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Abstract

Econometric modelling using automatic algorithms such@&sd®s has become prevalent in recent
years. This paper considers automatic model selection wiexe is non-linearity inherent in the
data. Non-linearity poses a number of problems. We addssses$ of collinearity generated by
non-linear transformations, extreme observations lgptiirfat tailed distributions and a failure of
normality, and how to approximate non-linearity in the dagaufficiently general expansions whilst
avoiding excess retention of irrelevant variables. Sohgito all these problems are proposed. Not
only is a non-linear capability for PcGets feasible, bus ihh essential extension that would broaden
the scope of PcGets in keeping with its general-to-spedifiogophy.

1 Introduction

Some method of model selection is required for empiricaheatetric modelling. One systematic ap-
proach to model selection is the general-to-speciiet§y methodology, automated in the PcGets pro-
gram developed by Hendry and Krolzig (2001). An extensivaessment of Monte Carlo simulation
studies has revealed that the operational characteristitee PcGets algorithm are excellent across a
wide range of states of nature. However, the program is otiyrelesigned to select linear models.
Non-linearity is inherent in economic data, but we often maksimplifying assumption to reduce the
model to a linear representation. If the underlying proéessdeed non-linear, the model will be mis-
specified. This paper examines the feasibility of seleatiog-linear models within PcGets, with a view
to extending the algorithm to handle a wide class of noraliffanctions.

The proposed strategy for selecting non-linear models é®@tomence with a general model that in-
cludes all potentially relevant variables. As the numbegasfsible non-linear functions is enormous, we
shall use a class of general non-linear approximationsptucathe non-linearity in the data. The class
we focus on is polynomials. Once a general unrestricted h{&l¢M) is specified and is congruent, we
shall use the PcGets selection algorithm to select an unded congruent final model.

There are problems with selecting under non-linearity tiegid to be addressed before an operational
algorithm can be implemented. First, undertaking a noedirtransformation of a variable can generate
substantial collinearity between the original linear amel transformed non-linear function. Collinearity
is problematic for any selection procedure because thenr#tion content of an extra highly collinear
variable is very small, yet disrupts existing informatidiribution. A model selection algorithm will
struggle to determine the relevant variables, and will@fage select poorly between the relevant and
irrelevant variables depending on sampling error. Ortinadity is highly beneficial for model selection
in general, both for that reason, and because deleting am&itinificant coefficients leaves the retained
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estimates almost unaltered. We provide operational roléahsform the non-linear models to a more
orthogonal form prior to undertaking model selection, anid tesults in greatly improved properties of
the selection procedure.

We also address the consequential problem of extreme climery which some classes of non-
linearity can generate. The resulting fat-tailed distiifms may cause problems, because the assumption
of normality is often inbuilt for the critical values used tmodel selection procedures. Non-linear func-
tions can ‘line up’ with outliers causing the functions tork&ined too often. We propose a solution by
removing the extreme observations using indicator satur&tchniques developed by Hendry, Johansen
and Santos (2004) to ensure near normality for inferencés dlko avoids the problem of undetectable
outliers.

Finally, we consider the types of non-linear functions timight capture non-linearity inherent in
economic data. A sufficiently broad class of functions isdeek and we focus on polynomials. This class
can be easily orthogonalized, maintains linearity in theapeeters and approximates a wide range of
non-linear models such as Smooth Transition RegressiorIn@EETR). We seek to control the problem
of excess retention of non-linear functions due to an ovarpaterized GUM by proposing a ‘super-
conservative’ strategy for selecting non-linear funcsion

The structure of the paper is as follows. Section 2 addrasseproblems of collinearity between
linear and non-linear functions, proposing a solution ¢fiogonalizing; operational rules are provided
for the static, stationary dynamic, and unit-root casescti®e 3 outlines the issue of non-normality,
demonstrating the problems of fat tails. A Monte Carlo sthigjhlights the problem of extreme obser-
vations for model selection, and explains the solution @igisndicator saturation techniques prior to
model selection. Section 4 considers the polynomial claggnetions and investigates their ability to
approximate a STR model. The super-conservative strasagytiined to ensure non-linear functions are
retained only when there is definite evidence of non-lirtgami the data. Finally, section 5 concludes.

2 Collinearity

Multicollinearity was first outlined by Frisch (1934) withithe context of static general equilibrium
linear relations. Confluence analysis was developed tceaddhe problem, although this method is not
in common practice now (see Hendry and Morgan, 1989). Theidefi of collinearity has shifted over
the years, and we can define perfect collinearityX¥X| = 0, and perfect orthogonality as a diagonal
(X’X) matrix. Since collinearity is not invariant under lineaarisformations, it is difficult to identify
the degree of collinearity. A linear model is invariant undlaear transformations, and so a model
could be defined by various isomorphic representations whivertheless deliver very different inter-
correlations. Hence, collinearity is a property of the paggerization of the model and not the variables
per se

Non-linear transformations can generate substantialneallity between the linear and non-linear
functions. We initially consider a simple case in which wel dlde transformatiory (z) = x2. This
polynomial transform is common in economics, for examplge and the square of age often enter
in labour force participation models. If we consider a wiritése process given in equation (2), the
collinearity between: andz? is 0 whenz has a mean of zero, but a non-zero mean dramatically changes
these results. To show this, section 2.1 derives analyisallts for this simple case.

2.1 Analytical results for the correlation of z and 22

We formulate the data generating process (DGP) as the looeatitional relation:

yi:xi—l—ei:O—i-wi—i—Ow?—l—ei Q)



with:

x; ~ INJ0,1] (2)
e; ~ INJ0,1]. (3)

Since (1) is invariant under linear transformations, it aso be written as fot; = x; + u:

yi = —p+ (@it p) +0(@+p)?+e
= —Z4z4+04¢
0+ (2 —2) +0(z —2)° +e (4)

We consider 3 models, including the zero-mean case:

yi = Bo + Brxi + Bzl + uj, (5)
the complete zero-mean case:
Yi = Ao + MTi + Ao (x? —P) +u; = Ao + A\izi + Aaw; + g, (6)
and the non-zero mean case:
Yi = Yo + 717 + Y27 + Ui (7

First, examining the general case, equation (7), in whiehetlis a non-zero mean:

1.0 z 22 1.0 m p?+1
E[T XX =E|| 2 T'X# T34 || = - pr+1 /ﬂji’w )
22 T2 Ty g p2+1 P 43u 34 pt +6p

(8)

with the inverse computed as:

. . pt+3 —2ud p?-1
(E[T'X'X(y]) =05 —24* 24+4p4* —2u |. 9)
-1 —2u 1

There is substantial collinearity between the variablgsept for the squared term which is irrelevant in
the DGP.
Next, consider the zero-mean model in equation (5):

z2 1.0 0.0 1.0

1.0 T T
E[T7'X'X(q)| =E T Ty e} Ty @) =| 00 1.0 0.0 (10)
22 T3 2} T3 af 1.0 0.0 3.0
so the inverse is:
X 15 0 —05
ET'XXp]) = 0 10 o |. (11)
-5 0 05

There is no collinearity betweenandxz2. There is an effect on the intercept, as the ‘correlatiomivieen
the intercept and:? is —0.577, but this does not cause a problem for the PcGets selectjonithim, as
demonstrated by the Monte Carlo evidence in section 2.2.



Then, examining the complete zero-mean model in equatipn (6

1.0 z w 1.0 0.0 0.0
E[T7'X'X(00)] =E T T2 TN aw; = 00 1.0 0.0 (12)
w T Y zw TP w? 0.0 0.0 3.0

as:

71 inwi =7! le (x? —F) =71 fo — 27! le =71 fo’ —EP,

so the inverse is:

0.33 0.0 0.0
(E[T7'X'Xg]) '=| 00 033 00 |. (13)
0.0 00 10

We noted that collinearity is a property of the parametéonaof the model and so we seek a near
orthogonal representation of the general model. This caachieved simply by taking deviations from
means, which re-creates the specification in terms of thginadi variablesz and z2. Observe that
z = x; + pwherez = pandz2 = p2 + 1. Hence, we can calculate:

1.0 2 —Z ZZ-2 — 22
E[T7'X'X] = E|| %7 TN (-2 T (a7 (4 —2;)
22 — 22 7! > (zi —2) (zlz — ;> Ty (zf - ?)
1.0 0.0 0.0
= | 00 10 2 (14)

0.0 2u 4u®+2

with the inverse:
2.0 0.0 0.0

E[T'X'Xp]) ' =05( 00 4242 —2u |. (15)
00 —2u 1.0

Taking deviations from means delivers some reduction itinearity, which is particularly marked for
the intercept, but worse for the linear tefm — z). Again the irrelevant squared term ‘benefits’.

If we assumeu = 10, the correlation between andz? is —0.9775, the ‘correlation’ ofz with the
intercept is—0.99735 and the ‘correlation’ of:2 with the intercept i%.98985. Hence, the general case
can generate near perfect collinearity. Taking deviatfoom means, as in equation (14) results in a cor-
relation 0f0.99875 for = andz2, and so this correlation is higher after undertaking arhmgbnalizing’
transform with the intercept. To remove the collinearityvbeenz andz2, we also need to de-meaf.
Hence, the linear term remailis; — z), but the squared term becomis — z)* — [E (z; — z)]? which
will result in a model that is identical to equation (6) untie zero-mean case, with the inverse given in
equation (13). Double de-meaning has removed the coliigegenerated by the non-zero mean in the
white-noise process.

2.2 Monte Carlo evidence on collinearity

Given these simple analytical results, we consider MontdoGavidence assessing the probability of
retaining relevant and irrelevant variables when selgaispecific model from the GUM. We consider
3 models in which the DGP is a static process, a dynamic pspeesl a unit-root process. Monte Carlo
evidence for linear models is given in Hendry and Krolzig9992003, 2005) which shows that PcGets



retains relevant variables close to the theoretical mamirgiven by an independettest at significance
level o. PcGets also eliminates variables at the chosen signiickewel, and so the ‘size’ and ‘power’
of the test battery is controlled.

PcGets offers 2 pre-programmed strategies, denoted tbaliand conservative strategies, which
are calibrated to deliver a 5% and 1% probability of retagnimuisance parameters respectively. The
liberal strategy is looser in that it focuses on minimizihg non-selection probability of relevant vari-
ables whereas the conservative strategy is tighter, fogusi minimizing the non-deletion probability
of nuisance variables. Results for both strategies aretegho

2.2.1 A static mode
The DGP is given by:

Yy = Prr+ur  up~IN [0,03] (16)
Ty = p+uy v ~IN[0,07] (17)

fort = 1,...,T. We examine both = 0 andy = 10. We seto? = 02 = 1 and assess 2 sample sizes,
T = 100 and1000. The number of replications\/, is 10,000. To ensure the probability of retaining the
relevant variable is near unity we deftg] = ¢ = 5, which corresponds t¢ = 0.5 for 7' = 100 and
£ =0.15811 for T = 1000 in the orthogonal case. The theoretical maximum power i88Y. %t the 5%
level and 0.9912 at the 1% significance level. The GUM cost&ixariables, two of which are nuisance,
and is given by:
Y = Qo + a1 + agx? + €, € ~IN [0, a?] . (18)

To overcome the collinearity problem induced by the nomeamean, we seek a near orthogonal
representation of the model. ASz;] = p andE [z7] = u? + o2, the rules used to de-mean are given
by:

Tt — Wy (19)
= (z—p)’ -l (20)

E%M| Sl
|

Results Figure 1 records the probability of retaining variables fioe 0, . = 10 and the de-meaned
case using rules (19) and (20). The= 0 case is analogous to a linear GUM where the probability
of retaining z; is almost 1 and is higher for the liberal strategy than theseorative strategy. The
probability of retaining the irrelevant variables is maly higher than 5% and 1%, but it is essentially
controlled at the selected significance levels and reltgbiveighting would reduce this size further.
However, for theu = 10 case, there is a dramatic fall in the probability of retagnin to below 60%
and a corresponding increase in the probability of retgirtiie intercept and:? to over 40%. The
conservative strategy can deliver higher power than trezditstrategy (for th&” = 100 case), implying
that it deletes the irrelevant collinear variable more ofé@d so finds the DGP variable slightly more
often. The transformation to an orthogonal representaésults in correct retention probabilities for
the liberal and conservative strategies, matchingikhe 0 results. Hence, by undertaking these simple
operational rules the collinearity betweepandz? is removed.

2.2.2 Varying non-centralities for the DGP variables

We next consider the properties of PcGets when the nonatitieis of the DGP variables vary. The DGP
is formulated in equation (21), in which two linear variableow enter the DGP:
Yy = Bixie+ Boray+ur  u ~INJ0,02] (21)
Xt = p+v; vy ~IN2 [0, (22)
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Figure 1: The probability of PcGets retaining variable®aielection for the static non-linear case,

comparing orthogonal and collinear models.

fort =1,..,T, whereQ,;; = 0fori # j andQ, ;; = 02 = 1fori = 1,2. The GUM contains 3
nuisance parameters and is given by:

Yr = o+ 121 + Ty + Oég.’IJit + a4x%7t + €, € ~IN [0, a?] . (23)

Four cases are considered in which the non-centralitiebeDiGP variables are varied. If we define
E [ts,] = 14, under orthogonality the cases include:

¢51 = Q’Z)ﬁz ’
¢51 = Q’Z)ﬁz =9
¢51 = Q’Z)ﬁz =%

¢51 = 3’ ¢52:6'

Results are reported for T=100 and =10,000 replications are undertaken.

Results Figure 2 records the retention probabilities of the liberadl conservative strategies for the
4 cases outlined when = 10 and after de-meaning using rules (19) and (20). Transfaynonan
orthogonal representation increases the probability tafnimg the relevant variables (other than for the
conservative strategy witiz]ﬁi = 2) and tightens the probability of retaining the irrelevaatiables to
5% and 1% for the liberal and conservative strategies réigspgc Figure 3 records the power fort-dest

of a single null hypothesid{y, wherewﬁi = 0 under the null using a 2-sided test at critical vaiye To
calculate the power to reject the null WhEI’ﬁtgi] = 1pg, > 0 we use:

P(t>cal B[t =¢) =Pt =19 >ca—1|Ho).

'Results forl’ = 1000 were analogous to those fér = 100 and are available on request.




There is a 50% chance of retaining a single variable wittj & 2 whena = 0.05 but this falls to
27% whena = 0.01. The power to detect relevant variables increases with dmecentrality, andt|s
of 4 are retained above 90% of the time. We also consider therdkical probability of retaining 2
relevant variables, matching the 4 cases examined. Pc&tetstion rates for the de-meaned variables
are excellent compared to the theoretical singlest results, matching the linear studies by Hendry and
Krolzig (1999, 2003).
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Figure 2: Probability of retaining relevant and irrelevaatiables for the static non-linear case in which
there are 2 dependent variables.

2.2.3 A dationary AR(1) process

We next consider a stationary AR(1) process for the regréssehich the DGP is given by:
Yyt = Pretug ug ~ IN [0703] (24)
Ty = p+pre1+ve ve~IN [07012;] (25)

fort =1,...,T. We seto? = 02 = 1 andp = 0.8. We examine the zero mean cage={ 0) and the case
whereE [z;] = p/ (1 — p) = 10, settingu = 2. We follow the static case by de-meaning and we use
two rules. The first removes the population means and thendeemoves the sample means:

2 2

- 2 H Ty
1 — PR — — — . 26
).7] Tt 1_p7 € ((I,'t 1_p> 1_p2 ()

- i\ G
2) T = 34— ——, 2= |24 — — | — v_. 27
) s e (v 15) 1 @7)

The first 50 observations are discarded for each replicatide setg = 0.5 for T = 100 and =
0.15811 for T' = 1000, with M = 10, 000 replications. We consider two GUMs, equation (28) in which

7
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Figure 3:t-test powers for a single null hypothesis test and for 2 ngidthesis tests
there are 5 nuisance parameters and equation (28) with reovdga wherey; = a3 = a5 = 0.
Yt = a0 + a1Ys—1 + ao + a3 + Oé490? + a5xf,1 +e, €~ IN [Oa af] . (28)

Results Figure 4 records the retention probabilities of PcGetsHerAR(1) process for the regressor
whenT = 100.2 The retention probabilities for the GUM containing 3 vatésband 6 variables are
almost identical, indicating that exogenous dynamics d@fiect the selection probabilities to the extent
that the non-linear functions do. With a zero mean procéssptobability of retaininge; is near unity

for both strategies, and the probability of retaining exeint variables corresponds to 5% and 1% for the
liberal and conservative strategies respectively. Aséndtiatic case, a mean of 10 results in a decrease
in the probability of retaininge; to below 70% and the probability of retaining irrelevantiahtes is
much higher for the 3-variable GUM than the 6-variable GUMisTis because the collinearity between
r; andx? is causing the problem rather than the collinearity betwibervariables datedand¢ — 1.
Therefore averaging retention probabilities across twialbites results in a higher size than averaging
across 5 variables. There is a correlation between vasalated: andt — 1 with retention probabilities

of about 14% for the liberal strategy and about 3% for the eoradive strategy, but the average retention
probabilities for the square and intercept are about 35%3886l respectively.

If we knew the underlying process in equation (25), we cowddrtban using rule (26) and this
removes the collinearity problem. However, it is unlikehat we would know the trug, p ando?
parameters. Rule (27) is based on the sample estimatesiamd#no impact on retention probabilities
compared to population values and so we can use estimatsek\vial our operational rules.

2Results forI" = 1000 are similar and are therefore not reported, but are availablrequest.
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Figure 4: Probability of retaining relevant and irrelevaatiables for the stationary dynamic non-linear
case.T’ = 100.

2.24 A unit-root process

Finally we consider a DGP that consists of a unit-root pre@aslined in equation (30).

y = Bri+w  w~IN[0,07] (29)
Ty = xp_1+v:  vp~IN [0, 012}] (30)

fort = 1,...,T. We consider 2 initial conditions;o = 0 and10 and set? = o2 = 1. A coefficient of
0 = 0.51is used forl" = 100 and3 = 0.15811 for T" = 1000 with M = 10,000. The GUM is given by
equation (28), both the full equation, and setting= a3 = a5 = 0.

In order to de-mean the data, we consider removing samptage® given in rule (31).

Lo R

8l
||
’ﬂl

Results Figure 5 records retention probabilities for the exogenmitroot process fof” = 100. For

an initial condition of zero, the probability of retaining for both the liberal and conservative strategy
is unity and the probability of retaining irrelevant varied is approximately 5% and 1% respectively.
Hence,l(1)ness has no impact on selection when there are non-lineeations. However, imposing an
initial condition of 10 dramatically reduces the probdbilof retaining relevant variables and increases
the probability of retaining irrelevant variables. For a BWf 6, the probability of retaining:; is mar-
ginally higher for the conservative strategy compared éditseral strategy. Rule (31) which removes the
sample means from the level and square results in a retgmtidrability of 1 forz; with corresponding
correct probabilities for the retention of the irrelevaatiables. Thus, rule (31) ensures near orthogonal



non-linear regressors fol) variables. Observe that removing the initial conditweould deliver results
analogous to those in which there is a zero initial condifié&®emoving the initial condition would result
in a retention probability of approximately 5% and 1% foelavant variables and a retention probability
near to the theoretical upper bound for relevant variables.

Figure 6 records retention probabilities for the unit roaqess fofl’ = 1000 and it is clear that the
adverse retention probabilities are mitigated as the sasipé increases. The random walk has devi-
ated from the initial condition substantially and whilsetborrelations do still depend an the impact
is rapidly declining withT". Surprisingly, the probability of retaining relevant \ables is marginally
higher for the conservative strategy than that of the libstrategy forxy = 10 and 6 variables, with
a probability of 0.982 compared to 0.977. As de-meaninggutlie sample average yields no cost, it
would be recommended regardless of the sample size.
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Figure 5: Probability of retaining relevant and irrelevaatiables for the unit-root case for a sample size
of 100

225 Adifferenced I (1) process

Whilst we have identified the primary difficulty in this aspe¢ model selection to be collinearity be-
tween variables and their corresponding non-linear toansdtions, the correlation between variables
and their lags is also significant. Retentiorugf; andz? ; is approximately 3 times higher than the 5%
and 1% size of the liberal and conservative strategies ctigply for both the stationary process when
E[z:] = 10 and the non-stationary process when= 10 for T = 100. Hence, we next consider the
impact of differencing to remove the collinearity betweha variables and their lags.
The DGP is given as:
yr = Bri—1 +w ug ~ IN|O, Ui] (32)

®In practice the initial condition will be unknown and the figbservation;z1, could be used as an estimate of the initial
conditionzy.
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Figure 6: Probability of retaining relevant and irrelevaatiables for the unit-root case for a sample size
of 1000

fort = 1,..., T with z; given in equation (30). Again we sef = 02 = 1, 8 = 0.5 for T = 100 and
£ =0.15811 for T = 1000 and M =10,000. The GUM is given by:

Ui = ag + oqyi1 + Az + a3z g + agAxt + aszr | e, e~ IN [O, JS] , (33)

wherecov [Azy, x,—1] = cov [Az?,z7 ] = 0. We consider the case in whialy = 10 and we use rule
(31) to de-mean the data.

Results Figure 7 records the retention probabilities of the undtrprocess fofl’ = 100. The first
column is in levels, where the DGP is given in equation (32)thea GUM is given by equation (28).
PcGets struggles to identify the DGP variable and the reteiprobability is substantially larger than 5%
and 1% for the irrelevant variables for the two strategidge Jecond column uses the GUM in which the
lagged variables are orthogonalized, given in equatiop €88l the retention probabilities are analogous
to the level's model. Thus, orthogonalizing the laggedalalds alone without ensuring orthogonality of
the contemporaneous variables yields no improvement ecteh. The final column removes sample
means from the data and orthogonalizes by differencing l@inadsults in a retention probability of near
1 for the relevant variabler{) and a retention probability of approximately 5% and 1% Far irrelevant
variables for the liberal and conservative strategiesaesmely. Hence, all forms of collinearity need to
be removed when undertaking model selection.

Figure 8 provides more detail to figure 7, recording the taarprobabilities of all GUM variables
for the three cases outlined. Retention of the lagged degpgndriable has the appropriate probabilities,
indicating that LDVs are not problematic for model seleatwhen they do not enter the DGP. In levels,
x, is retained approximately 3 times too often at 15% and 4%e@sely. Taking differences halves the
retention probabilities to 7% and 2% but de-meaning as vediaking differences reduces the retention
probabilities further to 5% and 1%. The same pattern is enidéth 7. The DGP variable is retained

11



about 70% of the time for the levels GUM, with the consenasitrategy having a higher power than
the liberal strategy. Taking differences does not altes grobability, but de-meaning does increase
the probability of retaining the DGP variable to unity. Bdkie lagged squared term and the intercept
are retained far too often at about 30% which is analogoutdcabove results. Orthogonalizing by
differencing does not alter these probabilities as thererity between:;_; andz? | is unaffected but
de-meaning reduces the retention probability to appraplevels.
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Figure 7: Retention probabilities for the relevant andl@vent variables for the unit root case with a

differenced GUM for a sample size of 100.

3 Non-normality

Normality is a basic assumption in PcGets. A test for norpdilased on Doornik and Hansen (1994)
is performed on the GUM, and the diagnostics are checkedeay eubsequent reduction stage. If a
reduction brings about a rejection of a diagnostic teststarch is terminated at the preceeding level.
When we consider non-linear models, normality becomes sengial requirement. Problems arise when
extreme observations result in fat-tailed distributiof$iere is an increased probability that non-linear
functions will align with extreme observations, effectivacting as indicators and therefore being re-
tained too often. This can be demonstrated by considerimyles case in which an outlier is modelled
as an indicator variabldy,_;, which takes the value 1 in periadand 0 otherwise. Consider a regression
between 2 unconnected variables:

Yyt = Pre+0ly—g +u (34)
r = Y=g tu (35)
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Figure 8: Retention probabilities of the GUM variables foe unit root case with T=100

whereS = 0. We can calculate the coeﬁicie,ﬁtas:

> wye 2D I{Qt:s} + 22 (0ve 4+ yur) Iyp—sy + D0 vewr 0y (6vs 4 yu) + Y vpug

8= = = 36
S P VNI 2y vl gy + 2007 72+ 2705 + 2} 9
2 _ .
asy If_g = 1. Also: |
~ o
Vv { ] = Zu 37
and: N
e — BV} _ > Tty . (38)
s Ou Gu/>S a2
Hence, if we approximate by, = us = 0,0, = 1, v/o, = 1 and)_ v,u; ~ 0 we can calculate:
52,}/2
2= ———. 39
To illustrate this phenomenon suppase: 6, v = 5, andT = 100. Then:
62 x 52
= =72 40
B 524100 (40)

Thus, outliers need to be quite large for this effect. Thanisrely plausible when considering non-linear
transformations. For example, in one draw ofiln0, 1] process withHl" = 100, the standard deviation
of the inverse transformation éis= 25.608 and the largest outlier is169.2.

Non-existence of moments is a concern. Non-linear transitions such as the inverse or squared
inverse can explode with a zero-mean process. ObserventhMdrite Carlo experiments, the existence
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of moments can be crucial. By increasing the number of rafitinos, the probability that a draw will
take a value very near zero is increased. For a small numbeplidations, the probability that a draw is
zero is negligible but this increases witlh. Hence, there is a dichotomy between standard Monte Carlo
theory which says increase the number of replications terdehe asymptotic results and the problem
of increasing the probability of a zero draw: see Sargan4)L98

3.1 Extremeobservations. Monte Carlo example

Monte Carlo evidence illustrates the outlier problem. Gdersa DGP given by:
Tit = Vit Vit~ IN [O, 1] fori = 1,...,4. (41)

We shall generate non-linear functions given by the ingeadd¢hese normal distributions:

ol = (42)

2,0

The GUM contains 20 irrelevant variables given by:

Z'_t _a0+zazt kxzt T Z Zajt mxjt m T €t (43)

j=1(j#i) m=0

Equation (43) led tdt|-values as large as 19 for variables with zero non-cergslitThe variable
would unequivocally, but incorrectly, be retained as a D@Rable. On average, two of the 20 irrelevant
regressors were retained at the 1% significance level. Tiiés that a fat-tailed distribution Would
have a ‘size’ of 10% at the 1% significance level. If the depedariable was:; ; rather thanz ! it
the retention probabilities are correct. Non-normal eyr@an also pose a similar problem. Hence the
problem of model selection when there are extreme obsengis exacerbated by the inclusion of non-
linear functions such as inverses.

3.2 Solution: Indicator saturation techniques

To overcome the problem of fat tails, we draw on a techniqgopgsed by Hendrgt al. (2004) in which

the data is saturated with as many indicators as obsergagiot the indicators are selected at a chosen
significance level to identify outliers. Once we have idéedi outliers, we can remove them and the
selection process will not be biased in favour of non-linfe@ctions that are proxying indicators for the
outliers.

The key to the saturation with indicator variables techaitjas in the fact that PcGets can handle
more variables than observations. When T', PcGets uses subsetsraf < 7'/2 variables as the initial
GUMs and a joint model is formulated from the terminal mod#ighese subsets of variables, from
which the standard PcGets procedure is applied. Toladwlicatorsl; = 1,3, a regression of all
indicators on the dependent variakje,would result in a perfect fit. Instead, (say) half the intlica are
included in the GUM and the two resulting terminal modelssicged* The joint model is formulated
from these two terminal models and PcGets re-selects theaiods. Under the null that there are no
outliers,aT indicators will be retained on average for a significancellev

This technique also overcomes the problem of undetectaltliers. One concern with non-linearity
is that it is difficult to distinguish between extreme obsgions that are outliers and extreme observations
that are due to the non-linearity in the data. Methods thabke extreme observations could be in danger

4An intercept is also included in the GUMs.
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of removing the underlying non-linearity that should be miéet. Indicator saturation techniques can
avoid this problem by including all potentially relevantiedbles as well as indicators for all observations
in the initial GUM. If there are: potentially relevant variables including non-linear stormations and
an intercept, and’ indicators, them + T >> T'. Using the technique in which the variables are divided
into subsetsy; for j =1, ..., J andT}, for £ = 1, ..., K, we can formulate/ X GUMs in which all cross
pairings ofn; + T}, (Vj, k) are included. The union of the resulting terminal mode®imulated and
PcGets re-selects. The process can be performed iteyaifithe union after the first reduction stage is
still larger thanT'. By removing the extreme observations in conjunction wélesting the non-linear
functions we avoid the problem of removing observations dglemerate the non-linearity.

For examples of more variables than observations techsigne indicator saturation techniques see
Hendry and Krolzig (2004) for an application to growth reggiens and Castle (2005) for an application
to telephone services demand.

4 Non-linear functions

Econometric modelling of non-linear processes presents/meoblems over and above those encoun-
tered when developing linear econometric models. Identifa unique non-linear representation of an
economic process can be formidable given the complexityoskible local data generating processes
(LDGPs). As there are a substantial number of potentialtfonal forms that the DGP may take, spec-
ifying a GUM that nests the unknown DGP is problematic. In tlom-linear world we are not only
concerned with specifying the potentially relevant vaealbut we also need to consider the nature of
the non-linearity.

The methodology suggested by tletsframework would be to explore, conditional on theory,
sufficiently general models to nest a class of DGPs. If theehddes not match with the conjectured
DGP, the non-linear GUM is revised to consider another abis®n-linear models and the procedure
continues iteratively. As the selected non-linear modeughnest its linear counterpart, the reduction to
a linear model can be tested. Hence, there is no loss of iafitsmby commencing with a more general
non-linear model and testing downwards, in keeping withGle¢sphilosophy.

We focus on polynomials as they provide a good local appration for a wide range of non-linear
models. One such class of models are smooth transitionggigremodels. Other advantages of the
polynomial class are that simple operational rules foramtimalizing can be applied and the class will
retain linearity in the parameters. PcGets uses standaldDLV estimation, and we aim to incorporate
a non-linear capability within this framework. In prinagpla general non-linear, likelihood based, system
approach is feasible, but no software yet exists to impléraach an approach. However, models that
are non-linear in the parameters are just restrictions sagmn the parameters, and the gains achieved
from these complex models are often limited compared to tis¢soof estimating such models within a
general-to-specific framework.

Other potential approximations that were considered delrthogonal series such as Hermite poly-
nomials but these perform poorly in the tails, Fourier sehiet these require a large number of terms to
obtain a close approximation and asymptotic series buettessl to be intractable. Confluent hyperge-
ometric functions provide a very general functional forrattban capture a wide range of non-linearity,
see Abadir (1999), and this warrants further investigation

It is important that the expansion can capture the nondlityewith a small number of terms. One
concern with model selection for non-linear models is thidgre are many potential non-linear functions
the number of variables in the GUM will be large which couldui in excess adventitious retention of
irrelevant variables. This problem is addressed in seeti8n
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4.1 Polynomial series

If the functional form of the non-linear DGP is unknown we gaostulate a general model given by:
Yy =f (W, Wi_q, ..., Wi_g) + 04 (44)

whereW, is a distinct vector of: variables. A Taylor series expansion around 0 will resuthie dual
of the Volterra series, see Priestley (1981), given by:

g n q q n 7
V(Wi Wigi) =t + Z Z Y1isWit—s + Z Z Z Z V2,ijsr Wit —sWjt—r
s=0 i=1 r=0 5=0 i=1 j=1
9 ¢ g9 mn i ]
+ Z Z Z Z Z Z ¢3,ijksrpwi,tfswj,tfr'wk;’t_p + ... (45)
p=0

r=0 s=0 i=1 j=1 k=1

This motivates the use of polynomial functions, althougbatipn (45) shows how quickly the number
of parameters will increase. Hence, consideration of tlevaat polynomial functions and strategies for
selection when the GUM is large is neede®olynomials provide a good local approximation because
we can take a Taylor expansion around any postulated functio

4.2 Application: Approximation to a STR model

Smooth transition regression (STR) models are a form ofreggwitching model developed by Maddala
(1977), Granger and Terasvirta (1993), Terasvirta (J.9R4&strictions on the STR model result in various
regime switching models including smooth-transition aegoession models (STAR), see Chan and Tong
(1986), Luukkonen, Saikkonen and Terasvirta (1988);sthoél autoregression models (TAR), see Tong
(1990); switching regression models, see Quandt (1988)eaponential autoregression models (EAR),
see Priestley (1981). The aim of this section is to see howwweetan approximate a logistic STR model
with a polynomial approximation.
The STR model is given by:

Y = B/Xt + (let) G (")/, C, St) + ug, up ~ IN [0, Ui] (46)

fort = 1,...,7 whereG (.) is the transition function. Various distributional assuiops can be made
on the transition function and we investigate the propgiethe logistic STR(1) given by:

-1
G (v,¢,8¢) = [1 + exp {—'y <Sta_ c) }] . 47

In this monotonic transition functiony determines how rapid the transition is frénto 1 as a function

of the transition variables;, and ¢ determines where the transition occurs. As— oo the model
becomes a 2 regime-switching regression model-ansd 0 is the identifying restriction. Estimation
of ~ is particularly difficult as the likelihood function is notel behaved. An upper bound onof
approximately 5 can be deduced from Chebyshev’s inequdtity ¥ > 5 the transition function acts
as 2 regime-switching process and a simplification to a #igcregression model can be made. For
values ofy close to 0, the increased uncertainty regarding the regicreases the uncertainty of the
parameter estimates and consequently, the estimaf@shaft correspond to the variables fr

SPolynomial functions are commonly used in economics ancusedul because of Weierstrass's approximation theorem
which states that any continuous function on a closed anademl interval can be approximated by polynomials, i.e. if
x € [a, b], for anye > 0 there exists a polynomial (x) € [a,b] such thatf (z) — P (z)| < e Vz € [a,b] .

16



The model can be approximated by replacing the logisticsttiam function with a 3rd order Taylor
expansiorf

- g xy (L2 # 2
Y~ B Xy + (9 Xt) + +v, ve~ IN [07 UU] (48)

where:

%:7<&;”>. (49)

This approximation results in a linearized model given by:
Yt = a’lXt + a’thst + aéXtS? + aﬁlthg + vy, v~ IN [0, 0'12)] (50)

which can be estimated in PcGétén practice, we would wish to start with a more general apjpnax
tion.

421 Sdection

The DGP will have 2 unknown components, the functional fond the relevant variables. The polyno-
mial approximation overcomes the former and general-&&ifip modelling solves the latter. We need
to formulate a sufficiently general unrestricted model (Glhat will include all potentially relevant
variables and transition variables for all possible laggths. The general linearized GUM based on
the LSTR(1) model, for a set of potential regressordW;, (including an intercept) angh potential
transition variables$;, is given by:

Yp = Z aiI/VM + Z Z 5ijWi,tSj,t + Z Z )\iiji,tS]Z,t
i=1

i=1 j=1 i=1 j=1

+ Z Z GiWisS5i+ e, e ~IN[0,07] (51)

i=1 j=1

The number of variables in the GUMiis+ 3nm. The set of potential regressors will include variables
that enter in either the linear or non-linear multiplicatifunction or both. If a regressor only enters 1
of the components, the parameter corresponding to the otireponent will be 0. For variables that
enter both components (including a possible intercepg),Tdylor approximation will give a parameter
estimate that combines both components.

®Observe tha?i;j#p:o = 0whereG (z) = [1 + e 7] ~! and so the:? term drops out of the Taylor expansion. There is
still a quadratic component isy asz} is included, where = v (%) .

s

"The transition variable is scaled By. When estimating the polynomial approximation, we can felgcale factor into the
coefficient estimates. AssumirX; is a scalar for tractability, the mappings from the coeffitsein equation (46) to equation
(50) are given by:

0  bHye 6438

= Pty TG T s
0~y 30~3¢?
(6] = - — .
455 485°
30~3¢
a3 = Z.}
4807
6~
s = — .
* 4853
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A direct test of linearity is whether the PcGets selectiosults in the non-linear functions being
retained:
Hy:6=A=¢=0. (52)

The model selected by PcGets should capture the non-lipgakierent in an LSTR model whilst
enabling a much more general specification to be tested. ppe@mation to the LSTR model can
be tested by estimating the corresponding LSTR model togkeific model and then augmenting the
specific model selected by PcGets with the non-linear compiosf the LSTR model. Supposeaelevant
variables were retained: (< n) and 1 transition variable was selected givenshythen the test of the
approximation to the LSTR model would be:

Hy:k=p=14=0, (53)
for the regression:
k k k k
Y = Z TiWit + Z kiWiS1t + Z 1;Wigst , + Z P Wigst
i=1 i=1 i=1 i=1

k -1
# 0w |1+ ew{ - (), 54

i=1 $
422 MonteCarloresults

To examine the ability of the Taylor expansion to approxenat LSTR model, we undertake a simple
Monte Carlo experiment based on Granger and Terasvir@3j18h.7. The DGP is given by:

ye =142z +x4-1 + 05241 — (24 + 241 + 0.524—9) [l + exp{—4 (z4-1 + 3)}]71 +u; (55)
where the data is generated as a stationary AR(1) process:
Ty = axr_1 +vg, v~ IN [0,03] . (56)

o = 0,0.8 andvar [z;] = 2.78. Hence,o? = 1if o = 0.8. u; ~ IN [0,02] in which we setr? =
0.0625,0.25,1 andcov (ut,vs) = 0 Vt,s. T = 100 and the first 100 observations were discarded to
avoid initialization effects. 1000 replications were uridken. The models estimated include the LSTR
model, the linear model and the polynomial approximatiovergin equations (57), (58) and (59). Also,

selection using the PcGets liberal and conservative giest@vas conducted on equation (59).

yr = Bo+ Brxe + Boxp—1 + Bywi_2 (57)
— (B4 + Bszi1 + Beri_2) [1 +exp{—v (z-1 — )} ' + e,
Yy = 0o+ 012 + Soxp—1 + d3x4—2 + 1y, (58)

Yt = Gg+ 1Tt + GoTi—1 + G372 + P41 + ¢5-Tt$%_1 + ¢6$t$?_1 + ¢7$§_1 (59)
FPeTi_ + GoTi_y + ProTe2Ti—1 + 1y 2Tty + ProTe_oTi | + Er

Table 1 records the equation standard errors (with stardariétions of the errors in parentheses)
for the models outlined above. The LSTR model is an excelfigntvith the equation standard error
equal to the true error in all cases. This is because theifurattform of equation (57) was known in the
experiments and so the only error comes through estimatioertainty. In practice, it is unlikely that
the exact specification of the DGP is known, but it providesadgbaseline.
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o? LSTR(1) Linear Polynomial Liberal Conservative

u

a=0.28
0.0625 0.251 1.261 0.414 0.451 0.457
(0.018) (0.784) (0.186) (0.204) (0.209)
0.25 0.506 1.365 0.609 0.625 0.634
(0.067) (0.725) (0.147) (0.209) (0.217)
1 0.995 1.660 1.060 1.066 1.083
(0.074) (0.613) (0.120) (0.267) (0.277)

a=0

0.0625 0.250 0.734 0.310 0.318 0.322
(0.018) (0.281) (0.053) (0.037) (0.039)
0.25 0.501 0.864 0.533 0.536 0.543
(0.036) (0.245) (0.050) (0.054) (0.056)
1 1.01 1.234 1.015 1.015 1.033
(0.084) (0.194) (0.079) (0.158) (0.166)

Table 1: Equation standard errors for the models approkigan LSTR(1) DGP.

The linear model is poor approximation in all cases. The mpatyial approximation performs ex-
tremely well whens2 is large, with an equation standard error of just 6% and 2%efathan the true
DGP for thea: = 0.8 anda. = 0 cases respectively. The approximation is much poorer winemror
variance is small, with an equation standard error that igentivan 60% larger than the true DGP for
o2 = 0.0625 anda = 0.8. The residual is a composite of the squared approximatiar and the DGP
shock, so as the latter falls, the former dominates. Thereguepproximation error is approximately 0.1
for = 0.8, and 0.04 forae = 0. This would be large empirically in a log model, although épdn-
dent on the scaling of. Undertaking selection on the polynomial DGP slightly eases the equation
standard error but it delivers a more parsimonious modeerd s very little cost to selection and the
non-deletion probabilities for PcGets are close to therdtésal upper bounds. A further extension would
be to see how well PcGets performs when commencing from a gesreral model.

The ability of the polynomial class of functions to approxit@ non-linear models will clearly depend
on the specific data generating process that is being mddéliewvever, for DGPs in which there is more
uncertainty, the polynomial model performs extremely welirther work is needed to see how well the
polynomial expansion can approximate other classes olinear models, but it seems feasible that for
a certain range of models, the polynomial class will perfareil.

4.3 Super-conservative strategy

Hendry and Krolzig (2003) consider the deletion probabiitof PcGets. If there are many variables in
the DGP, but few are relevant, one may expect the searchtodstshigh. In a puré-testing strategy at
significance levely, the probability distribution of one or more null coefficterbeing significant is given
by thek + 1 terms of the binomial expansion df= (« + (1 — «))* and hence the average number of
irrelevant variables retained kgx wherek is the number of irrelevant variables in the GUMElIfs large
due to the inclusion of many non-linear terms, a greater raurabirrelevant terms will be retained. For
example, if a linear GUM contains 20 irrelevant variabled an= 0.05, one variable will be retained
on average. If non-linear functions are included to testtlier presence of non-linearity, perhaps 100
extra irrelevant functions will enter the GUM. This increaghe average number of irrelevant variables
retained to 6. Furthermore, irrelevant non-linear funwiare likely to be detrimental to both modelling
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and forecasting. Non-linear functions should only be retdiif there is definite evidence of non-linearity,
because these models are much less robust than linear mibdisigo changes in collinearity between
regressors and location shifts within the equation or inratgined but irrelevant variable.

Given the preference for linear models unless strong egi&ldar non-linearity is presented and
the possible excess retention of irrelevant functions dutné number of non-linear functions tested,
we propose a ‘super-conservative’ strategy for PcGetss Stnategy would use more stringent critical
values for the non-linear functions compared to the linaacfions which would all be tested within the
same procedure. Hence, diagnostic tests would apply tath&UM, but pre-search tests and multi-
path search tests would be conducted at more stringertatnitalues for the non-linear functions. The
critical value would depend on the number of functions ideldi in the model, but research examining
RETINA, another automatic model selection algorithm depel by Perez-Amaral, Gallo and White
(2003, 2005), would suggest that non-linear functions khounly be retained if approximately| > 5.

As with all significance levels, the choice will depend on pineferences of the econometrician.

Block F-tests on classes of non-linear functions could be incatgdrinto the pre-search stage in
PcGets. Tight significance levels would again be used and@estial testing procedure on classes of
non-linear functions entering the GUM would be undertaketil just those classes that are significant
are retained to formulate the GUM. This would narrow downrtheber of non-linear functions in the
multi-path search stage.

5 Conclusion

This paper addresses issues associated with model seligctidich there is non-linearity, providing so-
lutions to three potential difficulties with the inclusiohaonon-linear capability into PcGets. Collinearity
is one of the most fundamental problems with model selectféa show the correlation magnitudes be-
tween linear and non-linear functions can be extremely ,higlusing selection algorithms to struggle
to identify the relevant variables. This is due to non-zemans in the data. We propose a solution of
de-meaning both the linear term prior to the transformatind after the non-linear function has been
generated. This removes the collinearity, and PcGets iarsho have good selection properties with
this orthogonalization. We emphasize the importance afiadity for model selection, and show that
the ‘size’ can be greatly increased relative to the signifiealevel if non-linear functions capture ex-
treme observations. The solution of indicator saturatsoproposed. Finally we look at approximating
non-linear data with polynomials. A polynomial approxiioatis shown to capture the non-linearity
generated by an LSTR model well over certain specificatidhg. problem of excess retention of irrele-
vant variables is addressed, and a super-conservatiteggtiia proposed.

The paper has gone some way to demonstrating the feasibilidynon-linear strategy in PcGets.
Further work is needed to assess the ability of the polynloagproximation to capture various forms
of non-linearity in the data. Also, other classes of appr@ting functions such as hypergeometric
functions need to be considered in more detail. Nevertheths paper has demonstrated that PcGets is
applicable to a broader range of models than previously iineagin keeping with the general-to-specific
philosophy of the program. Numerous applications are nagibde in which non-linearity is suspected,
including applications such as stock returns, Phillip’sves, unemployment and business cycles, and
production functions, all of which warrant investigation.
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