be expressed in terms of an SPD constructed from
qt;,1 (S1y | It;) and qry 1, (ST, STy ) - this construction is given by expression (2). Denoting by
1na the parameter-vector of g7, 7, (St, |51, ) and stacking the resulting pricing functions for

T5 options as above one obtains
Cly 1, = CFy (Kt 103 06,71, O1na) + €408, 5= 1,0, M (8)

where C’é’f%z (Kt; 135 01,11, 010a) corresponds to the right-hand side of equation (6). Esti-
mation of all parameters can now not be done separately because 6,4 is constant across
all observation days. To keep the estimation procedure numerically tractable, one can first
estimate 0y, 7, separately as before, and then calculate glnd by minimizing squared pricing

errors in

Ciymy = Cé?fl“g(Ktj,Tﬁ O¢;. 11, 01na) + 57{;17%2 j=1,...M (9)

for all j = 1,..., M simultaneously. The test-statistic V' is based on a comparison of pricing
errors of Th-options obtained under the null (i.e. via equation (8)) and those obtained under

the alternative (via equation (7)), in particular

. ~Indl ~Ind ~! ~
V= E : <€tj7T2€tj,T2 - Etj,Tzatj7T2> (10)

7j=1
The same procedure can be followed for the Markov test.

The derivation of a distribution theory for the statistic (10) is somewhat involved; the
reader is referred to the Appendix (Section 6.2) for details and further motivation. The main

result is the following;:

Proposition 1 Under the null hypothesis that the risk-neutral process rationalizing equi-

librium option prices has independent returns / the univariate Markov property and under

10



appropriate conditions on the distribution of the measurement errors € one has that

= N -
V- Zn2jA+Z J.Van'“;‘an(gtijl _Q:ijl)
=1 j=1 VM

is approzimately distributed as a weighted sum of independent x*(1) distributed variables
(where the weights can be consistently estimated). The constants A, p; and 0, 7, are defined

in the Appendiz.

Unfortunately, Proposition 1 cannot be directly applied because the “misspecification

term”

M M
Z ng; A + Z
j=1 j=1

is not known (nor estimable). Its presence is caused by the transformation of the origi-

VAL e p—, .
\/n_lj nzjlué nl(gtijl - 9tj,T1)

nal nested nonparametric testing problem into a nonnested parametric one. To solve this
problem, the unknown constants A and p; (defined in the Appendix) are assumed to be
very small, reflecting the assumption that misspecification of the parametric model for the
state-price densities leads to a misspecification error that is small relative to the noise in the
data!*. De Wachter (2003) provides evidence that the “SMN” parametrization in Appendix
6.1 is an empirically sound choice. This provides support for applying Proposition 1 ignoring
the misspecification term.

In an extensive series of Monte Carlo experiments, De Wachter (2003) finds that the test
for independent returns has actual size close to the nominal one at all convential significance
levels. Ignoring the misspecification term does not affect test behaviour if the parametriza-
tion is chosen flexible enough. However, overly flexible models may suffer from numerical
instability, overly restrictive models from inferior conformance to the distribution theory in
Proposition 1.

The power against a realistic calibration of Heston’s (1993) stochastic volatility model
is close to 100% for datasets spanning 5 days, and remains large even when only a single
observation day is used. Power decreases significantly only when pricing errors are calibrated
to be 4 times as large as what one typically finds in market data. Details are available upon

request.

4 Application to S&P 500 options

The purpose of the test developed above is to examine the performance of simple models over
stability periods equal to or slightly greater than the typical recalibration horizon used by
traders and risk managers. I therefore organize the discussion of this application by stability
period M.

Y Note, however, that although A and p can reasonably be assumed to be extremely small, the misspec-
ification term is O (Z;Vil nQ]'). Hence, the approximation will, somewhat counterintuitively, only work in

small samples.

11



In this application, the focus is on daily European style S&P 500 option prices for January
to June 1993, taken from the well-known “benchmark” dataset in Ait-Sahalia and Lo (1998).
The reader is referred to the original paper for a detailed description of the dataset. At the
end of the first subsection, more recent but similarly constructed data are used to verify
the initial results. These are taken from the IvyDB database!®. When selecting observation
dates t; and maturity dates T, the first maturity selected is at least one month after the
last observation date, and the second maturity is roughly one month after the first. All
calculations are performed using programs written in the matrix language Oz (Doornik
(2001)).

4.1 Imposing stability over 1 week

I start by summarizing the main finding. Applying the independence and Markov tests to a
single week’s options data (i.e. M = 5) shows that

1. the test for the Markov property does not lead to a clear-cut rejection, indicating that
there may exist a very simple option pricing model that can capture the variability in

the data without needing recalibration within this week.

2. the test for independence results in a very strong rejection. Interestingly, the main
difference between the two is that for the Markov case the estimated forward den-
sity qr 1, (S7, |57, ) shows a strong negative relationship between Sp, and dispersion.
This suggests that leverage is an essential ingredient in any model of short-term index

options.

The details are as follows. Figure 2 presents the results for a dataset containing all prices
of May and June options observed in the week starting on March 22, 1993. This particular
week is most suitable for graphical presentation because the available strikes happen to be
nicely centred around the money. Each of the 4 plots contains the actual and fitted smiles'®
for June (i.e. T%) options for a single day. The plot for Friday is similar and is suppressed to
avoid clutter. The curve labelled “sep SPD” displays the implied volatilities of option prices
estimated using a separate SPD for the cross-section, i.e. estimated under the alternative.
The two other curves represent the fitted prices imposing independence and the Markov
property, respectively (i.e. estimated under each of the null hypotheses)!”.

The difference in pricing performance between the separate SPDs and those obtained by
imposing the Markov property seems extremely small'®. For independent returns, however,
the situation is drastically different. Although fitted implied volatilities for very near-the-

money options seem to be on par with those of the other two parametrizations, two striking

"See http://www.optionmetrics.com/IvyDB.htm. Cross-sections in this dataset are up to twice as large
as those in the Ait-Sahalia and Lo (1998) one.

16 A “smile” is jargon for the schedule of Black-Scholes implied volatilities of options observed at the same
day and maturing at the same date, but with different strike prices. Note that BS implied volatilities are
nothing more than a representational device, i.e. they are simply a convenient transformation of prices.

""Tnitial parametrizations include 4 parameters for all SPDs. The constant A (see expression (12)) was set
to 0.02.

18When interpreting pricing errors from smile-plots, note that sensitivity of Black-Scholes implied volatility
error to dollar pricing error is U-shaped across the cross-section.
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Figure 2: Actual and estimated smiles (Black-Scholes implied volatilities (Y-axis) vs strike /
future (X-axis)) for June options observed during the week of March 22, 1993. (May options
(not displayed) are used as the first expiry for the independence and Markov cases) The plot
for Friday is similar but not shown.

types of mispricing are apparent from the plots. Firstly, ITM calls (or OTM puts) are
consistently underpriced. Secondly, OTM calls are consistently overpriced. The overall
outcome for the data under study was a convincing rejection of the independent returns

property: the value of the test-statistic was 3 times the 99.9%"

percentage point of the
distribution under the null.

Underpricing of ITM and overpricing of OTM calls points to SPDs g, 7, with too little
mass in the left tail and too much in the right. This is not an indication that models with
independent returns cannot generate conditional densities with strongly negative skewness'?.
The real problem for these models is to fit both the term-structure and the cross-section at
the same time, especially if a certain amount of stability is required. As soon as any model
with independent returns is forced to price options with a first expiry 17 correctly, it is
unable to allocate enough probability mass in the left tail of the SPD for a later expiry 75.

This observation points to the crucial shortcoming that is common to all models with
independent returns. This shortcoming is most easily understood by comparing the implied
SPDs g1, 1, (S1,|ST,) for the independence and the Markov case. Figure 3 plots these SPDs

for 3 different values of St,. For the case of independent returns, the “shape” of the SPD

"Recall that it is always possible (in principle) to find a model with independent increments that can
produce a single given SPD (i.e. fits a single cross-section).

13



Implied SPDs (ST1 =412 - 449 - 497)

Independence
Markov

0.015 0.025 0.035
T T T T T T

0.005
T

325 350 375 400 425 450 475 500 525 550

Figure 3: The leverage effect embodied in option prices: estimated implied SPDs ¢, 7, for
3 different values of S7, based on May and June options observed during the week of March
22, 1993.

is fixed since the return over the period 171 — 75 is - by definition of independent returns -
constrained to have a distribution that does not depend on S7, (and hence the conditional
distribution of the level Sy, depends on S7, in a proportional way). Under the Markov
property this constraint is not imposed and this is exactly what allows Markovian models to
perform so much better. The Markov-implied SPDs ¢, 1, have a much greater dispersion for
lower values of S,. In other words, according to any Markov model that will fit the data,
volatility over the period 77 — T5 will be greater the lower the value St, of the underlying
at the start of that period. Yet otherwise stated, any Markov model that can describe S&P
500 index option prices will have to incorporate a leverage effect. Models with independent
returns are by definition unable to produce such a feature and are consequently denied a
reasonable fit.

Although the graphical evidence against the Markov property is nonexistent, the statis-
tical results are mixed. Depending on the parameterization used, the p-values range from
0.01 to 0.15. Given the lack of any obvious mispricing pattern, such values do not warrant
a rejection.

As a final remark on the results in Figure 2, I point out that the important areas of
consistent mispricing by models with independent returns are the wings of the smile (or
the tails of the distribution). This suggests that for the purpose of model selection and
calibration, it is important to use a large range of strikes. When only prices of options in,

say, a 5% region around the money are available, it may become difficult to discriminate
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between alternatives.

I now repeat the above analysis in the rest of the dataset. Observation dates are selected
as follows. Starting with the first Monday in the dataset, I verify that enough data - at least
8 options per cross-section - are available for each day of the week (this is not always the
case). Then I select the nearest two expiration dates that are at least a month away and
at least a month apart. This procedure is iterated through the entire dataset, producing 16

non-overlapping weeks.

1.0 -

0.9 [ -+ p-val independence
b p-val Markov

08

0.7
0.6 -
0.5
04 -
03
02
0.1 -

Figure 4: p-values for each qualifying week (S&P 500 options, January 1 to June 30, 1993).

The statistical results for the 5-day case are displayed in Figure 4?°. The X-axis displays
the week-index, not the actual starting date; e.g. week 8 contains the data examined be-
fore in section 4.1. The results are roughly in accordance with those obtained before: the
independent returns property is conclusively rejected, where evidence against the univariate
Markov property is weak. In each case, this can be attributed to the inability of models with
independent returns to capture leverage: the forward density plots are qualitatively similar
to Figure 3 for each of the observation periods (plots not shown for reasons of space)?'. The
only exception is period 7, where the amount of leverage displayed in the forward densities
happens to be somewhat lower.

There is no reason to assume that the observed pattern in the 1993 data - outright
rejection of independent returns vs weak evidence against the Markov property - will remain
stable over time. As traders’ behaviour and quantitative techniques evolve and economic
conditions fluctuate, one might encounter changes in the conclusions of my tests. To provide
some further evidence, Figure 5 is the counterpart of Figure 4 for data recorded a decade
later. The conclusions obtained before appear to remain unchanged. Inspection of individual
densities (not shown) revealed the same qualitative picture as for 1993 data.

Overall, one may conclude that no totally conclusive statistical evidence exists either

in favour or against univariate Markovian models when a 1-week period of stability is im-

2ONote that the algorithm used to generate these results automatically reduces the parametrization if it
does not manage to find a maximum at a value where the least-squares function is convex. This happens very
rarely, but may cause an inferior fit under the alternative, leading to negative values of the test-statistic (see
e.g. the first data-block).

21 The forward density plots under independence often look “jagged”: this is additional evidence that the
model is unable to fit the data. When univariate Markovianness is imposed this also happens occasionally.
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Figure 5: p-values for each qualifying week (S&P 500 options, January 1 to June 30, 2003).

posed. Models with independent returns, on the other hand, have clearly been shown to be
inadequate. The next subsection examines the merit of models with independent returns in
situations where daily rather than weekly recalibration is allowed.

Before turning to this issue, one may wonder whether stability beyond one week is feasible
for univariate Markovian models. As can be expected, the statistical evidence against the
independent returns hypothesis grows even stronger as more stability is required. The general
pattern of mispricing remains identical to that observed before, but the magnitude of the
errors increases.

For the Markov hypothesis, the value of the test-statistic also moves further and further
out into the tail as more observation days are added. From a statistical point of view, one
cannot maintain the validity of univariate Markov models for observation periods greater
than one week (details suppressed). However, even when as many as 20 days are used, no
clear returning pattern of mispricing as for the independence case becomes evident.

It is useful to inspect the magnitude of the mispricing in Table 1, which contains the
absolute average pricing errors for options in several moneyness categories under 3 different
levels of imposed stability. Near the money (NTM) errors are computed by averaging absolute
pricing errors for options with strikes in a 5% range around the money. In the money (ITM)
errors are based on options with strikes lower than 2.5% below the money, and similarly
for OTM errors. Note that these are dollar errors (expressed in cents) and not percentage
errors. To give an idea of the magnitudes involved, NTM options are roughly priced around
the $10 mark, ITM call prices range from $20 to $50 and far OTM calls can trade for $3

down to as little as 15 cents.

It is clear from Table 1 that Markov pricing errors increase gradually as more stability
is imposed. The statistical test leads us to conclude that pricing errors become too large
as soon as more than one week’s stability is imposed; the question is whether this is also
economically meaningful. Even though I could not detect any consistent patterns of mispric-
ing by eyeballing the smile plots (not shown), the relative increase in pricing errors is fairly

substantial.
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one week two weeks three weeks

sep. SPD [ indep | Markov | sep. SPD | Markov | sep. SPD | Markov
IT™ 6.6 16.6 7.9 5.7 7.5 5.7 8.5
NTM (5%) 8.9 12.9 10.9 9.4 12.3 9.7 14.5
OoTM 6.5 22.1 8.3 6.4 9.9 6.1 10.0
overall 7.1 17.6 8.8 6.8 9.5 6.8 10.4

Table 1: Average absolute pricing errors (in cents) for different moneyness categories and
periods of stability; the observation period starts on March 22, 1993

4.2 Independent returns and daily recalibration

Figure 6 presents two instances of the counterpart of Figure 2 for the case of a single obser-
vation day??. Each of the two panels represent the result of one test (I ran the test twice,
i.e. for two different days). First consider the RHS panel (based on data for Tuesday March
23). Clearly, pricing performance suffers significantly when independence is imposed, and the
form of the mispricing is similar to that in Figure 2. From inspection of the mispricing pat-
tern, it is apparent that even for the single day case the inability of models with independent
returns to capture the leverage effect causes their lack of fit. Hence it can be concluded that
even with frequent recalibration, models with independent returns will provide inadequate

pricing performance.

Smile for Monday (based Monday data ONLY) Smile for Tuesday (based on Tuesday data ONLY)

data ——+ sep. SPD -5 indep S data ——+ sep. SPD -&—&- indep

0.16
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0.12

0.90 0.95
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90 0.95
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Figure 6: Actual and estimated smiles for June options observed on March 22 and March
23 (unrelated calculations). May options (not displayed) are used for the first expiry in the
calculations.

The statistical results confirm the graphical analysis above. The p-value for the indepen-

dence test was <0.001; however, compared to the 5-day case reported above, the rejection

*2The fit under the Markov property (not shown) is virtually identical to that obtained using a separate
SPD. Indeed, when only a single observation day is used, the Markov test is not interesting for the simple
reason that one can always decompose a random variable Sz, into another variable S, and the remainder
St, — S1, (as long as nothing is imposed on the distribution of the remainder). More generally, it can be
proven that there always exists a univariate Markovian model that can fit prices observed at a single point
in time.
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was far less drastic.

Turning to the LHS panel of Figure 6, the situation seems somewhat less problematic.
The p-value in this case was only 0.02, leading to a very marginal rejection at best. With a
narrower range of strikes, it would have been very difficult to find any statistical evidence in
these data against models with independent returns.

The strength of the evidence against models with independent returns is somewhat sur-
prising, especially given the fairly recent research activity in the area. To rule out the
possibility that these results are due to “bad luck”, I rerun the test for independent returns
for each day in the dataset for which suitable expiration dates could be found (using the
same recipe as for the 5-day case). The results are depicted in Figure 7. For most almost

every of the 106 available observation days, the independent returns property is rejected.

1.0 [N 4
09 L ** prval independence i

Figure 7: p-values for the independent returns test (S&P 500 options, January 1 to June 30,
1993).

Given these statistical results and the economic interpretation of the causes of mispricing,
I can safely conclude that models with independent returns are significantly misspecified and
not useful for practical applications, even with frequent recalibration.

It is interesting to contrast this finding with the conclusions of a number of previous
studies. Madan, Carr, and Chang (1998), for instance, find that the Variance-Gamma model
“appears to deliver acceptable option prices” (p.94). This is in sharp contradiction with my
results, although admittedly opinions may differ on what is regarded as “acceptable”. It may
be that the dataset used in Madan, Carr, and Chang (1998) is too small to generate strong
evidence against their model?® or that it contains very noisy prices; it is equally possible that
the authors’ procedure for analyzing pricing errors is unable to detect the model’s inability

to capture leverage24.

#Madan, Carr, and Chang (1998) calibrate their model to one week’s option data at a time (iterated over
each week during a 3-year period), using options with 4 different maturity dates for each day, but only 4 (or
less) options per cross-section (i.e. at most 16 options per observation day). If strikes within each cross-section
are in a narrow range around the money, it may become more difficult to discriminate between models.

24 Their conclusion is based on a regression of pricing errors on a constant, moneyness and its square, time-
to-maturity, and interest rate. None of the coefficients are statistically significant and the overall explanatory
power is very low compared to other specifications. However, consider (for the sake of the argument) what
happens when fitting a model with independent returns to two cross-sections of options (i.e. two different
maturities) observed on a single day. Since the model cannot capture leverage, it will assign slightly too much
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Carr and Wu (2003) develop an option pricing model based on a stable return process and
find that, with daily recalibration, it fits the data well and performs on par with a stochastic
volatility jump diffusion model in terms of mean-squared pricing error. In particular, they
note that this model outperforms Madan, Carr and Chang’s Variance-Gamma model because
it is designed to capture the extremely slow “flattening out” of the skew with maturity. My
results show that, even though Carr and Wu’s model may well have superior properties than
other models with independent returns, it is not useful for capturing variability in options
data. The only way to adequately capture the slow reversion to normality and the associated

flat skew as maturity increases is by building in leverage.

5 Conclusion

This paper has developed nonparametric tests for the validity of the univariate Markov
property and of independent returns in financial asset-price processes. The method uses
only prices of derivative securities as an input and is based on a statistical relationship
between transition densities known as the Kolmogorov-Chapman equation. The tests differs
from earlier attempts to address the same question in two ways. Firstly, their null hypothesis
encompasses a wide variety of models that have appeared in the recent literature. Secondly,
they only impose a limited stability period, thereby considering model stability over periods
of the same order as those used in practice.

The tests are easy to compute using the parametrization of risk-neutral densities by
the smooth mixtures of normals model (or any other convenient method). The drawback
of this parametric approach is the appearance of an unknown misspecification term in the
asymptotic approximation of the distribution of the test. The advantage of the associated
computational simplicity, on the other hand, is the possibility to examine the behaviour of
the tests in simulation experiments (for the independent returns test). These experiments
(not included in this paper) revealed regular behaviour under the null and excellent power
properties under realistic conditions.

The results of applying the tests to S&P 500 data go against the often held belief that
univariate Markovian models are not “sophisticated” enough for pricing purposes. As long
as one is willing to recalibrate models on a weekly basis, evidence in the forward properties
of the data against this class of processes is unconvincing at best. In contrast, models with
independent returns do not perform satisfactorily. Although it is certainly the case that
they can generate enough skewness to “capture the smile”, i.e. fit a single cross-section of
option prices observed at a single point in time, they are unable to simultaneously fit the
term-structure (several cross-sections with different maturities). The reason for this failure is

their inability to incorporate leverage. This finding is not in agreement with the conclusions

mass to the left tail for the first maturity such that the second maturity suffers less of a deficit in that area.
The reverse will happen for the right tail. As a result, ITM calls (or OTM puts) for the first maturity will be
slightly overpriced and second maturity ITM calls slightly underpriced (vice-versa for OTM calls). Because
no interaction terms between moneyness and time-to-maturity are included, the regression analysis of Madan,
Carr, and Chang (1998) will not reveal a relationship between moneyness and pricing errors because there
will be roughly as many overpriced as underpriced options for each moneyness level (pricing errors for all
maturities are pooled).
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of a number of other studies. Additionally, it stresses the role of volatility asymmetry in
generating skewness in asset returns.

The reader may wonder whether the focus of my tests on short periods of model stability
is relevant from an academic point of view. After all, recalibration is not logically consistent
with the theory underlying the pricing models! It certainly would not be relevant if methods
were available that achieve comparable levels of pricing accuracy as those reported here
whilst maintaining stability over several months or years. As I have shown, univariate
Markovian models are definitely not able to do so. However, examinations of much more
general specifications such as the bivariate stochastic volatility model developed in Bates
(2000) also indicate considerable misspecification. Until fully stable models are discovered,
then, the question is what the desired stability period is to be. Certainly, opinions on this
issue will differ among academics and practicioners, especially when computational speed
is important. What I have shown here is that univariate Markovian models should not be
expected to perform over periods of more than a week.

Even if the inability of any model examined to date to satisfactorily price all options
observed over a long period of time may prompt the development of even more flexible
specifications, it is perhaps just too ambitious to aim for a single “correct” model. Especially
when computational speed is an issue, the relevant question may instead be to select the
least misspecified model for the given purposes. For instance, in order to price long maturity
options, it may be useful to introduce stochastic interest rates and stochastic volatility into
the model (e.g. Bakshi, Cao, and Chen (2000)). For the pricing of short-term options, such
added flexibility may well not offset the increase in computational complexity since other
much simpler models can fit the cross-section and term structure of option prices in this case
as well. In practical situations, a slight lack of stability of such models can be dealt with by

recalibration.

6 Appendix

6.1 Parametric specifications

Parametric estimation of state-price densities is based on the so-called “Smooth Mizture of
Normals” (SMN) model, which imposes some smoothness whilst maintaining the flexibility

of mixture models. The idea is to formulate a uniform mixture of normals
1
dur(SriT) = / LN(5(a), s(a))da
0

where LN (§(«), s(«)) is shorthand notation for the lognormal density with mean and volatil-
ity parameters ¢(«) and s(«). The latter are constructed as smooth functions of a, for reasons
discussed below.

For computational simplicity I implement the idea as a discrete mixture by parametrizing
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where (b1, 00,01, ...,0,)" = 0 are parameters to be estimated and by is chosen so as to satisfy

the martingale constraint, which in this case means

l .
by = —Tl_tlog [lil ;e}(p (bl(% — 1/2)(T—t)>]

Note that the specification of s; contains a positive constant A that rules out excessively

sharp “spikes” in the SPD. This functional form can be interpreted as the transition density
of a mixture over [ + 1 geometric Brownian motions with drifts §;/(7 — t) and volatilities
s; /T —t.

Bahra (1997), Melick and Thomas (1997) and Ritchey (1990) present similar parametriza-
tions (i.e. based on mixtures of (log-)normals). The distinctive feature of the SMN approach
is that the different subdensities are linked through the smooth functions §; and s;. This
means that subdensities 7 and j with adjacent means cannot differ by too much (since s;
and s; cannot differ very much), ruling out strong “kinks”. Bahra (1997) and Jondeau and
Rockinger (2000) report potential problems with “spikes” when testing another method based
on mixtures of lognormals. Note that one could give this approach a “seminonparametric”
flavour by letting the degree p of the polynomial in s; vary as the number of datapoints
changes. De Wachter (2003) derives asymptotic rates of convergence for a related mixture
model; proving consistency for the SMN model itself has, however, not been possible.

A major advantage of the SMN parametrization in computational terms is that the
associated call-pricing formula is available in closed form as the following sum of Black-

Scholes-like expressions

l
Cuur(K:0) = 7 3 {81 €000 @y 5) - TV K @)} (13)
1=0

% Depending on the computation speed required, n can be set appropriately. In my experience this does
not have a noticeable effect.
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where ®(.) is the standard normal distribution function and

log($2) + (r — d)(T — 1) + (5, — )

Vi =
The parameters can be estimated by nonlinear least squares on the model
Cf% =Cir(K;0)+e i=1,..,n

where Cy 7(K,0) is given by (13). Distribution theory for misspecified NLS to deal with the
measurement error ¢ is developed in White (1981).

The regression function Cg”%z (K j7T2;5t 11> 01na) in (9) contains an integral (see (2)). An
attractive feature of the SMN parametrization is that calculation of this integral is easy (for
the case of independent returns). To see why, let ¢y (.) denote the characteristic function
of the random variable X and note that if X and Y are independent and Z = X + Y, the
convolution theorem states that ¢;(m) = ¢x(m).dy (m).

To simplify notation, denote the time-¢ price of a future expiring at 7" by F; 7. Refor-
mulating our parametrization (11) of the SPD in terms of log-prices?® and indicating with
a superscript-X quantities related to log(St,) — log(S:) (e.g. dX = 5X - ﬁ) and with
superscript-Y” those related to log(St,) — log(St, ), we can write (z =-1)

0o l x —dX
oxtm) = [ ems S e ] 282)2} "
_ : 2

In the first step we defined = = log(% ; ) as the demeaned continuously compounded re-
1

turn®’. The third step is a known identity. Similarly

l
1
oy ( ——1; exp <zdkm——s2y 2)

*0T.e. in the above notation, replace X by log(St, ) —log(S:), Y by log(Sz,) —log(S7,) and Z by log(St,) —
log(St).

: s

“log(74-) = log(Sry) — log(8:) — (r — d)(T1 — t)
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Combining these gives

l
dz(m) = %Zexp <zd]Xm— %s?X 2) [ Zexp <zdym— —s2 m2>]

It may be helpful to note that

r+y = log(Sn,)—log(Sry) — (r —d)(T2 — T1) +log(Sty ) — log(Sy) — (r — d)(T1 — t)
= log(S7,) —log(St) — (r — d)(T> — t) = log(

¢z(m) results in the following expression for the “independence-implied” density of Sp, given

St

J

2
(S1S >—< : >2 l Xl: : [log<Ft e
;T2\ 2T2 12t = | T 0 k=0 Sty /27 (87X + 57Y) 2(s3™ +s7)
=0 k= J

(14)
The associated call-pricing function is now a mixture of Black-Scholes-like functions, similar
to that in expression (13). This simplification makes the test for independent returns much
easier to implement than the Markov test, for which the integrals in system (5) will have
to be calculated numerically. Note that the density function g, 7, (S7,[S:;) in (14) is not
an SMN density: this illustrates how the initial nested testing problem is transformed in a
non-nested one.

In the Markov case, the dependence of q,. ,, (S1,|S7,) on Sty can be made explicit by
letting 0 vary as a smooth function of St,, here implemented as a (component-by-component)
polynomial. As a practical matter 6(St, ) will be kept constant for g;; 1, (St |S¢;)-improbable
values of Sty since for these values g, ;. (S1,|S7;) does not affect the option price enough

to be numerically relevant. The dependence is represented schematically in Figure 8.

6.2 Derivation of asymptotic distribution theory

In this appendix, I explain the derivation of Proposition 1. Because of the complicated
structure of the data, one of the main difficulties is notation. For the purpose of clarity, I
consider a simplified situation with only a single observation day. I also simplify the notation.

Full details of the general case are available from the author upon request.

6.2.1 Setup and notation

The sample consists of n +ng observations, grouped in the vectors y; and y2, corresponding
to 71 and T, option prices (for a single observation date) respectively. Let w(\) and z(7)

denote (n; and no-vectors of) functions (call-pricing functions each derived from a single
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Figure 8: The functional form of the dependence of the parameters of the implied Markov

call pricing function C’j{j J;TQ (St,) (and SPD ¢, 1, (S7,|S71,)) on the intermediate value of the
underlying. The thick line is represents a parameter value. The slope and intercept of the
middle part are estimated; outside this interval the parameter is kept constant at the value
attained at the endpoints of the interval. The variability range is fixed (typically at 20% of
the futures value) and symmetric around the futures value of the middle observation day in
the sample.

SMN SPD) corresponding to 77 and T options as in expression (7). z(8,A) corresponds
to the pricing function for Th—calls constructed using the Kolmogorov-Chapman equation
(as in (8)). It contains the same covariates as z(.). These covariates K (the strikes) are
considered to be fixed or exogenous and are suppressed in the notation. The model pricing
errors are represented by the ni, ne and ns-vectors v, 7 and ( respectively. Observations are
indexed by the (second in some cases) subscript-i. Parameter vectors A € R*1, 3 € Rb*!
and v € R9%! are not known.

I want to test the null hypothesis

= w(A
y1 = w(A) +v (15)
y2 =2(B,A) +n
against the alternative
=w(A
y2 =2(7) +¢

Note that only the second equation differs under both hypotheses.
The call-pricing functions in both Hy and H; are likely to be misspecified. Therefore, it

is not necessarily the case that any of the models Hy or H; contain the DGP as a special
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case. Using the same vector notation as above, this DGP is given by

1 =uw’ + e

DGP : (17)

y2 = 2" + &9
Here €1 and g9 are (component-by-component) independent pricing errors with the property
that E(ge;) = 0 and E(e2) =02 <oo; e = 1,2, i = 1,..., .

The standard machinery for discriminating between Hy and H; in this parametric set-
up is that of testing for encompassing (see Gourieroux and Monfort (1995)). Intuitively,
Hy encompasses H;p if the former can “explain all the features of the data that H; can”.
Encompassing tests are designed to deal with situations where very different (non-nested)
explanations of a phenomenon are competing for the status of “best theory”. The present
problem, however, is different in spirit. The question I ask is whether the true call pricing

0 can be “decomposed” into two parts, one of which is w®, the

function for 75 options, z
other related to the SPD ¢, 75, (S1,|S7,). This is a restriction on the “most general model”
and thus a nested testing problem. Indeed, the original alternative hypothesis can be de-
scribed as “option prices are rationalized by some martingale measure” and the original
null hypothesis reads “this martingale measure satisfies independent returns (the univariate
Markov property)”. Clearly, these statements are nested, but do not imply a parametric
functional form for the call-pricing functions.

The problem, then, arises because on the one hand the functional form of 2° is unknown,
but on the other the small sample size of about 10 to 25 options per cross-section rules out
a fully nonparametric estimation procedure. By parametrizing the call-pricing functions I
introduce both misspecification and nonnestedness, transforming the originally nested non-
parametric problem into a nonnested parametric one. As explained in detail below, I proceed
by ignoring most aspects of the non-nestedness of the resulting parametric problem.

The success of the approach introduced below hinges crucially on the assumption that the
“amount of misspecification and nonnestedness” be small under the null. In other words,
I assume that w(\) and z(y) (and under the null also z(3,\)) approximate w® and 2z°
accurately. Not all aspects of this assumption are testable. A specification test for separately
estimated call-pricing functions based on general-purpose nonparametric specification tests
in Zheng (1996) is presented in De Wachter (2003). Below, I derive expressions capturing
the non-testable aspects of misspecification and nonnestedness; in an extensive series of
experiments with artificial data (De Wachter (2003)) these quantities turn out to be negligible
when using a sufficiently flexible SMN model.

6.2.2 Pseudo-true values

According to standard theory (White (1981)), the probability limits of the NLS estimators
of A\, 8, and « are the pseudo-true values \*, 5*, and v* defined as

X = argmin / (1 — w(N)2dEy (18)
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5 —agmin [ (s 2(5,X)?dFy (19)

7" = arg Irgn/(yz — 2(7))*dFy (20)

Fy is the distribution of y and the covariates corresponding to the DGP.

Note that the definition of 5%, the pseudo-true value of the intermediate SPD g¢r, 7,
depends on whether it is estimated jointly with A. The fact that I estimate the parameters
in model Hy by first estimating A from the first equation in (15) and then plug in the resulting

estimate in the second equation to estimate (3 is reflected in (19).

Remark 1 (Nonparametric vs parametric) Using the notation just introduced, one can be

more precise about the nature of the problems introduced by the parametric approach. Firstly,
it is not necessarily true that \* = arg mgn/(yg —z(B*,\)%dFy (21)

This equation does hold if there is no misspecification and the process truly has independent
returns (e.g. suppose the SPDs are correctly specified using some stable density function).
Howewver, if the process has independent returns but the SPDs are misspecified (as with the
SMN parametrization), then the KC equation will not necessarily hold even at the pseudo-
true values.

Secondly, in general both x(B*,\*) # 2° and z(v*) # 2°. These differences are assumed to

be extremely small.

6.2.3 Asymptotic distribution

Based on the framework and ideas outlined above, the actual derivation of the distribution
test-statistic (10) is relatively straightforward. Some background on misspecified nonlinear
regression models can be found in White (1981). Vuong (1989) develops a battery of nested
and non-nested tests for parametric models estimated by Maximum Likelihood. The present
derivation uses ideas from both papers. Note that no dependence is present between random
quantities and therefore only the simplest Central Limit Theorems will be needed.

I first find the first-order asymptotic expansions of the least-squares functions correspond-
ing to each equation in (15) and (16). Using these, I write the difference between squared
errors from the second equation in each system (i.e. the test-statistic) as a sum of quadratic
forms in normal variables (up to first order) and a misspecification term. The distribution
of the former can be estimated; the latter will be assumed to be negligible for practical
purposes.

Define

ssrr(A\) =D (g1 — wi(N))?

and similarly ssr®(8,\) = 3. (y2i —2i(3, \))? and ss77(y) = 3, (y2i — 2i(7))?. The (LR-type)
test-statistic (10) is in this notation written as ssr?(3) — ssr*(5). A single term in a sum of

this type is referred to by using subscript-i, e.g. ssr}(\) = (y1; — w;i(N))2.

i
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I start by examining the sum-of-squares function corresponding to 75 options priced by

a separate SPD. First deal with ssr7(5) by performing an expansion around 7:

ssrl(y") = ssmw[%ssﬂm] o —4)

82

VA=) | st ()| VA = 17) + oyl

The second term on the RHS is zero by definition: it is ((y* —7) times) the gradient of the

LS function evaluated at the estimated value. Similarly for ssr® (B)

ssrﬁ(ﬂ*,/\*) = ssrﬁ(g,/):) + {%ssr (B,X)} (B* = 1)

+3vaB - 8 | s B

G- XY | Gmansrt BN v - #)

2

The second term on the RHS is zero as above, but this is not necessarily the case for the

third term (see (21)). A Taylor expansion around J3 gives after rearranging

2

Vg st (.3) = Vg s (5 X 4 | ssr (B, | VR - )

+\/@ 8fw,issrﬁ</?,i>} VAT =A%) + 0p(1) (23)

I now continue the discussion of the effects of the parametric approach.

Remark 2 (Nonparametric vs parametric) The first of the two problems mentioned in Re-
mark 1 materializes in expression (23). The components of the sum %issrﬁ(ﬁ* )\*) do not
necessarily have mean zero (they only do if expression (21) holds). Consequently, 2 37 ssrﬁ(ﬁ A%)
is Op(1) instead of Op(ny 1/2 ) and it is not possible to apply a CLT directly.

I proceed by calling its mean (per observation) p:

n=ER <88)\337” (8% )\*)>

Subtracting this, one can apply a CLT. Unfortunately, i is not known and I will make the
assumption it is small enough to be negligible in practical applications if the underlying pro-

cess has independent returns.

The second problem referred to in Remark 1 is that the expansion for the test-statistic
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ssrB(B,N) — ssrY() contains the term ssrP (8%, \*) — ssrY(y*): both terms in this sum are
Op(n2) but do not cancel each other out as would be the case under correct specification. In
principle this makes all the other terms in the expression negligible and one would have to
scale down the test-statistic to obtain a well-defined asymptotic distribution (e.g. see the case
of strictly non-nested hypotheses in Vuong (1989)). In my setup To-SPDs estimated under
the null and the alternative should be virtually identical if they are specified flexibly enough.
Consequently, I assume that ssr®(5*,\*) — ssr¥(v*) is small: call it A

A= plim% (ssrﬁ(b’*, A¥) — ssr'y(’y*)> (24)

Summarizing, the problem with the parametric approach is that one cannot validly make some
asymptotic argument in which the above problems vanish. Instead I rely on the assumption
that the ability of the SMN model to capture all practically relevant SPDs ensures that both

woand A are very small relative to the sampling error component of the test-statistic.

I now proceed by collecting terms (suppressing the argument of all ssr—functions): first
use (23) to rewrite (22):

5 VM2 \/_m—ssrﬁ* + [8)«9[3/ Ssr } \/n_g(B—ﬁ*)

ssrP* = gopP — XY=

NP
an +\/\/: {a)\aa)\,issrﬂ} \/_1(>\ — X)) +o0p(1) vl )

9 1 ~
3-8 | g | v - 87
\/_ * * 1 7 *
LRGN |G | V- 7)

Im s ey [0 L o]
+5 1\/71_1(/\ )\)[a)\a)\,mssr VRi(A = A*) +op(1)

Simplifying further:

0 * / N * n / 3 *
ssrd* —ssr"—% (M(n Syt —m)) V(- A >—%Mu VA= X7)

. 92 .
+3va0- 0 | g | VB - 8
Ly vy |2 L PP 1
S VIER N | | VG- )+ o1

Note that the cross-product term has disappeared. This is because A and 5 are not estimated
jointly.

I now collect all terms. Note that all matrices (square brackets) are O,(1). Further,

the difference between e.g. [Wissrﬁ} and [%;ﬁ,n—zssrﬂ*] is op(1); hence replacing the
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appropriate quantities we get:

(5577~ s57) - {@A + %m—w'm@ - A*)}

_ v (wn*z (i S (rserd” —m)) Var(h - 3

\/n_l ng
= B [ 1 % 1 ~
—5vm(B=F) [W@SST }\/_(5 B)+5 \/_(7 7Y [8767 T2 SST ]\/n_z('y—v*)
+1%\/7(X—A*) AR VT = X + 0,(1) (25)
2y V'™ MoN g7 VM %

The RHS of (25) is Op(1) and what remains is to determine the joint distribution of all
random quantities. Before tackling that issue, it is useful to examine the “misspecification /
nonnestedness term” W = {ngA + \/Lz—j\/n_g,u’ N (X — )\*)}, which consists of both compo-
nents p and A discussed in Remark 2. Clearly W is O(ng) as A is a constant. As mentioned
in Remark 2 I assume it is negligible for practical purposes.

The term containing p is more problematic as it contains a random quantity that also
features on the RHS of (25). Additionally p is needed in the rest of the analysis to calculate

the variance of the first term on the RHS. Some manipulations yield:

0 0
= B, (el X0) = g3 (o + (5" X))

Denoting by Ef the expectation w.r.t. the distribution of the covariates (strikes) only one

obtains (since Ep,(g2;) = 0 and %EFO (€2:)% = 0):

Py (—w A*)) (20— (5% \")) (26)

and 20 — z;(8*,\*) is small if the independence property holds and the SMN model is
sufficiently flexible.

I now derive the distribution of all random components in (25). First apply a multivariate
1/2

CLT to all quantities of the form n, %ssrﬁ* (analogously for v and \) to get

—-1/2 9

Ny e da ssr;: B:w B,z Byx 0
71/77,2 BBSST ~ N O; B"/B B/gg B/g)\ 0
N (d/\ssrﬁ* — nap) B',M Biy B 0
”1_/ 68)\887“ 0 0 0 G

Here e.g. B,g = EFR, [m <a%ssr7*> (8—%837”5*>/] and G = Ef, {n— (88)\887“)‘ ) ((%ssr)‘*),}
(G is used to avoid the clash of notation with the derivative of ssr® w.r.t. \). Denote the
variance matrix in the above expression by B.

From Taylor expansions of the first-order conditions (i.e. the derivatives of the sum-of-

squares functions) around the pseudo-true values one obtains the system of equations:
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2

—1/2 0
0 = n21/2—557“7*+[

1 * ~ *
> o™ | TG =)+ o)

Ov0v no

N VA P B
0= Mt +[3ﬁ8ﬁ ng " ]V 26 =57
2 ~
—”n2 [8§aA,issr’8 } V(A =A%) + op(1)

~1/2 0 9?1 ~
0 = n 1/25537“)‘* + [8/\8)\’n_188r)\*] V1A =A%) +op(1)

Denote the (scaled to be O(1)) second derivatives pertaining to the second equations in (15)
and (16) by A, those for the first equation (i.e. related to \) by H. E.g. A, = A

and so on. Rearrange the above to get

92 1
5707 73 557

~ _ _1/2 0
VA=) = At (n ) o)

S _ —1/2 0 0 .
V(B —pB%) = _A,gé <n2 1/2%887“ ) gABB Ag) HM < 11/25887)\ > +0,(1)

JG—A) = —H] <n1 2.0 o >+o,,<1)

where I have already substituted for A in the second equation. All capital letters are O(1)
matrices and the expressions between () are asymptotically jointly normal as determined
above. Hence one obtains the joint distribution of all 4 random quantities at the RHS of
(25):

VEG—) ny s
(B -B%) ny /2 assrﬁ*
12 Vi o —A| L, P +0p(1)
Ny (d/\ssr —ng,u) TNy (mssr —ngu)
NTON ny 2 Bssr
where
-1
~AZL 0 1 0 . 0
— Mo _
A | 0 A0 V2 Ags Ay Hi
0 0 I 0
0 0 0 —Hi,

and [ is the identity matrix of the appropriate dimension. Hence

N RS
NGRS T
n2_1/2 (mssrﬂ* — ngu) N(0:%)

VAT(A =A%)

with ¥ = ABA’.
From Mathai and Provost (1992):

30



Definition 3 (Weighted Sums of Chi-Square Distributions) Let Z = (Z1, ..., Zm)' be a vector
of m independent standard normal variables, and let w = (w1, ...,wm) be a vector of m real
numbers. Then, the random variable Z;”Zl w]-ZJ2 1s distributed as a weighted sum of chi-

squares with parameters (m,w). Its cumulative distribution function is denoted by My, (.;w).

Lemma 1 (distribution of quadratic forms) Let Y be a vector of m random variables dis-

tributed as N(0,2) with rank ¥ < m. Let ¥ be a m x m real symmetric matriz. Then
YUY ~ My (5 w)

where w s the vector of eigenvalues of Y. Moreover, the eigenvalues are all real, and they

are all nonnegative if ¥ is positive semi-definite.

The RHS of expression (25) is a quadratic form with

%A’Y'Y 0 0
- 0 —34gs 0 0
0 0 0 ivEr
1yn 1
0 L lmgy,

(I is again the identity matrix of the appropriate dimension). This finally gives the following

simple version of Proposition 1:

Proposition 2 The test-statistic 557° — 5517 is approxvimately distributed as a weighted
sum of chi-squares My, (.;w) with w the eigenvalues of the matriz VY as defined above.
m = 2dim(A) + dim(vy) + dim(B).

Note that the matrix WY is not known but can be consistently estimated. Based on this
estimate, quantiles of the distribution can be computed by simulation.

I conclude by providing expressions for the constants A and p; in Proposition 1. Denote
the estimated sum of squared residuals for T3 options by 551! for the case of estimation when
imposing the independence property. Similarly, s57Y indicates the sum of squared residuals
for T options observed at time ¢; estimated under the alternative. The sum of the latter

over observation dates is denoted by §s7 (i.e. ssrt = Zj\il $57Y7). When these functions
are evaluated at the pseudo-true values of the parameters, a superscript * is appended. One

then has
0

—SS8Tr
004,y

/J’j = EFO I 75 0
with equality only under correct specification. Finally,
A*)

1
A := plim— (ssr* — ssr
n2

M
where ng 1= ijl n;j.
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